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Summary. In this article we check, with the Mizar system [2], Pascal’s
theorem in the real projective plane (in projective geometry Pascal’s theorem is
also known as the Hexagrammum Mysticum Theorem)ﬂ Pappus’ theorem is a
special case of a degenerate conic of two lines.

For proving Pascal’s theorem, we use the techniques developed in the section
“Projective Proofs of Pappus’ Theorem” in the chapter “Pappus’ Theorem: Nine
proofs and three variations” [11]. We also follow some ideas from Harrison’s work.
With HOL Light, he has the proof of Pascal’s theorenﬂ For a lemma, we use
PRUVEREﬂ and O0TT2MIZ by Josef Urbarﬂ [12] [6l [7]. We note, that we don’t use
Skolem/Herbrand functions (see “Skolemization” in [I]).
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1. PRELIMINARIES

From now on n denotes a natural number, K denotes a field, a, b, ¢, d, e, f,
g, h, i, a1, b1, c1, d1, e1, f1, g1, h1, i1 denote elements of K, M, N denote square
matrices over K of dimension 3, and p denotes a finite sequence of elements of
R.

Now we state the propositions:

(1) Let us consider points p, g, r of &. Then
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@) (lp,q;r) = (|r,p,ql), and
(i) (Ip,q,7l) = (g, 7, pl)-
(2) Suppose ((a,b,c),(d, e, f),{g,h, 1)) = ((a1,b1,c1), (d1, e1, f1), (g1, h1,i1)).

Then
(i) a =aq, and
(ii) b= by, and
(iii) ¢=c1, and
(iv) d = dy, and
(v) e=e1, and
(vi) f = f1, and
(vii) g = g1, and
(viii) h = hq, and
(ix) i = i1.

(3) There exists a and there exists b and there exists ¢ and there exists d
and there exists e and there exists f and there exists g and there exists h
and there exists i such that M = ({a,b,c),{(d,e, f),{g, h,1i)).

(4) Suppose M = {{(a,b,¢),(d,e, f), (g, h,i)). Then
(i) a= M, and

(ii) b= M2, and
(i) ¢ = My 3, and
(iv) d = My, and
(v) e = Msz, and
(vi) f = Ms3, and
(vil) g = M3, and
(viii) h = M3, and

(iX) 1= M3 3.
(5) Suppose M = ({a,b,c),{d,e, f),{g,h,i)). Then MT = {(a,d, g), (b, e, h),
(¢, f,i)). The theorem is a consequence of (4) and (3).
(6) Suppose M = ({(a,b,c), (d,e, f),(g,h,i)) and M is symmetric. Then

(i) b=d, and
(ii) ¢ =g, and
(i) h = f.

The theorem is a consequence of (5) and (2).
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PASCAL’S THEOREM IN REAL PROJECTIVE PLANE

(7) Let us consider square matrices M, N over Ry of dimension 3. If N is
symmetric, then M7T - N - M is symmetric.

(8) Let us consider a square matrix M over Ry of dimension 3, elements a,
b,c, d, e f, g, h,t x,y, z of Rp, an element v of 5%, a finite sequence
uyg of elements of Ry, and a finite sequence p of elements of R'. Suppose
p =M -uyp and v = M2F(p) and M = ({a,b,c),(d,e, f),{g,h,i)) and
ui0 = (x,y, z). Then

(i) p={a-z+(b-y)+(c-2)),{d-z+(e-y)+(f-2)), (g-x+ (h-y)+(i-2))),
and
(i) v={(a-z+(b-y)+(c-2),d-xz+(e-y)+(f-2),9-xz+(h-y)+(i-2)).

(9) Let us consider a square matrix M over R of dimension 3, and elements
a, b, ¢, d, e, f, g, h, i, p1, p2, p3 of R. Suppose M = ({(a,b,c), (d,e, f),
(9,h,i)) and p = (p1,p2,p3). Then M -p = (a-p1 + (b p2) + (c- p3),
d-pr+ (e p2) +(fp3),g-p1+ (h-p2)+ (i p3)).

