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Summary. In this paper, we present formal solutions to twelve problems
selected from Wacltaw Sierpinski’s book 250 Problems in Elementary Number
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INTRODUCTION

This article represents a further step in the formalization of problems from
the collection 250 Problems in Elementary Number Theory [17], [13]. In this stu-
dy, we focus on twelve selected problems from Chapter 4: Prime and Composite
Numbers.

We begin with Problem 108, which provides a method for determining whe-
ther a pair of numbers constitutes a pair of twin primes — that is, prime numbers
that differ by exactly 2 [5]. The problem is stated as follows (Theorem 19): a pair
of integers n and n + 2 are twin primes if and only if (n — 1)! is not divisible by
either n or n + 2. It should be noted that the assertion that there are infinitely
many twin primes remains an open and unresolved problem in number theory
i, [,

Next, we formalize Problems 112 and 113, which are formulated by indicating

equations with only a finite number of solutions [I1]. First, in Problem 112, we
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consider the equation p+ 1 = n® (see Theorem 22), where p is a prime number,
n is a natural number, and s is a natural exponent satisfying the condition
2 < s < 10. We demonstrate that there are precisely four solutions to this
equation within this range: (s, p) = (3,5), (3,7), (5,31), and (7,127), with n = 2
in all cases. The proof is carried out by analyzing all possible cases of s, given
that it is straightforward to establish n = 2. The problem is naturally related
to Mersenne primes [3], [1], since it amounts to examining primes of the form
2" — 1. Similarly, in Problem 113 we show (see Theorem 22) that the equation
(p—1)!+1 = p™ has no solutions when p is a prime number and m is a natural
number, aside from the obvious cases of p = 2,3, 5.

The expression (p — 1)! + 1 and its arithmetic properties are examined in
Problem 114, with particular attention given to its divisibility. According to the
classical Wilson’s Theorem, the congruence (p — 1)! +1 = 0 (mod p) holds if
and only if p is prime. In Problem 114, we prove that there are infinitely many
primes ¢ for which there is a natural number p < ¢ such that ¢|(p — 1)! + 1. A
solution originally presented in Sierpinski’s book shows that the set of primes ¢
is infinite, provided ¢ is assumed to be prime (see Theorem 25). However, in our
final formulation (see Theorem 26), we restate the result in its original version
by removing the requirement that the corresponding number p must also be
prime.

In Sections 6 and 7, we investigate Problems 118 and 119, which concern
the construction of integers k such that either k- 2" + 1 or 2" + k is composite
for all positive integers n, respectively. In both cases, we prove that there are
infinitely many such values of k. Following Sierpinski’s approach, we focus on
the properties of the initial Fermat numbers [6], [10], which are defined as F,, =
— 232

22" _ 1. In particular, we use the identity Fo-Fy-... - Fy —1 and the known

factorization F5 = 641 - 6700417, and we consider the system of congruences
k=1 (mod (22 —1)-641), and k= -1 (mod 6700417). (L1)

By the Chinese Remainder Theorem [15], [16], the system has infinitely many
solutions k. The problem is finally solved by proving that k - 2" is a composite
number for every positive integer if k is greater than 6700417. Sierpinski modifies
system by adding k£ = 1(mod 2) to solve Problem 119, stating that the
system has an infinite number of solutions k& > 6700417, that 2" +k is divisible by
at least one of the six primes Fp, F1, ..., Fy and 6700417. Although the smallest
number satisfying system and the condition k£ = 1(mod 2), namely

k = 15511380746462593381

is not divisible by any of those numbers (see Theorem 31), it is divisible by
641. Therefore, we modify the proposed solution to the problem by additionally
taking into account the seventh prime divisor, 641.
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In Problem 127, the focus is on polynomials that assign consecutive prime
numbers to consecutive natural numbers. The initial segment of the problem po-
sits the absence of a polynomial f(z) with integer coefficients that satisfies the
following conditions: f(1) =2, f(2) = 3, and f(3) = 5. However, as demonstra-
ted in Theorem 64, a contradiction already arises under the weaker assumption
involving only two of these equalities, namely f(1) = 2 and f(3) = 5. In order to
construct a polynomial f,,(x) with rational coefficients satisfying the conditions
fm(i) = p; for all natural numbers 1 < i < m, where p; denotes the i** prime
number, it is suffices to use the Lagrange interpolation polynomial of the form

k .
fm(@)=>"pi ] 7 (L.2)
i=1

1<j<kgzi L)

