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Summary. In this article, we shall extend the result of [19] to discuss
partial differentiation of real ternary functions (refer to [8] and [16] for partial
differentiation).
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The notation and terminology used here have been introduced in the following
papers: [7], [12], [13], [14], [1], [2], [3], [4], [5], [8], [19], [15], [9], [18], [6], [11],
[10], and [17].

1. PRELIMINARIES

For simplicity, we use the following convention: D denotes a set, x, xq, ¥, Yo,
Z, 29, T, s, t denote real numbers, p, a, u, uy denote elements of R3, f, f1, fo,
f3, g denote partial functions from R? to R, R denotes a rest, and L denotes a
linear function.
One can prove the following three propositions:
(1) domproj(1,3) = R? and rng proj(1,3) = R and for all elements z, y, z
of R holds (proj(1,3))((x,y, z)) = =.
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(2) domproj(2,3) = R? and rng proj(2,3) = R and for all elements z, y, z
of R holds (proj(2,3))({x,y, 2)) = y.

(3) domproj(3,3) = R3 and rngproj(3,3) = R and for all elements z, y, z
of R holds (proj(3,3))((x,y, z)) = =.

2. PARTIAL DIFFERENTIATION OF REAL TERNARY FUNCTIONS

One can prove the following propositions:
(4) If uw = (x,y,2z) and f is partially differentiable in u w.r.t. coordinate
number 1, then SVF1(1, f,u) is differentiable in x.
(5) If u = (x,y,2) and f is partially differentiable in u w.r.t. coordinate
number 2, then SVF1(2, f,u) is differentiable in y.
(6) If u = (x,y,z) and f is partially differentiable in u w.r.t. coordinate
number 3, then SVF1(3, f,u) is differentiable in z.
(7) Let f be a partial function from R? to R and u be an element of R3.
Then the following statements are equivalent
(i)  there exist real numbers zg, yo, 2o such that u = (z9,yo,20) and
SVF1(1, f,u) is differentiable in xg,
(ii)  f is partially differentiable in u w.r.t. coordinate number 1.
(8) Let f be a partial function from R? to R and u be an element of R3.
Then the following statements are equivalent
(i)  there exist real numbers g, yo, zo such that u = (xo,y0,20) and
SVF1(2, f,u) is differentiable in yp,
(ii)  f is partially differentiable in uw w.r.t. coordinate number 2.

(9) Let f be a partial function from R? to R and u be an element of R3.
Then the following statements are equivalent
(i)  there exist real numbers zg, yo, 2o such that u = (x9,yo,20) and
SVF1(3, f,u) is differentiable in z,
(ii)  f is partially differentiable in w w.r.t. coordinate number 3.

(10) Suppose u = (zg,¥0,20) and f is partially differentiable in u w.r.t.
coordinate number 1. Then there exists a neighbourhood N of xy such
that N C dom SVFI1(1, f,u) and there exist L, R such that for eve-
ry x such that x € N holds (SVF1(1, f,u))(z) — (SVF1(1, f,u))(zo) =
L(z — zo) + R(z — o).

(11) Suppose u = (xg,¥0,20) and f is partially differentiable in u w.r.t.
coordinate number 2. Then there exists a neighbourhood N of gy such
that N C domSVF1(2, f,u) and there exist L, R such that for eve-
ry y such that y € N holds (SVF1(2, f,u))(y) — (SVF1(2, f,u))(yo) =
L(y — yo) + R(y — yo)-
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(12) Suppose u = (xg, yo, 20) and f is partially differentiable in u w.r.t. co-
ordinate number 3. Then there exists a neighbourhood N of zy such that
N C dom SVF1(3, f,u) and there exist L, R such that for every z such that
z € N holds (SVF1(3, f,u))(2)—(SVF1(3, f,u))(20) = L(z—20)+R(z—2p).

(13) Let f be a partial function from R? to R and u be an element of R3.
Then the following statements are equivalent

(i)  f is partially differentiable in u w.r.t. coordinate number 1,

(ii)  there exist real numbers xg, yo, 2o such that u = (xg, yo, 20) and there
exists a neighbourhood N of g such that N C dom SVF1(1, f, u) and there
exist L, R such that for every x such that x € N holds (SVF1(1, f,u))(z)—
(SVF1(1, f,u))(x0) = L(z — zo) + R(z — ).

