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Summary. Let us recall that a topological space M is a topological ma-
nifold if M is second-countable Hausdorff and locally Euclidean, i.e. each point
has a neighborhood that is homeomorphic to an open ball of £" for some n.
However, if we would like to consider a topological manifold with a boundary,
we have to extend this definition. Therefore, we introduce here the concept of a
locally Euclidean space that covers both cases (with and without a boundary),
i.e. where each point has a neighborhood that is homeomorphic to a closed ball
of £" for some n.

Our purpose is to prove, using the Mizar formalism, a number of properties
of such locally Euclidean spaces and use them to demonstrate basic properties of
a manifold. Let 1" be a locally Euclidean space. We prove that every interior point
of T has a neighborhood homeomorphic to an open ball and that every boundary
point of T" has a neighborhood homeomorphic to a closed ball, where additionally
this point is transformed into a point of the boundary of this ball. When T is
n-dimensional, i.e. each point of T" has a neighborhood that is homeomorphic to
a closed ball of £", we show that the interior of T is a locally Euclidean space
without boundary of dimension n and the boundary of T is a locally Euclidean
space without boundary of dimension n — 1. Additionally, we show that every
connected component of a compact locally Euclidean space is a locally Euclidean
space of some dimension. We prove also that the Cartesian product of locally
Fuclidean spaces also forms a locally Euclidean space. We determine the interior
and boundary of this product and show that its dimension is the sum of the
dimensions of its factors. At the end, we present several consequences of these
results for topological manifolds. This article is based on [I4].
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The notation and terminology used in this paper have been introduced in the
following articles: [30], [15], [19], [1], [10], [23], [24], [28], [11], [5], [X2], [6], [7],
[29], [31, [, [8], [26], [33], [25], [32], [20], [34], [13], [21], and [9].

1. PRELIMINARIES

From now on n, m denote natural numbers.
Now we state the proposition:

(1) Let us consider a non empty topological space M, a point g of M, a
real number 7, and a point p of £F. Suppose r > 0. Let us consider a
neighbourhood U of q. Suppose M |U and B, (p) are homeomorphic. Then
there exists a neighbourhood W of g such that

(i) W CIntU, and
(ii) MW and Tdisk(p,r) are homeomorphic.

2. LocaLLy EUCLIDEAN SPACES

In the sequel M, M;, M> denote non empty topological spaces.
Let us consider M. We say that M is locally Euclidean if and only if
(Def. 1) Let us consider a point p of M. Then there exists a neighbourhood U of
p and there exists n such that M[U and Tdisk(Ogn, 1) are homeomorphic.
Let us consider n. We say that M is n-locally Euclidean if and only if
(Def. 2) Let us consider a point p of M. Then there exists a neighbourhood U of
p such that MU and Tdisk(Ogz, 1) are homeomorphic.
Observe that Tdisk(Ogz, 1) is n-locally Euclidean.
Note that there exists a non empty topological space which is n-locally Euc-
lidean.
Observe that every non empty topological space which is n-locally Euclidean
is also locally Euclidean.

3. LocAaLLy EUCLIDEAN SPACES WITH AND WITHOUT A BOUNDARY

Let M be a locally Euclidean non empty topological space. The functor
Int M yielding a subset of M is defined by
(Def. 3) Let us consider a point p of M. Then p € it if and only if there exists a
neighbourhood U of p and there exists n such that MU and Bl([)g%) are
homeomorphic.
Observe that Int M is non empty and open.
The functor Fr M yielding a subset of M is defined by the term
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(Def. 4) (Int M)°.

Now we state the proposition:

(2) BoOUNDARY POINTS OF LOoCALLY EUCLIDEAN SPACES:

Let us consider a locally Euclidean non empty topological space M and a
point p of M. Then p € Fr M if and only if there exists a neighbourhood
U of p and there exists a natural number n and there exists a function h
from M [U into Tdisk(Og%, 1) such that h is a homeomorphism and h(p) €
Sphere(Ogn, 1). PROOF: If p € Fr M, then there exists a neighbourhood
U of p and there exists a natural number n and there exists a function
h from MU into Tdisk(Ogn,1) such that h is a homeomorphism and
h(p) € Sphere(Ogz, 1) by [34} (16)], [18, (25)], [6, (94)], [20, (18)]. I

4. INTERIOR AND BOUNDARY OF LOCALLY EUCLIDEAN SPACES

Let M be a locally Euclidean non empty topological space. We say that M
is without boundary if and only if

(Def. 5) Int M = the carrier of M.

Let us consider n. Let us observe that By(Ogz) is n-locally Euclidean and
B1(Ogr) is without boundary.

Let n be a non zero natural number. Let us observe that Tdisk(Ogn, 1) has
boundary.

Let us consider n. One can check that there exists an n-locally Euclidean
non empty topological space which is without boundary.

Let n be a non zero natural number. One can verify that there exists an
n-locally Euclidean non empty topological space which is compact and has bo-
undary.

Let M be a without boundary locally Euclidean non empty topological space.
Let us observe that Fr M is empty.