Then, in Problem 129, the task is to identify a polynomial with integer coeffi-
cients such that f,,(p;) = p; for 1 < i < m and f,, is a reducible polynomial, for
a given natural m. We recall the definition of the reducible polynomial: namely,
that it can be expressed as the product of two non-constant polynomials with
integer coefficients. In accordance with Sierpinski’s approach, it is demonstrated
that the polynomial

fm(@) =[x —p1)(z —p2) ... (z —pm) + 1]z (L.3)

proposed by him possesses the desired properties. Problem 130 concerns the ana-
lysis of the set of prime numbers p satisfying the congruence f(z) = 0(mod p).
Here, f denotes a fixed, non-constant polynomial with integer coefficients. It is
demonstrated that the set of primes for which this congruence has a solution is
infinite.

The final three issues pertain to the maximum number of prime numbers
that can be contained within an interval of n consecutive numbers commencing
from k + 1, defined to be

seg(k,n):={k+1,k+2,k+3,...,k+n} (1.4)

The following equation is to be used: where k is any natural number, and n = 100
in Problems 132 and 133, while n = 21 is considered in Problem 134. The
solution to this problem is based on calculating the total number of numbers
in this interval which are not prime, with particular focus on those divisible
by 2, 3, 5, 7, or 11. In the most challenging case, the proposed approach relies
on the manual enumeration of divisible numbers “it sufficient to write down
all positive integers < 2310 + 100 divisible by 2,3,5,7 or 117 [I7]. To avoid
manual computation, we focus on the properties of intervals of a given length,
which remain invariant under simultaneous translation of both endpoints. In
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particular, the following equality holds:

seq(0,d) N Mg, " Mg, N...N My, =seq(n,d) " Mg, " Mg, N...N My, (1.5)

where n and d are natural numbers, ¢1, g2, . .. ¢; are divisors of d, and M, denotes
the set of all multiples of a given number gq.

We subsequently demonstrate that the set seq(n, 100) N My N M3 N Ms com-
prises a minimum of 72 elements, with the value 72 exclusively manifesting for
n =9 and n = 10 (mod 30). Next, we extend the set of divisors to include 7,
thereby demonstrating that seq(n, 100) N My N M3 N M5 N M7 contains at least
75 elements. This value is only attained for n = 9,10,99 and 100 (mod 210).
Finally, we prove that seq(n, 100) N MyNM3zNMsNM7NM;1 contains at least 76
elements. We use this to show in Problem 131 that the set seq(n, 100) achieves
the maximum number of prime numbers, 26, for n = 1 only. The value 25 (as
stated in Problem 132) occurs in only six cases: n = 0,2,3,4,9 and 10. Using
analogous reasoning, we prove that the set seq(n,21) achieves the maximum
number of prime numbers, i.e. 8, in only three cases: n = 0,1 and 2.

1. PRELIMINARIES

From now on n, m, k, i, a, b, ¢, d, s denote natural numbers and p denotes
a prime number.

Let f be a positive yielding, real-valued finite sequence. Let us observe that
Rev(f) is positive yielding.

Let n be a natural number. Let us note that f|,, is positive yielding and f[n
is positive yielding.

Let n, m be natural numbers. Let us note that mid(f,n, m) is positive yiel-
ding. Now we state the propositions:

(1) Suppose n | m. Then the set of positive divisors of n C the set of
positive divisors of m.