(14) Let f be a partial function from R? to R and u be an element of R3.
Then the following statements are equivalent

(i)  f is partially differentiable in u w.r.t. coordinate number 2,

(ii)  there exist real numbers xg, yo, 2o such that u = (xg, yo, 20) and there
exists a neighbourhood N of yy such that N C dom SVF1(2, f, u) and there
exist L, R such that for every y such that y € N holds (SVF1(2, f,u))(y)—
(SVF1(2, f,u))(yo) = L(y — vo) + R(y — vo)-

(15) Let f be a partial function from R? to R and u be an element of R3.
Then the following statements are equivalent

(i)  f is partially differentiable in u w.r.t. coordinate number 3,

(ii)  there exist real numbers xg, yo, 29 such that u = (xg, yo, 20) and there
exists a neighbourhood N of zg such that N C dom SVF1(3, f,u) and there
exist L, R such that for every z such that z € N holds (SVF1(3, f,u))(z)—
(SVF1(3, f,u))(z0) = L(z — 20) + R(z — 2p).

(16) Suppose u = (zg, Yo, 20) and f is partially differentiable in u w.r.t. co-
ordinate number 1. Then r = partdiff(f,u, 1) if and only if there exist
real numbers zg, Yo, 20 such that u = (xg,y0,20) and there exists a
neighbourhood N of zy such that N C domSVFI1(1, f,u) and there
exist L, R such that r = L(1) and for every z such that x € N holds
(SVF1(1, f,u))(x) — (SVF1(1, f,u))(xo) = L(x — zo) + R(x — xp).

(17) Suppose u = (xg, Yo, z0) and [ is partially differentiable in u w.r.t. co-
ordinate number 2. Then r = partdiff(f, u,2) if and only if there exist
real numbers zg, yo, 20 such that u = (xo,y0,20) and there exists a
neighbourhood N of yg such that N C domSVF1(2, f,u) and there
exist L, R such that » = L(1) and for every y such that y € N holds

(SVFL(2, f,u))(y) — (SVFL(2, f,u))(y0) = L(y — yo) + R(y — yo)-

(18) Suppose u = (xg, Yo, z0) and [ is partially differentiable in u w.r.t. co-
ordinate number 3. Then r = partdiff(f,u,3) if and only if there exist
real numbers zg, Yo, 20 such that u = (xg,y0,20) and there exists a
neighbourhood N of zy such that N C domSVF1(3, f,u) and there

41



42 TAKAO INOUE AND BING XIE AND XIQUAN LIANG

exist L, R such that r = L(1) and for every z such that z € N holds
(SVF1(3, f,u))(z) — (SVF1(3, f,u))(z0) = L(z — 20) + R(z — z0).
(19) If u = (w0, Yo, 20), then partdiff(f,u,1) = (SVFI1(1, f,u)) (x0).
(20) If uw = (x0, Y0, 20), then partdiff (f,u,2) = (SVF1(2, f,u)) (yo)-
(21) If u = (@0, Yo, 20), then partdiff(f,u,3) = (SVF1(3, f,u)) (20).
Let f be a partial function from R3 to R and let D be a set. We say that f

is partially differentiable w.r.t. 1st coordinate on D if and only if the conditions
(Def. 1) are satisfied.

(Def. 1)(i) D C dom f, and
(ii)  for every element u of R3 such that uw € D holds f|D is partially
differentiable in u w.r.t. coordinate number 1.

We say that f is partially differentiable w.r.t. 2nd coordinate on D if and only
if the conditions (Def. 2) are satisfied.
(Def. 2)(i) D C dom f, and
(ii)  for every element u of R3 such that v € D holds f|D is partially
differentiable in u w.r.t. coordinate number 2.
We say that f is partially differentiable w.r.t. 3rd coordinate on D if and only
if the conditions (Def. 3) are satisfied.
(Def. 3)(i) D C dom f, and
(ii)  for every element u of R?® such that v € D holds f[|D is partially
differentiable in u w.r.t. coordinate number 3.
The following three propositions are true:
(22) Suppose f is partially differentiable w.r.t. 1st coordinate on D. Then D C
dom f and for every u such that u € D holds f is partially differentiable
in v w.r.t. coordinate number 1.
(23) Suppose f is partially differentiable w.r.t. 2nd coordinate on D. Then
D C dom f and for every u such that u € D holds f is partially differen-
tiable in u w.r.t. coordinate number 2.
(24) Suppose f is partially differentiable w.r.t. 3rd coordinate on D. Then
D C dom f and for every u such that u € D holds f is partially differen-
tiable in u w.r.t. coordinate number 3.