2. CoNIC IN REAL PROJECTIVE PLANE

Let a, b, ¢, d, e, f be real numbers and u be an element of 8%. The functor
qfconic(a, b, ¢, d, e, f,u) yielding a real number is defined by the term

(Def. 1) a-w(l)-u(l)+ (b-u(2)-u(2)) + (c-u(3)-u(3)) + (d-u(l)-u(2)) + (e-
u(l) - u(3)) + (f - u(2) - u(3)).
The functor conic(a, b, ¢, d, e, f) yielding a subset of the projective space over
&3 is defined by the term

(Def. 2) {P, where P is a point of the projective space over 5% : for every ele-
ment u of &3 such that u is not zero and P = the direction of u holds
qfconic(a, b, c,d, e, f,u) = 0}.

In the sequel a, b, ¢, d, e, f denote real numbers, u, u1, us denote non zero
elements of 5%, and P denotes an element of the projective space over 5%.
Now we state the propositions:

(10) Suppose the direction of u; = the direction of uy and
qgfconic(a, b, c,d, e, f,u1) = 0. Then gfconic(a, b, c,d, e, f,u2) = 0.
(11) If P = the direction of u and gfconic(a,b,c,d, e, f,u) = 0, then P €
conic(a, b, ¢, d, e, f). The theorem is a consequence of (10).
Let a, b, ¢, d, e, f be real numbers. The functor symmetric3(a, b, c,d, e, f)
yielding a square matrix over Rr of dimension 3 is defined by the term
(Def. 3)  {((a,d,e),(d,b, f), (e, f,c)).

Now we state the propositions:
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110 ROLAND COGHETTO

(12) symmetric3(a,b,c,d, e, f) is symmetric. The theorem is a consequence of
(5)-

(13) Let us consider real numbers a, b, ¢, d, e, f, a point u of &£, and
a square matrix M over R of dimension 3. Suppose p = v and M =
symmetric3(a, b, ¢, d, e, f).

Then SumAll QuadraticForm(p, M, p) = qfconic(a,b,c,2-d,2-€,2- f,u).

(14) Let us consider an invertible square matrix N over Ry of dimension 3,
square matrices N1, My, Ms over R of dimension 3, and real numbers a, b,
¢, d, e, f. Suppose N1 = (Rp — R)N and M; = symmetric3(a, b, ¢, %l, %, $)
and My = (Rp — R)((R — Rp)N; 1)~ - M; - (Rp — R)((R — Rp)Ny)™.
Then (R — Rp)Ms is symmetric.

PrOOF: (R — Rp)N;T)T = (R — Rp)Ny by [3, (16)]. (R — Ryp)Ms, is
symmetric by [3, (16)], (12), (7). O

(15) Let us consider real numbers a1, as, a3, aq, as, ag, b1, b2, b3, by, bs, bg.
Suppose symmetric3(aq, az, as, aq, as, ag) = symmetric3(by, b, b3, by, bs, bg).
Then

(i) a; = by, and
(ii) ag = by, and
(iii) ag = b3, and
(iv) aq = by, and
(v)

(vi) ag = bg.

as = by, and

The theorem is a consequence of (2).

(16) Let us consider real numbers a, b, ¢, d, e, f, a point P of the projective
space over 5%, and an invertible square matrix N over Rp of dimension
3. Suppose it is not true that a = 0 and b = 0 and ¢ = 0 and d = 0
and e = 0 and f = 0. Suppose that P € conic(a,b,c,d,e, f). Let us
consider real numbers f5, fi2, fi9, fo0, fo1, fo3, fo2, square matrices My,
Ms over R of dimension 3, and a square matrix N7 over R of dimension
3. Suppose M; = symmetric3(a, b, c, %, s %) and N1 = (Rp — R)N and
M2 = (RF — R)((R — RF)NlT)V . M1 . (RF — R)((R — RF)Nl)V and
MQ = symmetric?)(f5, f21, f23, flg, flg, f22). Then

(i) it is not true that f5 = 0 and fo; = 0 and fo3 = 0 and fi12 = 0 and
foo =0 and f19 = 0, and

(ii) (the homography of N)(P) € conic(fs, fa1, f23,2 - f12,2 - f19,2 - f22).