(2) Let us consider a non zero natural number m. If p" | m, then n+1 < @,
where « is the set of positive divisors of m.
PROOF: Set n; = n + 1. Define F(natural number) = p®'. Consider f
being a function such that dom f = Z,, and for every element d of Z,,,
f(d) = F(d). For every objects x1, x2 such that z1, o € dom f and
f(z1) = f(x2) holds x1 = z. tng f C {p¥, where k is an element of
N: k <n}. rng f C the set of positive divisors of p" C the set of positive
divisors of m. [J

Let p be a prime number. Let us observe that p —' 1 is non zero.
Now we state the propositions:
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(3) If1 <k < m < n, then p | [[mid(primesFinS(n), k,m) iff &£ < 1 +
primeindex(p) < m.
PROOF: Set M = mid(primesFinS(n), k,m). If p | [[ M, then & < 1+
primeindex(p) < m. O

(4 Ifl1<k<m<mn<a< b then [[ mid(primesFinS(b), k, m) and
[ mid(primesFinS(b), n,a) are relatively prime. The theorem is a conse-
quence of (3).

(5) Let us consider an integer-valued finite sequence u, a CR-sequence m,
and an integer 2. Suppose z =,y m(-). If i € domwu and u(7) and m(i) are
relatively prime, then z and m(i) are relatively prime.

(6) Let us consider an integer-valued finite sequence u, and a CR-sequence
m. Suppose dom v = dom m. Let us consider a natural number z. Suppose
z =,y m() and for every i such that i € domwu holds u(i) and m(i) are
relatively prime. Then z and [[m are relatively prime. The theorem is
a consequence of (5).

Let f be a one-to-one finite sequence and n, m be natural numbers. One can
check that mid(f,n,m) is one-to-one.
Let us consider k, m, and n. Now we state the propositions:

(7) If 1 < k < m < n, then PrimeDivisors([][ mid(primesFinS(n), k,m)) =
rng mid(primesFinS(n), k, m).

PROOF: Set M = mid(primesFinS(n), k, m). PrimeDivisors([[ M) C rng M.
rng M C PrimeDivisors([] M). O

(8) If1 <k < m < n, then PrimeDivisors(]] mid(primesFinS(n), k,m)) =
m — k + 1. The theorem is a consequence of (7).

(9) n <pr(n).

PROOF: Define P[natural number] = $; < pr($;). For every natural num-

ber n such that P[n] holds P[n + 1]. For every natural number n, P[n].
([l

(10) primeindex(p) < p. The theorem is a consequence of (9).

(11) value(n — 0,b) = 0.

(12) Suppose b > 1 and k > 0 and n > 0. Then value(((1) > (n =" 1 —
0)) ~ digits(k,b),b) = k - b™ 4+ 1. The theorem is a consequence of (11).

(13) Suppose b > 1 and & > 0 and n > 0. Then digits(k - b" + 1,b) =
((1) ™ (n—"1+—0)) " digits(k, b).
PROOF: Set N = (1)~ (n—'1 —— 0). Set D = digits(k, b). Set Ny = N"D.
For every natural number ¢ such that ¢ € dom Ny holds Ny (i) < b. O

(14) Let us consider finite 0-sequences f, g, and aset X. Then (f ~¢)~1(X) =
FHX) + g7 1(X).
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PRrROOF: Define Pobject, object] = $; is a natural number and for every
natural number n such that $; = n holds $2 = n +len f. For every object
x such that z € g~(X) there exists an object y such that y € ((f 7
9)"HX)) \ (len f) and P[z,y]. Consider F being a function such that
domF =g }(X)and rng F C ((f~¢)"1(X))\ (len f) and for every object
x such that # € g~1(X) holds P[z, F(z)]. ((f ~g)~1(X))\ (len f) C rng F.
For every objects z1, x2 such that z1, x9 € dom F and F(x1) = F(x2)
holds #1 = 2. (f " ¢g) ' (X)Nlenf C f~1(X). fFHX)C (f " g) 1 (X)N
len f. O

(15) Ifb > 1and k > 0, then value((n — b—'1)"digits(k—'1,b),b) = k-b"—

(16) Ifb>1and k > 0 and n > 0, then ) digits(k- 0" =" 1,b) > n-(b—1
The theorem is a consequence of (15).

1.
).