Let M be a locally Euclidean non empty topological space with boundary.
Observe that Fr M is non empty.

Let n be a zero natural number. Let us observe that every n-locally Euclidean
non empty topological space is without boundary.

Now we state the propositions:

(3) M is a without boundary locally Euclidean non empty topological space
if and only if for every point p of M, there exists a neighbourhood U of p
and there exists n such that M[U and By (0Ogn) are homeomorphic.

(4) Let us consider a locally Euclidean non empty topological space M with
boundary, a point p of M, and n. Suppose there exists a neighbourhood U
of p such that M [U and Tdisk(Og%Lﬂ, 1) are homeomorphic. Let us consider
a point p; of M| Fr M. Suppose p = p1. Then there exists a neighbourhood
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U of py such that (M[FrM)IU and By(0gz) are homeomorphic. PROOF:
Set ny = n+ 1. Set Ty = &', Consider W being a neighbourhood of p
such that M[W and Tdisk(Or,,1) are homeomorphic. Set T = EF. Set
S = Sphere(0py,1). Set F' = Fr M. Set My = M[F. Consider U being a
neighbourhood of p, m being a natural number, h being a function from
MU into Tdisk(Ogm, 1) such that h is a homeomorphism and h(p) €
Sphere(Ogrr, 1). Reconsider I3 = IntU as a subset of M[U. Set Mg =
MTU. Reconsider F; = F N Int U as a non empty subset of Mg. Consider
W being a subset of T such that W € the topology of T7 and h°I3 =
W N QTdisk(OTl,l)- Reconsider hiy = h(p) as a point of Tj. Reconsider
Hj3 = hyy as a point of £™. Consider s being a real number such that
s >0 and Ball(Hs, s) C W. Set m = min(£, ). Set V5 = SN Ball(hia, m).
Set hg = h™1(Vy). hg C F by [20, (9)], (2). Reconsider hg = h°F; as a
subset of T7. Vi C hg. hg N Ball(hia, m) C Vp by [11, (67)], [34, (23)], [33,
(123)], [31, (5)]. O

Let M be alocally Euclidean non empty topological space. Note that M | Int M
is locally Euclidean and M | Int M is without boundary.

Let M be a locally Euclidean non empty topological space with boundary.
Note that M| Fr M is locally Euclidean and M | Fr M is without boundary.

5. CARTESIAN PRODUCT OF LOCALLY EUCLIDEAN SPACES

Let N, M be locally Euclidean non empty topological spaces. Note that [NV x
M is locally Euclidean.

Let us consider locally Euclidean non empty topological spaces N, M. Now
we state the propositions:

(5) Int(N x M) =Int N x Int M. PROOF: Set N; = N x M. Set I = Int N.
Set I = Int M. Int Ny C I, x Iy by [9, (87)], (2), [20, (19)], [27, (19), (15)].
O

(6) Fr(N x M) =Qn x Fr M UFr N x Q. The theorem is a consequence
of (5).

Let N, M be without boundary locally Euclidean non empty topological
spaces. Let us observe that N x M is without boundary.

Let N be alocally Euclidean non empty topological space and M be a locally
Euclidean non empty topological space with boundary. Note that N x M has
boundary and M x N has boundary.
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6. FIXED DIMENSION LOCALLY EUCLIDEAN SPACES

Let us consider n. Let M be an n-locally Euclidean non empty topological
space. Observe that the functor Int M yields a subset of M and is defined by

(Def. 6) Let us consider a point p of M. Then p € it if and only if there exists a
neighbourhood U of p such that MU and Bl(Og:FL) are homeomorphic.

Let us note that the functor Fr M yields a subset of M and is defined by

(Def. 7) Let us consider a point p of M. Then p € it if and only if there exists
a neighbourhood U of p and there exists a function h from M[U into
Tdisk(Ogn, 1) such that h is a homeomorphism and h(p) € Sphere(Ogz, 1).

Now we state the propositions:

(7) If M is locally Euclidean and M; and Mj are homeomorphic, then My
is locally Euclidean.

(8) If Mj is n-locally Euclidean and M is locally Euclidean and M; and My
are homeomorphic, then M5 is n-locally Fuclidean.

Now we state the propositions:

(9) TOPOLOGICAL INVARIANCE OF DIMENSION OF LOCALLY EUCLIDEAN
SPACES:
If M is n-locally Fuclidean and m-locally Euclidean, then n = m.

(10) M is a without boundary n-locally Euclidean non empty topological
space if and only if for every point p of M, there exists a neighbourhood
U of p such that MU and Bl(()g%) are homeomorphic. PROOF: M is n-
locally Euclidean by [20, (16)], [16} (9)], [I7, (21)], [34} (16)]. M is without
boundary. [J
Let n, m be elements of N, N be an n-locally Euclidean non empty topolo-
gical space, and M be an m-locally Euclidean non empty topological space.
DIMENSION OF THE CARTESIAN PRODUCT OF LOCALLY EUCLIDEAN SPA-
CES: N x M is (n + m)-locally Euclidean.
Let us consider n. Let M be an n-locally Euclidean non empty topological
space.
DIMENSION OF THE INTERIOR OF LOCALLY EUCLIDEAN SPACES: M [ Int M
is n-locally Euclidean as a non empty topological space.