PRrooF: Consider ) being a point of the projective space over 5% such
that P = Q and for every element u of & such that u is not zero
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and @ = the direction of u holds qfconic(a, b, ¢, d, e, f,u) = 0. Reconsider
,%, 5 g) as a square matrix over R of dimension
3. Consider u19, vs being elements of 5%, u17 being a finite sequence of
elements of Rp, p11 being a finite sequence of elements of R such that
P = the direction of u19 and u1g is not zero and w19 = u17 and p1; = N-uy7
and v3 = M2F(p;1) and v3 is not zero and (the homography of N)(P) =
the direction of v3. Reconsider p1g = u19 as a finite sequence of elements of
R. SumAll QuadraticForm(p19, M, p19) = qfconic(a, b, ¢, 2-%, 25, 2-%, u19).
Consider ag, bs, c11, dy4, €5, fo4, g2, ha, i3 being elements of Ry such that
N = ({(ag, bs, c11), (d4, €5, foa), (g2, h2,i2)). Reconsider ujg = uy7 as a fi-
nite sequence of elements of R. Reconsider N; = (Rp — R)N as a squ-

M = symmetric3(a, b, c

are matrix over R of dimension 3. Reconsider My = (Rp — R)((R —
Rp)N )~ - M - (Rp — R)((R — Rp)Np)~ as a square matrix over R of
dimension 3. (R — Rp)N; )T = (R — Rp)Ny by [3, (16)]. (R — Rp)M,
is symmetric by [3, (16)], (12), (7). Consider mq, ma, ms, m4, ms, mg,
mz, mg, mg being elements of Ry such that My = ((mq,ma, m3), (my,
ms, mg), (my, mg, mg)). mg = my and msg = my and mg = mg. Recon-
sider u3 = Ny - u1g as an element of 3. ug is not zero by [5, (24)], [14,
(59), (86)]. Reconsider ug = N - ujg as a non zero element of £ Recon-
sider f5 = mq, fi2 = ma, fi9 = m3, fo1 = ms, foo = mg, foz3 = Mg
as a real number. gfconic(fs, fo1, fo3,2 + f12,2 - f19,2 « fao,u2) = 0. It
is not true that f5 = 0 and fo; = 0 and fo3 = 0 and 2 fi3 = 0
and 2 - foo = 0 and 2 - fig = 0. up = v3. For every real numbers uq1,
u12, U13, Ul4, U15, U1g, Uig and for every square matrices Uy, Uy over
R of dimension 3 and for every square matrix Us over R of dimension

3 such that U; = symmetric3(a,b, c,%,%,%) and U3 = (Rp — R)N
and Uy = (Rp — R)((R — Rp)U3Y)” - Uy - (Rp — R)((R — Rp)Us3)~
and Uy = symmetric3(u11, u1s, u1s, 12, u13, 1) holds it is not true that
u11 = 0 and w15 = 0 and u1g = 0 and w2 = 0 and w1 = 0 and w13 = 0.

(the homography of N)(P) € conic(ui1, u1s, u1s, 2 - 12,2 - u13,2 - u16). [

(17) Let us consider real numbers a, b, ¢, d, e, f, points Py, Ps, P3, Py, Ps,
Ps of the projective space over 5%, and an invertible square matrix N
over Rp of dimension 3. Suppose it is not true that ¢« = 0 and b = 0 and
c=0and d =0 and e =0 and f = 0. Suppose that P, P», P3, Py, P5,
Ps € conic(a, b, c,d, e, f). Then there exist real numbers ag, be, ca, da, €2,
fo2 such that

(i) it is not true that as = 0 and by = 0 and ¢ = 0 and d2 = 0 and
eo =0 and fo =0, and

(ii) (the homography of N)(P;), (the homography of N)(P),
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112 ROLAND COGHETTO

(the homography of N)(Ps), (the homography of N)(Py),
(the homography of N)(Ps), (the homography of N)(FPs) €
conic(ag, bz, c2, da, €2, fa2).

The theorem is a consequence of (3), (14), (6), and (16).

From now on a, b, ¢, d, e, f, g, h, i denote elements of Rp.
Now we state the proposition:

(18) (i) if gfconic(a, b, c,d, e, f,[1,0,0]) = 0, then a = 0, and
(ii) if gfconic(a, b, c,d, e, f,]0,1,0]) = 0, then b = 0, and
(iii) if gfconic(a, b, c,d, e, f,[0,0,1]) = 0, then ¢ = 0, and
(iv) if gfconic(0,0,0,d,e, f,[1,1,1]) =0, then d + e+ f = 0.