2. PROBLEM 108

Let us consider an odd, natural number n. Now we state the propositions:
(17) If n > 1, then n is prime iff nt (n =" 1)\
PROOF: If n is prime, then n { (n—"1)!. Consider k being a natural number
such that n=2-k+ 1. O
(18) If n > 1, then n+ 2 is prime iff n + 21 (n =" 1)\
PROOF: If n+ 2 is prime, then n+2 1 (n—'"1)!. Consider k being a natural
number such that n =2-k+ 1. 0

(19) If n > 1, then n is prime and n + 2 is prime iff n { (n =’ 1)! and
n+24t(n-"1)L

3. PROBLEM 112

Now we state the propositions:
(20) If 3" CFS(the set of positive divisors of p) = n® and 2 < s, then n = 2.

(21) Let us consider a prime number p, and natural numbers n, s. Suppose
> CFS(the set of positive divisors of p) = n® and 2 < s < 10. Then

(i) s=2and p=3, or
(ii) s=3and p="7, or
(iii) s =5 and p =31, or
(iv) s =7 and p = 127.

The theorem is a consequence of (20).
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4. PROBLEM 113

Now we state the proposition:
(22) If p>5, then (p—" 1) +1 # p™.
PRroOF: Consider k being a natural number such that p =2-k+1. (p—'1)-
(p—"1) | (p—"1)! by [14], (37)]. m > 0. Consider ¢t being a natural number
such that p™ 1= (p—"1)-tby 12, (11)]. p—"1|m.p™ > (p—" 1)+ 1.
]

5. PROBLEM 114

Now we state the propositions:

(23) If p > 5, then there exists a prime number ¢ such that p < ¢ and
gl (p—" 1)+ 1.
Proo¥: Consider k, m being natural numbers such that (p—'1)!+1 = m-p*
and p f m. m > 1+ 1. Consider g being an element of N such that ¢ is
prime and ¢ | m. ¢ >p—"1. 0

(24) Let us consider natural numbers n, k. If 0 < n < k, then n! < kl.

(25) {q, where ¢ is a prime number : there exists a prime number p such that
p<gq|(p—"1)!+ 1} is infinite.
PROOF: Define G(object, natural number) = (pr($2!))(€ N). Consider f
being a sequence of N such that f(0) = 7 and for every natural number
k, f(k+ 1) = G(k, f(k)). Define P[natural number] = f($;) is a prime
number and 5 < f($1). For every natural number n such that P[n] holds
Pln+1] by [2, (11)]. For every natural number n, P[n]. For every natural
numbers 4, j such that ¢ < j holds f(i) < f(j). Define F|object, object] =
$5 is a prime number and for every natural numbers 7, j such that $; = ¢
and $5 = j holds j is prime and f(i) < j | (f(¢) =" 1)!+ 1. For every object
x such that x € N there exists an object y such that y € N and Flz, y].
Consider F' being a function such that dom ¥ = N and rng ¥ C N and
for every object z such that = € N holds F[z, F'(x)]. For every objects x1,
x9 such that x1, xo € dom F and F(x1) = F(x2) holds z1 = z. rng F' C
{q, where ¢ is a prime number : there exists a prime number p such that
p<ql(p—'1)!+1}.0

(26) {q, where ¢ is a prime number : there exists a natural number n such
that n < g and ¢ | (n =" 1)! + 1} is infinite. The theorem is a consequence
of (25).
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6. PROBLEM 118

Now we state the propositions:
(27) (i) Fermat5 = 232 4 1 = 641 - 6700417, and
(ii) 6700417 > Fermat 4.

(28) (232 —1) - 641 and 6700417 are relatively prime. The theorem is a con-
sequence of (27).

(29) Let us consider a natural number k. Suppose k = 1 (mod (232 — 1) - 641)
and k = —1 (mod 6700417) and k > 6700417. Let us consider a positive
natural number n. Then

(i) k-2" 41 is composite, and
(ii) FermatO | k-2"+1or ... or Fermat4 |k-2"+1or 641 | k-2"+ 1 or
6700417 | k- 2™ + 1.
The theorem is a consequence of (27).