Let f be a partial function from R? to R and let D be a set. Let us assume
that f is partially differentiable w.r.t. 1st coordinate on D. The functor frlf)t

yielding a partial function from R3 to R is defined as follows:
(Def. 4)  dom( fr%t) = D and for every element u of R3 such that v € D holds
frlf)t(u) = partdiff (f, u, 1).
Let f be a partial function from R? to R and let D be a set. Let us assume

that f is partially differentiable w.r.t. 2nd coordinate on D. The functor f?Bd
yields a partial function from R3 to R and is defined as follows:
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(Def. 5) dom( f?Bd) = D and for every element u of R? such that v € D holds
f%gd(u) = partdiff (f, u, 2).
Let f be a partial function from R? to R and let D be a set. Let us assume
that f is partially differentiable w.r.t. 3rd coordinate on D. The functor f‘?f)d
yielding a partial function from R? to R is defined as follows:

(Def. 6) dom( f?[r)d) = D and for every element u of R3 such that v € D holds
f?lr)d(u) = partdiff (f, u, 3).

3. MAIN PROPERTIES OF PARTIAL DIFFERENTIATION OF REAL TERNARY
FUNCTIONS

We now state a number of propositions:

(25) Let ug be an element of R? and N be a neighbourhood of (proj(1, 3))(uo).
Suppose f is partially differentiable in ug w.r.t. coordinate number 1
and N C domSVFI1(1, f,ug). Let h be a convergent to 0 sequence of
real numbers and ¢ be a constant sequence of real numbers. Suppose
g ¢ = {(proj(1,3))(uo)} and rng(h + ¢) € N. Then h=t (SVF1(1, f, ug) -
(h + ¢) — SVFI1(1, f,up) - ¢) is convergent and partdiff(f,up,1) =
lim(h=! (SVF1(1, f,ug) - (h+ c) — SVF1(1, f,ug) - ¢)).

(26) Let ug be an element of R? and N be a neighbourhood of (proj(2, 3))(uo).
Suppose f is partially differentiable in ug w.r.t. coordinate number 2
and N C domSVF1(2, f,ug). Let h be a convergent to 0 sequence of
real numbers and ¢ be a constant sequence of real numbers. Suppose
rng ¢ = {(proj(2,3))(up)} and rng(h + ¢) € N. Then h=* (SVF1(2, £, up) -
(h + ¢) — SVF1(2, f,up) - ¢) is convergent and partdiff(f,up,2) =
lim(h= (SVF1(2, f,uo) - (h + ¢) — SVF1(2, f,up) - c)).

(27) Let up be an element of R? and N be a neighbourhood of (proj(3, 3))(uo).
Suppose f is partially differentiable in ug w.r.t. coordinate number 3
and N C domSVFI1(3, f,ug). Let h be a convergent to 0 sequence of
real numbers and ¢ be a constant sequence of real numbers. Suppose
rng ¢ = {(proj(3,3))(up)} and rng(h + ¢) € N. Then h=t (SVF1(3, £, up) -
(h + ¢) — SVF1(3, f,up) - ¢) is convergent and partdiff(f,up,3) =
lim(h= (SVF1(3, f,uo) - (h + ¢) — SVF1(3, f,up) - )).

(28) Suppose that

(i)  f1 is partially differentiable in ug w.r.t. coordinate number 1, and
(ii)  fo is partially differentiable in ug w.r.t. coordinate number 1.
Then fi f5 is partially differentiable in ug w.r.t. coordinate number 1.

(29) Suppose that

(i)  f1 is partially differentiable in up w.r.t. coordinate number 2, and
(ii)  fo2 is partially differentiable in ug w.r.t. coordinate number 2.
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Then fi fs is partially differentiable in ug w.r.t. coordinate number 2.

(30) Suppose that

(i)  f1 is partially differentiable in ug w.r.t. coordinate number 3, and
(ii)  f2 is partially differentiable in ug w.r.t. coordinate number 3.
Then f; fo is partially differentiable in ug w.r.t. coordinate number 3.