3. PAascAaL’sS THEOREM

In the sequel M denotes a square matrix over Ry of dimension 3, e, es, e,
fl, f2, f3 denote elements of RF, Mg, M14, ]\4'207 MQl, MQQ, Mlg, M13, Ml(], Mg,
Mo, Mg, Mi7, My1, Mys, Mg denote square matrices over Ry of dimension 3,
and rq, ro denote real numbers.

Now we state the proposition:

(19) Suppose Mg = ((1,0,0),(0,1,0), (e1, e2,e3)) and M2 = ((1,0,0), (0,0,
1>, <f1,f2, f3>> and M16 = <<0, 1,0), (1, 1, 1), <f1,f2,f3>> and M17 = <<0,0,
1>, <1, 1, >, <61, €9, 63>> and M10 = <<1, 0, 0), <0, 1, 0), <f1, f2, f3>> and M11 =
((1,0,0),(0,0,1), (e1, ea,e3)) and My5 = ((0,1,0),(1,1,1), (e1, ea,e3)) and
Mg = ((0,0,1),(1,1,1), (f1, fo, f3)) and (r1 ZOor ro # 0) and 71 -e1-ea+
(7’2~61‘63) =7r1+r9-e9-e3 and Tl'fl-fg—i-(TQ'fl fg) =r1+72- fo- f3. Then
Det Mg-Det Mi5-Det Mig-Det M7 = Det M1g-Det My -Det Mi5-Det Mg.

In the sequel p1, p2, p3, P4, Ps, pe denote points of E3.

(20) Suppose Mg = (p1,p2,p5) and Mia = (p1,ps,pe) and Mig = (p2, P4, Ps)
and M7 = (p3,pa,p5) and Mg = (p1,p2,p6) and My1 = (p1,p3,ps) and
M5 = (p2,p4a,p5) and Mg = (p3, p4,pe). Then

(i) Det Mg = (|p1,p2,p5|), and
Det M12 = (|p1,ps3, pel), and
Det M1 = (|p2, p4, pel), and
|p3, pa, psl), and

( )
( )
(|p1, P2, p6l), and
( )
( )

Q.

|p17p3’p5 , all

7 pu—
Det Mg =
1 =
5 = (|p2, p4, ps), and
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PASCAL’S THEOREM IN REAL PROJECTIVE PLANE 113

(viii) Det Mg = (|p3, pa, psl)-
From now on p7, pg, pg denote points of 5%.

(21) Suppose (|p1, ps, po|) = 0. Then (|p1, ps, pr|) - (|2, p5, Pol) =
—({|p1,p2,5]) - {|P5, P9, P7])). The theorem is a consequence of (1).

(22) Suppose (|p1, ps, ps|) = 0. Then (|p1,p2, pesl) - (|3, s, ps|) = (|1, P3,p6l) -
(|p2, p6, pg|). The theorem is a consequence of (1).

(23) Suppose (|pz, pa, pol) = 0. Then (|p2, pa, ps|) - {|p2, po, P7[) =
—((|p2; pa, p7]) - (|P2: P55 DOI)).-

(24)  Suppose (|pz, ps, p7|) = 0. Then (|p2, p4, p7|) - {|p2, P6, Ps|) =
—((|p2, P4, p6|) - (|P2, P85 D7)

(25) Suppose (|p3, p4, ps|) = 0. Then (|p3, pa, ps|) - (|3, 5, Ps|) = (|3, P4, sl) -
(Ip3, 6, s)-

(26) Suppose (|p3,ps,p7|) = 0. Then (|p1, p3, ps|) - (|ps, P8, pr]) =
—({|p1, ps,p7|) - {|P3, 5, ps])). The theorem is a consequence of (1).