(30) There exists a natural number ¢; such that
(1) 6700417 < ¢; < 2- (24— 1), and
(ii) for every natural number n, c; +n-2- (26 —1) = 1 (mod(232 —1)-641
and ¢; +n-2- (264 —1) = —1 (mod 6700417) and ¢; +n-2- (264 —1)
1 (mod2).
PROOF: Set P; = (232 — 1) - 641. Set P, = 6700417. Set P3 = 2. Set
Ps; = (Py, Py, P3). For every natural numbers 7, j such that i, j € dom P;
and i < j holds P5(i) and Ps(j) are relatively prime. For every natural
numbers 4, j such that i, j € dom P5 and i # j holds Ps(i) and Ps5(j) are
relatively prime. 6700417 < ¢;. UJ

(31) {k, where k is a natural number : for every positive natural number n,
k- 2" 41 is composite} is infinite. The theorem is a consequence of (30),
(27), and (29).

7. PROBLEM 119

Now we state the proposition:

(32) Let us consider a natural number k. Suppose £ = 15 - 1000000000 -
1000000000 + 511380746 - 1000000000 + 462593381. Then

(i) k> 6700417, and
(ii) k=1 (mod(2%? — 1) - 641), and
(iii) k= —1 (mod 6700417), and
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(iv) k=1 (mod?2), and

) Fermat0+4k-22° +1 and ... and Fermat4 { k- 22 + 1, and
(vi) 6700417 1k -2% + 1, and
(vii) 641 | k-22° +1.

The theorem is a consequence of (27).

(v

Let n be a natural number. One can check that Fermatn is odd.
Now we state the propositions:

(33) Let us consider non zero natural numbers n, m, and p. If p" | m, then
Euler p™ < Euler m.

(34) Suppose k = 1 (mod(23? — 1) - 641) and k = —1 (mod6700417) and
k > 6700417. Let us consider a positive natural number n. Then

(i) k+ 2™ is composite, and

(ii) FermatO | k + 2" or ... or Fermat4 | k 4+ 2" or 641 | k + 2" or
6700417 | k + 2™,

PROOF: Set Q = (Fermat 0)-(Fermat 1)-(Fermat 2)-(Fermat 3)- (Fermat 4)-
(Fermat 5). 2 and @ are relatively prime by [8, (64)]. 2 < Fermat5 and
1 < (Fermat0) - (Fermat 1) - (Fermat 2) - (Fermat 3) - (Fermat4). Set e =
n-(Euler @—'1). Euler @ > 1. k-2°+1 is composite and Fermat 0 | k-2°+1 or
...or Fermat4 | k-2°41or 641 | k-2°+1 or 6700417 | k- 2° + 1. Consider
q being a natural number such that ¢ | k-2°+ 1 and ¢ = Fermat0 or
q = Fermat 1 or ¢ = Fermat 2 or ¢ = Fermat 3 or ¢ = Fermat 4 or ¢ = 641
or ¢ = 6700417, 2PWer@ =1 (mod ¢) and k > ¢ > 1. O

(35) {k, where k is a natural number : for every positive natural number n,
2" +k is composite} is infinite. The theorem is a consequence of (30), (27),
and (34).

8. LAGRANGE BASIS AND INTERPOLATING POLYNOMIALS

Let us consider a non empty zero structure L and a polynomial p over L.
Now we state the propositions:

(36) Iflenp =1, then p = (p(0)).
PROOF: For every natural number k such that & < lenp holds p(k) =
(p(0))(k). O

(37) If lenp =2, then p = (p(0), p(1)).
PROOF: For every natural number k such that £ < lenp holds p(k) =
{p(0),p(1))(k). O
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(38) Let us consider a ring R, an element x of R, and a polynomial p over R.
Then ExtEval(p, z) = eval(p, x).

(39) Let us consider rings R, S. Suppose S is a subring of R. Let us consider
a polynomial p over R, an element x of R, a polynomial g over S, and
an element y of S. If p = ¢ and x = y, then eval(p,z) = eval(q,y). The
theorem is a consequence of (38).

(40) Let us consider a field R, a polynomial p over R, and an element a of R.
Suppose a is a root of p. Then p = (pdivrpoly(1,a)) * rpoly(1, a).