(31) Let up be an element of R3. Suppose f is partially differentiable in
up w.r.t. coordinate number 1. Then SVFI(1, f,up) is continuous in
(proj(1,3))(uo).

(32) Let up be an element of R3. Suppose f is partially differentiable in
ug w.r.t. coordinate number 2. Then SVF1(2, f,up) is continuous in
(proj(2, 3))(uo)-

(33) Let up be an element of R3. Suppose f is partially differentiable in
ug w.r.t. coordinate number 3. Then SVFI1(3, f,up) is continuous in
(proj(3,3))(uo).

(34) Suppose f is partially differentiable in up w.r.t. coordinate number 1.
Then there exists R such that R(0) = 0 and R is continuous in 0.

(35) Suppose f is partially differentiable in ug w.r.t. coordinate number 2.
Then there exists R such that R(0) = 0 and R is continuous in 0.

(36) Suppose f is partially differentiable in up w.r.t. coordinate number 3.
Then there exists R such that R(0) = 0 and R is continuous in 0.

4. GRADS AND CURL

Let f be a partial function from R? to R and let p be an element of R3. The
functor grad(f,p) yields an element of R3 and is defined as follows:

(Def. 7) grad(f,p) = partdiff (f, p, 1)-e; +partdiff (£, p, 2)-ea+partdiff (f, p, 3)-es.
We now state several propositions:

(37) grad(f,p) = [partdiff(f, p, 1), partdiff (f, p, 2), partdiff (f, p, 3)].
(38) Suppose that
(i)  f is partially differentiable in p w.r.t. coordinate number 1, partially
differentiable in p w.r.t. coordinate number 2, and partially differentiable
in p w.r.t. coordinate number 3, and
(ii) ¢ is partially differentiable in p w.r.t. coordinate number 1, partially
differentiable in p w.r.t. coordinate number 2, and partially differentiable
in p w.r.t. coordinate number 3.
Then grad(f + g, p) = grad(f, p) + grad(g, p).
(39) Suppose that
(i)  f is partially differentiable in p w.r.t. coordinate number 1, partially
differentiable in p w.r.t. coordinate number 2, and partially differentiable
in p w.r.t. coordinate number 3, and
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(ii) ¢ is partially differentiable in p w.r.t. coordinate number 1, partially
differentiable in p w.r.t. coordinate number 2, and partially differentiable
in p w.r.t. coordinate number 3.
Then grad(f - gvp) = grad(f, p) - grad(gvp)
(40) Suppose that
(i)  f is partially differentiable in p w.r.t. coordinate number 1,
(ii)  f is partially differentiable in p w.r.t. coordinate number 2, and
(iii)  f is partially differentiable in p w.r.t. coordinate number 3.
Then grad(r f,p) = r - grad(f, p).
(41) Suppose that
(i)  f is partially differentiable in p w.r.t. coordinate number 1, partially
differentiable in p w.r.t. coordinate number 2, and partially differentiable
in p w.r.t. coordinate number 3, and
(ii) g is partially differentiable in p w.r.t. coordinate number 1, partially
differentiable in p w.r.t. coordinate number 2, and partially differentiable
in p w.r.t. coordinate number 3.
Then grad(s f +tg,p) = s- grad(f,p) + t - grad(g, p).
(42) Suppose that
(i)  f is partially differentiable in p w.r.t. coordinate number 1, partially
differentiable in p w.r.t. coordinate number 2, and partially differentiable
in p w.r.t. coordinate number 3, and
(ii) ¢ is partially differentiable in p w.r.t. coordinate number 1, partially
differentiable in p w.r.t. coordinate number 2, and partially differentiable
in p w.r.t. coordinate number 3.
Then grad(s f —tg,p) = s- grad(f,p) —t - grad(g, p).
(43) If f is total and constant, then grad(f,p) = Ogs -

Let a be an element of R3. The functor unitvector a yields an element of R?
and is defined as follows:

: _ a(l) a(2) a(3)
(Def. 8) unitvectora = [\/a(1)2+a(2)2+a(3)27 Ve ra@ a@)?’ \/a(1)2+a(2)2+a(3)2].