(27) Let us consider non zero real numbers 7125, T136, 7246, 7345, 71265 7135,
7245, 17346, T157, T259, T597, 7368, T268s 1297, T'247, T'287, T'358, I'587. SUpPpOse

T125 * T'136 * 7246 * 7345 = 7126 - T135 * 7245 * 346 and 7157 - 259 = —(7“125 : 7“597)
and 7126 - 7368 = T'136 7268 and 1245 - T297 = —(7"247 : 7”259) and ro47 - 7268 =
— (7246 - T287) and 1346 - 358 = T345 - r3es and T35 - 587 = — (157 - T358)-

Then 7987 - 1597 = 7297 - T587-

(28) Suppose p; = (1,0,0) and p2 = (0,1,0) and p3 = (0,0,1) and py = (1,1,
1) and ps = (e1, €2, e3) and pg = (f1, f2, f3) and qfconic(0, 0,0, 71,2,
—(r1 +7r2),p5) = 0 and gfconic(0,0,0,r;, 72, —(r1 + r2),ps) = 0. Then

i) gfconic(0,0,0,ry,72, —(r1 + 7r2),p1) = 0, and

(ii) gfconic(0,0,0,ry, 79, —(r1 + 7r2),p2) = 0, and

(iv) qfconic(0,0,0,7r1,7r9, —(r1 + r2), p4) = 0, and

) p2)

(iii) gfconic(0,0,0,r1,72, —(r1 +72),p3) = 0, and

) P4)

(v) )

(Vi) ri-fi-fot(ro-fi-fz)=ri+r2- fa- f3.

(29) Suppose p1 = <17070> and py = <071’O> and p3 = <O’O) ]-> and py = <1)
1,1) and ps = (e1,e2,e3) and ps = (f1, fo, f3) and (|p1,p2,ps]) # O
and (|p1,p3,pel) # 0 and (|p2,ps,pel) # O and (|p3,ps,ps|) # 0 and
(’p17p2ap6|> 7& 0 and <|p17p3ap5|> 7é 0 and <|p2ap47p5|> 7é 0 and <|p3ap47p6|>
# 0 and (|p1,ps,p7]) # 0 and (|p2,ps,pel) # 0 and (|ps,py,p7|) # O
and (|p3,pe,ps|) # 0 and (|p2,pe,ps|) # 0 and (|p2,p9,pr[) # 0 and
(’p27p4ap7|> 7& 0 and <|p27p8ap7|> 7é 0 and <|p3ap57p8|> 7é 0 and <|p5ap87p7|>

r1-e1-ex+ (ro-e1-e3) =11+ 12 e ez, and
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# 0 and (r1 # 0 or 9 # 0) and gfconic(0,0,0,7r1,72, —(r1 +72),p5) =
0 and gfconic(0,0,0,r1,72, —(r1 +7r2),ps) = 0 and (|p1,ps,p9|) = 0 and
([p1,p6,p8]) = 0 and (|p2, pa, po|) = 0 and (|p2, ps, p7|) = 0 and (|ps, p4, ps|)

= 0 and (|p3, p5, pr|) = 0. Then (|pa, ps, p7|) - (|5, P9, p7[) = (|2, P9, D7) -
(|ps, s, p7|). The theorem is a consequence of (20), (28), (19), (21), (22),
(23), (24), (25), (26), and (27).

(30) Suppose (|p2,ps,p7l) - (|ps,p9,p7|) = (|p2,p9,p7|) - (|5, ps,p7]). Then

(lp7,p2,D5!) - {|P7, P8, P9|) = 0. The theorem is a consequence of (1).

(31) Let us consider a projective space Pjgp defined in terms of collinearity,

and elements ¢y, c9, c3, c4, c5, Cg, C7, C8, Ccg Of Pjg. Suppose c1, co and
c4 are not collinear and c¢1, co and c5 are not collinear and ci, ¢g and
c4 are not collinear and c1, ¢g and c5 are not collinear and ¢, cg and ¢4
are not collinear and c3, ¢4 and ¢y are not collinear and c3, ¢4 and cg are
not collinear and c3, ¢5 and ¢y are not collinear and cs3, c5 and cg are not
collinear and cq4, c5 and ¢y are not collinear and ¢y, ¢4 and ¢y are collinear
and c1, c; and cg are collinear and cs, c3 and c7 are collinear and cs, cs
and cg are collinear and cg, c3 and cg are collinear and cg, ¢4 and cg are
collinear. Then

(i) cg, co and ¢4 are not collinear, and
c1, ¢4 and cg are not collinear, and
c2, c3 and cg are not collinear, and
c2, ¢4 and c7 are not collinear, and

c2, c5 and cg are not collinear, and

c2, g and c7 are not collinear, and
cg, c4 and cg are not collinear, and

)
)
)
)
(vi) ¢2, cg and cg are not collinear, and
)
)
) ¢6, ¢5 and cg are not collinear, and
)

¢4, cg and cg are not collinear, and
(xi) ¢4, cg and c; are not collinear.