(41) Let us consider a non empty commutative ring R, and a ring S. Suppose
S is a subring of R. Let us consider polynomials p, ¢ over R. Suppose p is
a polynomial over S. Let us consider an element a of R, and an element b
of S. Suppose a = b and b is left invertible and p = g *xrpoly(1,a). Then ¢
is a polynomial over S.
PROOF: Reconsider S1 = S as a subring of R. Reconsider b = ¢ as an ele-
ment of S;. Consider y; being an element of S; such that y; - b = 1g,.
Define P[natural number| = ¢($;) € the carrier of Sj. P[0]. For every na-
tural number i such that P[i] holds P[i 4 1]. For every natural number ¢,
Pli]. rng g C the carrier of S. Reconsider ¢; = ¢ as a sequence of S. q; is
finite-Support. [

From now on L denotes a unital, add-associative, right zeroed, right com-
plementable, distributive, non empty double loop structure.

Let us consider L. Let z be a finite sequence of elements of the carrier of
L and f be a N-valued finite sequence. The functor rpoly(f, z) yielding a finite
sequence of elements of the carrier of Polynom-Ring L is defined by

(Def. 1) lenit = len f and for every natural number i such that 1 < i < len f
holds it (i) = rpoly(f/i, 2/i)-
Now we state the propositions:

(42) Let us consider finite sequences z1, zo of elements of the carrier of L,
and N-valued finite sequences f1, fo. Suppose len f; = len z; and len fo <
len zo. Then rpoly(f1 ™ f2,21 ™ 2z2) = rpoly(fi, 21) ~ rpoly( fa, z2).

PROOF: For every natural number ¢ such that 1 < i < lenrpoly(f1~ fa, 217
z2) holds (rpoly(f1 ™ f2,21 7 22))(i) = (rpoly(f1,21) ~ rpoly(f2, 22))(i). O

(43) Let us consider an element z of the carrier of L, and an element k of N.
Then rpoly((k), (z)) = (rpoly(k, 2)).

(44) Let us consider finite sequences z1, zo of elements of the carrier of L,
and a N-valued finite sequence f. Suppose len f < len z; and len f < len 29
and zj[len f = z9[len f. Then rpoly(f, z1) = rpoly(f, z2).

PROOF: For every natural number 4 such that 1 <4 < len f holds
(rpoly(f, z1))(i) = (rpoly(f, z2))(z). O
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(45) Let us consider a finite sequence z of elements of the carrier of L, a N-
valued finite sequence f, and a natural number n. Suppose n < len f.
Then rpoly(f[(n +1),2) = rpoly(fIn,z) ™ (rpoly(f/nt1; 2/m+1))-

PRrOOF: For every natural number ¢ such that 1 < ¢ < n + 1 holds
(rpoly(fI(n +1),2))(i) = (rpoly(fIn,z) ™ (rpoly(f/nt1, Z/n+1)))(0). O

(46) Let us consider a finite sequence z of elements of the carrier of L, and
a N-valued finite sequence f. Suppose len f = len z. Let us consider a per-
mutation p of dom f, and a finite sequence z3 of elements of the carrier of
L. Suppose z3 = z - p. Then rpoly(f - p, z3) = (rpoly(f, 2)) - p.

PROOF: For every object « such that € dom f holds (rpoly(f-p, z3))(x) =
((rpoly(f,2)) - p)(x). O

(47) Let us consider a commutative ring L, a finite sequence z of elements of
the carrier of L, and a N-valued finite sequence f. Suppose len f = len z.
Let us consider a permutation p of dom f, and a finite sequence z3 of
elements of the carrier of L. Suppose z3 = z - p. Then [Jrpoly(f,z) =
[Irpoly(f - p,z3). The theorem is a consequence of (46).