Let f be a partial function from R? to R and let p, a be elements of R3.
The functor Directiondiff(f, p,a) yielding a real number is defined by:
(Def. 9) Directiondiff(f, p, a) = partdiff (f, p, 1)-(unitvector a)(1)-+partdiff (f, p, 2)-
(unitvector a)(2) + partdiff (f, p, 3) - (unitvector a)(3).
The following propositions are true:

(44) If a = (x0,90,20), then Directiondiff(f,p,a) = —partd;ﬂ(f’p’l)'xo +
V02 +yo2+202
partdiff(f,p,2)-yo | partdiff(f,p,3)-20
VEo2+yo2+202 /w2ty +z02
(45) Directiondiff (f,p, a) = |(grad(f, p), unitvector a)|.
Let fi, f2, f3 be partial functions from R? to R and let p be an element of
R3. The functor curl(fy, fa, f3,p) yields an element of R3 and is defined by:
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(Def 10) Curl(fla f27 f3>p) = (partdiﬁ(f37p7 2) - partdiﬁ(vapv 3)) cer+

(partdiﬁ(flapa 3) - partdiﬁ(f37pa 1)) ceg + (partdiﬁ(f27pa 1)_
partdiff (f1,p,2)) - es.

Next we state the proposition

(46) Curl(fla f27 f3>p) = [partdiﬁ(f3ap7 2)_partdlﬁ(f27p7 3)7 partdiﬁ(flapa 3>_

[1]
2]
3]
(4]

[5]
(6]

[7]
(8]
[9]
[10]
[11]

[12]

partdiff(fg,p, 1)7 partdiﬁ(f27pa 1) - partdiﬁ(f17p7 2)]

REFERENCES

Grzegorz Bancerek and Krzysztof Hryniewiecki. Segments of natural numbers and finite
sequences. Formalized Mathematics, 1(1):107-114, 1990.

Czestaw Bylinski. Finite sequences and tuples of elements of a non-empty sets. Formalized
Mathematics, 1(3):529-536, 1990.

Czestaw Byliniski. Functions and their basic properties. Formalized Mathematics, 1(1):55—
65, 1990.

Czestaw Bylinski. Functions from a set to a set. Formalized Mathematics, 1(1):153-164,

1990.
Czestaw Bylinski. Partial functions. Formalized Mathematics, 1(2):357-367, 1990.

Czestaw Bylifiski. The sum and product of finite sequences of real numbers. Formalized
Mathematics, 1(4):661-668, 1990.

Agata Darmochwal. The Euclidean space. Formalized Mathematics, 2(4):599-603, 1991.
Noboru Endou, Yasunari Shidama, and Keiichi Miyajima. Partial differentiation on nor-
med linear spaces R". Formalized Mathematics, 15(2):65-72, 2007, doi:10.2478/v10037-

007-0008-5.
Krzysztof Hryniewiecki. Basic properties of real numbers. Formalized Mathematics,

1(1):35-40, 1990.

Jarostaw Kotowicz. Convergent sequences and the limit of sequences. Formalized Mathe-
matics, 1(2):273-275, 1990.

Jarostaw Kotowicz. Real sequences and basic operations on them. Formalized Mathema-
tics, 1(2):269-272, 1990.

Xiquan Liang, Piging Zhao, and Ou Bai. Vector functions and their differentiation for-
mulas in 3-dimensional Euclidean spaces. Formalized Mathematics, 18(1):1-10, 2010, doi:
10.2478/v10037-010-0001-2.

Konrad Raczkowski and Pawet Sadowski. Real function continuity. Formalized Mathe-
matics, 1(4):787-791, 1990.

Konrad Raczkowski and Pawel Sadowski. Real function differentiability. Formalized
Mathematics, 1(4):797-801, 1990.

Konrad Raczkowski and Pawel Sadowski. Topological properties of subsets in real num-
bers. Formalized Mathematics, 1(4):777-780, 1990.

Walter Rudin. Principles of Mathematical Analysis. MacGraw-Hill, 1976.

Andrzej Trybulec and Czestaw Bylinski. Some properties of real numbers. Formalized
Mathematics, 1(3):445-449, 1990.

Edmund Woronowicz. Relations defined on sets. Formalized Mathematics, 1(1):181-186,

1990.
Bing Xie, Xiquan Liang, and Hongwei Li. Partial differentiation of real binary functions.

Formalized Mathematics, 16(4):333-338, 2008, do0i:10.2478 /v10037-008-0041-z.

Received November 7, 2009