PRrROOF: For every elements V102, V103, V100, V104 of Pl(), V100 = V104 OT V104,
v100 and vipz are not collinear or vig4, v1go and wvig3 are not collinear or
v102, V103 and vip4 are collinear by [13, (5), (3)]. For every elements v192,
V1045 V100, V103 of P107 V100 = V103 OT V103, V100 and V102 are not collinear or
V103, V100 and vigq are not collinear or vig2, v1p3 and vigys are collinear by
[13, (5), (3)] For every elements V102, V1035 V104, V101 of Pl(), V104 = V101 Or
V101, V104 and vige are not collinear or v1g1, v194 and v1g3 are not collinear
or v192, v103 and vigq are collinear by [13], (2), (3)]. For every elements v1p3,
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V104, V102, V101 of Pl(], V102 = V101 Or V101, V102 and V103 are not collinear

or vig1, V102 and vig4 are not collinear or vig2, vig3 and wvigg are collinear
by [13 (2), (3)]. For every elements va, vig1, vig0 of Pio, V101 = V100 Or
V100, V101 and ve are not collinear or ve, v19; and vigg are collinear by [13,

(2)]. O

In the sequel P1, P, Ps, Py, Ps, Py, P7, Ps, Py denote points of the projective
space over 5% and a, b, ¢, d, e, f denote real numbers.
Let P, P», P3, Py, P5, Ps, P;, Ps, Py be points of the projective space over
5%. We say that Py, P», P3, Py, P5, Py, Pr, P3, Py form the Pascal configuration

if and only if

(Def. 4) Pj, P, and Py are not collinear and P;, P3 and P, are not collinear and
P, P3 and P, are
Py, P, and Py are
Py, P; and Py are
P>, P, and Py are
P;, P, and Py are
P, P; and Py are
Py, Ps and P; are

not collinear and P;, P, and Ps

not collinear and P;, P3 and P;

not collinear and P, Py and Py

not collinear and P3, Py and Py

not collinear and P, P3 and Py

not collinear and Py, Ps; and P;

not collinear and Ps, P; and P;
P5, Ps and P, are not collinear and P;, P; and Py are collinear and Py, Fg
and Pg are collinear and P», P4 and Py are collinear and P,, P and Py are

are
are
are
are
are
are
are

not collinear
not collinear
not collinear
not collinear
not collinear
not collinear
not collinear

and
and
and
and
and
and
and

collinear and P3, P, and Ps are collinear and P3, P; and P; are collinear.

Now we state the propositions:
(32) Suppose Py, Ps, P3, Py, Ps, Ps, Pr, Ps, Py form the Pascal configuration.

Then
(i) Pr, P
) P1, Ps
) P2, Py
) P, Ps
) P2, Ps

(vi) Py, Py
i) P, Pr
) Ps, Ps
) P, Ps
) P, P;

(xi) Ps, Py

and Ps
and Py
and Py
and Py
and Pg
and Py
and Py
and Pg
and Py
and P
and Py

are not collinear,
are not collinear,
are not collinear,
are not collinear,
are not collinear,
are not collinear,
are not collinear,
are not collinear,
are not collinear,
are not collinear,

are not collinear.

and
and
and
and
and
and
and
and
and

and

The theorem is a consequence of (31).
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(33) Suppose it is not true that a = 0andb=0andc=0andd =0and e =0
and f = 0. Suppose that { Py, P», P5, Py, Ps, Ps} C conic(a,b,c,d, e, f) and
Py, P, and P5 are not collinear and P;, P, and P, are not collinear and
Py, P; and P, are not collinear and P», P3 and P, are not collinear and
P;, P, and P5 are not collinear and P;, P, and P5 are not collinear and
Py, P, and Py are not collinear and P;, P3 and P5 are not collinear and
Py, P3 and Py are not collinear and P;, P5; and P; are not collinear and
P, Py and Ps5 are not collinear and P», P4 and Py are not collinear and
P, P, and Py are not collinear and P, P; and Py are not collinear and
P, Ps and Pg are not collinear and P», P; and Pg are not collinear and
P>, P; and Py are not collinear and P3, P, and P; are not collinear and
P;, P, and Py are not collinear and P3, P; and Pg are not collinear and
P;, P and Py are not collinear and P, P; and Pg are not collinear and
P5, P; and Py are not collinear and P;, P; and Py are collinear and Py, Fj
and Pg are collinear and P,, Py and Py are collinear and P», Ps and P are
collinear and P3, P, and Ps are collinear and P3, P; and Pr are collinear.
Then P, Ps and Py are collinear.