(48) Let us consider a non degenerated, integral domain-like ring L, a finite

sequence z of elements of the carrier of L, and a N-valued finite sequence
f. Then deg(R2P([Irpoly(f,z))) = f.
PROOF: Define P[natural number] = if $; < len f, then R2P([] rpoly(f[%1,
z)) # 0.L and deg(R2P([Jrpoly(f[$1,2))) = >.(fI$1). For every natural
number ¢ such that P[i] holds P[i 4 1]. For every natural number i, P[i].
O

(49) Let us consider a non degenerated commutative ring L, a finite sequ-
ence z of elements of the carrier of L, a N-valued finite sequence f, and
an element x of the carrier of L. Then there exists a finite sequence e of
elements of the carrier of L such that

(i) eval(R2P(I]rpoly(f,2)),z) =[]e, and

(ii) lene =len f, and
(iii) for every 7 such that 1 < < lene holds e(i) = eval(rpoly(f/;, 2/;), ).
PROOF: Define P[natural number| = if $; < len f, then there exists a finite
sequence e of elements of the carrier of L such that eval(R2P(]]rpoly(f %1,
z)),z) = []e and lene = $; and for every natural number ¢ such that
1 <i < lene holds e(i) = eval(rpoly(f/;, 2/;), ). P[0]. For every natural
number 7 such that P[i] holds P[i + 1]. For every natural number i, P[i].
g

(50) Let us consider a non degenerated commutative ring L, a finite sequence

z of elements of the carrier of L, a N-valued finite sequence f, and i.
Suppose i € dom f and f(i) # 0. Then z/; is a root of R2P([[rpoly(f, 2)).
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ProOF: Consider e being a finite sequence of elements of the carrier of
L such that eval(R2P([]rpoly(f,2)),2/;) = [[e and lene = len f and for
every natural number j such that 1 < j <lene holds e(j) =
eval(rpoly(f/;,2/;), 2/:). eval(rpoly(f/i, /i), 2/;) = 0r. O

Let us consider an integral domain L, a finite sequence z of elements
of the carrier of L, a N-valued finite sequence f, and an element x of
the carrier of L. Then x is a root of R2P([Jrpoly(f,z)) if and only if
there exists a natural number ¢ such that i € dom f and x is a root of
rpoly (f/s, 2/i)-
PRrROOF: Consider e being a finite sequence of elements of the carrier of L
such that eval(R2P([] rpoly(f, z)), ) = [[ e and len e = len f and for every
natural number i such that 1 < < lene holds e(i) = eval(rpoly(f/;, z/;), 7).
If z is a root of R2P([[rpoly(f, z)), then there exists a natural number ¢
such that i € dom f and x is a root of rpoly(f/;, z/;). O

Let us consider an integral domain L, and a finite sequence z of elements
of the carrier of L. Then Roots(R2P([]rpoly(lenz — 1,z2))) = rng z.
Proor: Roots(R2P(J]rpoly(lenz +— 1,2))) C rng 2.
rng z C Roots(R2P([[rpoly(lenz — 1, 2))). O

Let F be a field, X be a finite subset of F', and x be an element of F. The
functor LagBPoly (X, z) yielding a polynomial over F' is defined by

(Def. 2)

for every one-to-one finite sequence z of elements of the carrier of F
such that rngz = X holds it = (eval(R2P([]rpoly(lenz — 1,2)),x))" ! -
(R2P(I]rpoly(lenz — 1, 2))).

In the sequel F' denotes a field. Now we state the propositions:

(53)

(54)

(55)

Let us consider a finite subset X of F', and an element z of F'. Suppose
x ¢ X. Then

(i) Roots(LagBPoly(X,x)) = X, and
(ii) eval(LagBPoly(X,x),z) = 1F, and

(iii) deg(LagBPoly(X,z)) = X.
The theorem is a consequence of (52) and (48).

Let us consider elements z, y of F. Then LagBPoly ({y},z) = (x —y)~*-
(rpoly(1,y)). The theorem is a consequence of (43).

Let us consider finite subsets X7, X9 of F', and an element x of F.
Suppose = ¢ X1 and x ¢ X5 and X; misses X5. Then LagBPoly (X1, x) *
LagBPoly(X2, z) = LagBPoly(X; U X5, x). The theorem is a consequence
of (52) and (42).