Let n be a non zero natural number and M be an n-locally Euclidean non
empty topological space with boundary.

DIMENSION OF THE BOUNDARY OF LOCALLY EUCLIDEAN SPACES: M | Fr M
is (n —' 1)-locally Euclidean as a non empty topological space.
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7. CONNECTED COMPONENTS OF LOCALLY EUCLIDEAN SPACES

Now we state the proposition:

(11)

Let us consider a compact locally Euclidean non empty topological space
M and a subset C' of M. Suppose C is a component. Then

(i) C is open, and

(ii) there exists n such that M |C is an n-locally Euclidean non empty
topological space.

PROOF: Define Ppoint of M, subset of M| = $5 is a neighbourhood of $;
and there exists n such that M[$; and Tdisk(Ogr,1) are homeomorphic.
Consider p being an object such that p € C'. For every point z of M, there
exists an element y of 2¢ such that P[xz,y|, where « is the carrier of M.
Consider W being a function from M into 2(the carrier of M) gych that for
every point x of M, Plz, W(z)] from [7, Sch. 3]. Reconsider M3 = M [C
as a non empty connected topological space. Define D[object, object] =
$2 € C and for every subset A of M such that A = W ($2) holds Int A = $;.
Set Is = {Int U, where U is a subset of M : U € rng(W|[C)}. I5 C 2%,
where « is the carrier of M. Reconsider R = I5 U {C°} as a family of
subsets of M. For every subset A of M such that A € R holds A is open
by [9, (136)]. For every subset A of M such that A € rngW holds A is
connected and Int A is not empty by [33, (113)], [23, (14)]. The carrier

of M CUR by [33, (57)], [6, (47)], [9, (136)]. Consider R; being a family
of subsets of M such that Ry € R and R; is a cover of M and R; is
finite. Set Ry = Ry \ {C°}. Consider x1 being a set such that p € x; and
x1 € Ry. For every set x, x € C iff there exists a subset () of M such that
Q@ is open and Q C C and z € @ by [34], (16)], [22, (16)]. UR2 C C by [9L
(56), (136)], [34], (16)], [6, (47)]. For every object x such that x € Ry there
exists an object y such that Dz, y] by [9, (56), (136)], [6, (47)]. Consider
¢ being a function such that dom ¢ = Ry and for every object x such that
x € Ry holds Dz, ¢(x)] from [2], Sch. 1]. Reconsider ¢3 = ¢(x1) as a point of
M. Consider n such that M[W (c3) and Tdisk(Ogn, 1) are homeomorphic.

Define P[natural number] = if $; < Rs, then there exists a family R3
of subsets of M such that R3 = $; and R3 C Re and J(W°(c°R3)) is a
connected subset of M and for every subsets A, B of M such that A € R3
and B = W(c(A)) holds M[B and Tdisk(Ogn, 1) are homeomorphic. For
every natural number k such that P[k] holds P[k+ 1] by [3, (13), (44)], [1}
(68)], [9, (56), (136), (74)]. P[0] by [9, (2)]. For every natural number k,
P[k] from [3], Sch. 2]. For every point p of M3, there exists a neighbourhood
U of p such that M3[U and Tdisk(Ogz, 1) are homeomorphic by [34] (16)],
[22, (16), (28)], [34, (22)]. O
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Let us consider a compact locally Euclidean non empty topological space
M. Now we state the propositions:

(12) There exists a partition P of the carrier of M such that for every subset
A of M such that A € P holds A is open and a component and there
exists n such that M[A is an n-locally Euclidean non empty topological
space. PROOF: Set P = {the component of p, where p is a point of M :
not contradiction}. P C 2% where « is the carrier of M. The carrier of
M CUP by [23, (38)]. For every subset A of M such that A € P holds
A # () and for every subset B of M such that B € P holds A= B or A
misses B by [23] (42)]. O

(13) If M is connected, then there exists n such that M is n-locally Euclidean.
The theorem is a consequence of (11) and (8).

8. TOPOLOGICAL MANIFOLD

Let us consider n. Observe that there exists a non empty topological space
which is second-countable, Hausdorff, and n-locally Euclidean.

A topological manifold is a second-countable Hausdorff locally Euclidean non
empty topological space. Let us consider n. Let M be a topological manifold.
We introduce M is n-dimensional as a synonym of M is n-locally Euclidean.

Note that there exists a topological manifold which is n-dimensional and
without boundary.

Let n be a non zero natural number. Note that there exists a topological
manifold which is n-dimensional and compact and has boundary.

Let M be a topological manifold. Let us observe that every non empty
subspace of M is second-countable and Hausdorff.

Let My, M> be topological manifolds. Observe that M; x Ms is second-
countable and Hausdorff.
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