PRrOOF: Consider N being an invertible square matrix over Rp of dimen-
sion 3 such that (the homography of N')(P;) = Dir100 and (the homography
of N)(P2) = Dir010 and (the homography of N)(Ps) = Dir001 and

(the homography of N)(P;) = Dirl11. Consider us being a point of &3
such that us is not zero and (the homography of N)(Ps) = the direction
of us. Reconsider ps; = us(1), ps2 = us(2), ps3 = us(3) as a real number.
Consider ug being a point of £3 such that ug is not zero and (the homography
of N)(Ps) = the direction of ug. Reconsider ps1 = ug(1), pe2 = us(2),
pe3 = ue(3) as a real number. Consider u; being a point of 6’% such that
u7 is not zero and (the homography of N)(P7) = the direction of uy. Re-
consider p71 = ur(1), pra = ur(2), prs = u7(3) as a real number. Consider
ug being a point of £ such that ug is not zero and (the homography
of N)(Ps) = the direction of ug. Reconsider ps; = ug(1l), psa = ug(2),
ps3 = ug(3) as a real number. Consider ug being a point of 8% such that
ug is not zero and (the homography of N)(Py) = the direction of ug. Re-
consider pg; = ug(1), pg2 = ug(2), pe3 = ug(3) as a real number. Consider
ag, ba, ca, da, ea, fo being real numbers such that it is not true that as =0
and by = 0 and ¢ = 0 and da = 0 and e3 = 0 and fo = 0. (the homography
of N)(Py) € conic(ag, b, c2,da, e2, f2) and (the homography of N)(P») €
conic(ag, ba, ¢z, da, €2, f2) and (the homography of N)(Ps) € conic(ag, by, co,
da, ez, f2) and (the homography of N)(Py) € conic(ag, be, ca,ds, €2, f2) and
(the homography of N)(Ps) € conic(asg, by, c2, da, €2, f2) and (the homography
of N)(Ps) € conic(ag, b, c2,d2, €2, f2). Consider P being a point of the pro-
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jective space over &3 such that the direction of [1,0,0] = P and for every
element u of £3 such that u is not zero and P = the direction of u holds
qfconic(ag, ba, c2, da, €2, fo,u) = 0. gfconic(ag, ba, c2, da, €2, f2,[1,0,0]) = 0
and gfconic(ag, be, ca, da, €2, f2,]0,1,0]) = 0 and gfconic(ag, b, 2, da, e2, fa,
[0,0,1]) = 0 and gfconic(ag, b2, ca,da, €2, f2,[1,1,1]) = 0 and gfconic(asz, b,
c2,da, €2, f2, [p51, P52, Ps3]) = 0 and qfconic(ag, ba, c2, d2, €2, fa, [Pe1, P62, P63])
=0 by [4, (10)], [8, (3)]. Reconsider a7 = ag, by = be, c190 = c2, d3 = da,
es = eg, fr = fo as an element of Rp. a; = 0 and by = 0 and c¢j9 =
0. a7 = 0 and by = 0 and c19p = 0 and d3 + e4 + f4 = 0. Reconsider
p2 = (0,1,0), p5 = (P51, P52, P53), P7 = (P71, P72, P73)5 P8 = (P81, Ps2,Ps3),
P9 = (Po1, P92, Po3) as a point of E3. (|p7, pa, ps) # 0 by [3, (102)], [8, (3)],
13, (43)], [& (10)]. (|p2,ps,p7l) - (|ps, po, p7l) = (|p2;po, prl) - (Ips; P8, prl)-
(Ip7,p2,p5]) - (|P7, P8, P0|) = 0. O

(34) Suppose it is not true that a = 0andb=0and c =0andd =0and e =0
and f = 0. Suppose that { Py, P», Ps, Py, P5, Ps} C conic(a,b,c,d, e, f) and
Pl, P2 and P3 are not collinear and Pl, Pz, Pg, P4, P5, Pﬁ, P7, Pg, Pg form
the Pascal configuration. Then P;, Pg and Py are collinear. The theorem
is a consequence of (32) and (33).

Note that 5% is up 3-dimensional.

(35) Suppose it is not true that a = 0 and b =0andc =0andd =0and e =0
and f = 0. Suppose that { Py, P», Ps, Py, Ps5, Ps} C conic(a,b,c,d, e, f) and
Pi, P, and Pj3 are collinear and Py, P, P3, Py, Ps, Py, P;, Py, Py form the
Pascal configuration. Then P;, Py and Py are collinear.

PRrOOF: Consider N being an invertible square matrix over Rp of dimen-
sion 3 such that (the homography of N')(P;) = Dir100 and (the homography
of N)(P2) = Dir010 and (the homography of N)(P;) = Dir001 and

(the homography of N)(Ps) = Dirl11l. Consider u3 being a point of £3.
such that ug is not zero and (the homography of N)(Ps) = the direction
of uz. Reconsider p3; = u3(1), ps2 = u3(2), p33 = us(3) as a real number.
Consider ug being a point of 5% such that ug is not zero and (the homography
of N)(FPs) = the direction of ug. Reconsider pg1 = ug(1l), pe2 = ug(2),
pes = ug(3) as a real number. Consider ag, be, c2, da, €2, fo being real
numbers such that it is not true that as = 0 and by = 0 and ¢s = 0
and do2 = 0 and e3 = 0 and fo = 0 and (the homography of N)(P;) €
conic(ag, ba, ca, da, €2, f2) and (the homography of N)(P») € conic(ag, ba, c2,
da, €2, f2) and (the homography of N)(Ps) € conic(ag, by, c2, da, €2, f2) and
(the homography of N)(Py) € conic(az, b2, c2, da, €2, f2) and (the homography
of N)(Ps) € conic(ag, b, c2,da, e2, f2) and (the homography of N)(Fs) €
conic(ag, be, ¢, da, e2, f2). Consider P being a point of the projective spa-
ce over &3 such that the direction of [1,0,0] = P and for every ele-
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ment u of 5’% such that v is not zero and P = the direction of u holds
qfconic(ag, ba, c2, da, €2, fo,u) = 0. gfconic(ag, ba, c2, d2, €2, f2,[1,0,0]) = 0
and gfconic(ag, be, ca, da, €2, f2,]0,1,0]) = 0 and gfconic(ag, b, c2, da, €2, fa,
[0,0,1]) = 0 and gfconic(ag, b2, ca,d2, €2, f2,[1,1,1]) = 0 and gfconic(asz, b,
c2,dz, 2, f2,[p31, P32, p33]) = 0 and gfconic(az, ba, ca, da, €2, fa, [P61, P62, P63))
=0 by [4, (10)], [8, (3)]. Reconsider a7 = ag, by = be, c19 = c2, d3 = da,
es = e, fr = fo as an element of Rp. a7 = 0 and b7 = 0 and ¢;9 = 0.
a7 =0 and by = 0 and ¢19 = 0 and ds + e4 + f1 = 0. Reconsider p; = (1,
0,0), p2 = (0,1,0), ps = (p31,ps2, p33) as a point of L. (|p1,p2,p3|) = 0
by [37 (102)]7 [107 (23)]7 [97 (25)]7 [47 (10)]- p31 ?’é 0 and b32 7& 0 by [8a (2)7
(8), (4)]. O

(36) PASCAL’S THEOREM:

(1
2]

(10]

(11]

(12]

(13]

Suppose it is not true that a =0 and b=0and c=0and d =0 and e =0
and f = 0. Suppose that { Py, P», P3, Py, P5, P} C conic(a,b,c,d, e, f) and
P, P>, P3, Py, P5, Pg, P7, Pg, Py form the Pascal configuration. Then Py,
Py and Py are collinear. The theorem is a consequence of (35) and (34).
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