Let F be a field and x, y be finite sequences of elements of the carrier of F.
The functor LagPoly(z,y) yielding a polynomial over F' is defined by



ELEMENTARY NUMBER THEORY PROBLEMS. PART XIX 257

(Def. 3) there exists a finite sequence L of elements of the carrier of Polynom-Ring
F such that it = > L and len L = lenx and for every natural number ¢
such that 1 <4 <lenx holds L(i) = y/; - (LagBPoly((tngz) \ {z;},2/;))-

Now we state the propositions:

(56) Let us consider finite sequences z, y of elements of the carrier of F', and
a natural number ¢. Then

(i) ify,; # O, then Roots(y ;- (LagBPoly((rng x)\{z;},7/;))) = (tng z)\
{z;}, and
(i) eval(yy; - (LagBPoly((rng x) \ {z:},%/;)), i) = y;, and
(iii) if i € domz and y,; # OF,
then deg(y/; - (LagBPoly((rngx) \ {z/;},7/))) = Thgz — 1.
PROOF: Set Ry = (rngx) \ {x/l}
If y/; # O, then Roots(y/; - (LagBPoly(Ra,z/;))) = Ra.
(57) Let us consider finite sequences z, y of elements of the carrier of . Then
degree(LagPoly(z,y)) < lenx — 1.
Proor: Consider L being a finite sequence of elements of the carrier of
Polynom-Ring F' such that LagPoly(z,y) = Y>> L and len L = lenz and
for every natural number i such that 1 < i < lenz holds L(i) = y; -
(LagBPoly((mng #) \ {z/:}, 7).

Consider f being a sequence of Polynom-Ring F' such that > L =
f(len L) and f(0) = Opolynom-Ring 7 and for every natural number j and
for every element v of Polynom-Ring F’ such that j < len L and v = L(j+1)
holds f(j + 1) = f(j) + v. Define P[natural number] = if $; < len L, then
deg(R2P(f($1))) < lenz — 1. For every n such that P[n] holds P[n + 1].
For every natural number n, Pln|. O

(58) Let us consider finite sequences x, y of elements of the carrier of F.

Suppose x is one-to-one. Let us consider a natural number 7. Suppose
i € domz. Then eval(LagPoly(z,y), /) = v/
PRrOOF: Consider L being a finite sequence of elements of the carrier of
Polynom-Ring F' such that LagPoly(z,y) = Y. L and len L = lenxz and
for every natural number i such that 1 < i < lenz holds L(i) = y/; -
(LagBPoly((mg) \ {z:},71))-

Consider f being a sequence of Polynom-Ring F' such that > L =
f(len L) and f(0) = Opolynom-Ring 7 and for every natural number j and
for every element v of Polynom-Ring F’ such that j < len L and v = L(j+1)
holds f(j+1) = f(j)+v. For every natural number n such that n+1 < lenz
and n+1 # 4 holds eval(R2P(f(n)), ;) = eval(R2P(f(n+1)), z/;). Define
Plnatural number] = if $; < i, then eval(R2P(f($1)),z ;) = Op. For every
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natural number n, P[n]. Define Q[natural number| = if i < $; < lenz,
then eval(R2P(f(81)),7/;) = y;- For every natural number n such that
Q[n] holds Q[n + 1]. For every natural number n, Q[n|. O
Let F' be a unital, add-associative, right zeroed, right complementable,
distributive, non empty double loop structure, z be a finite sequence of elements
of the carrier of F', and ¢ be a natural number. The functor LagIPoly(z,1%)
yielding a polynomial over F' is defined by the term
(Def. 4) []rpoly(lenzy — 1, z).
Now we state the propositions:
(59) Let us consider a finite sequence z of elements of the carrier of L, and
a natural number 7. Suppose i ¢ dom z.
Then LaglIPoly(z,i) = [[rpoly(lenz — 1, 2).
(60) Let us consider a finite sequence z, and a natural number i. Suppose z
is one-to-one at i. Then rngz; = (rng 2) \ {2(4)}.
PROOF: (i) ¢ tng 2. (rng 2) \ {2(4)} C g zp. O
(61) Let us consider a finite sequence z of elements of the carrier of F,
and a natural number ¢. Suppose ¢ € domz and z is one-to-one. Then
LagBPoly((rng 2)\{z(i)}, z/;) = (eval(LagIPoly(z,1), z/;)) ' (LagIPoly(z,
i)). The theorem is a consequence of (60).
(62) Let us consider natural numbers n, k. Suppose 1 < k < n. Let us consider
a finite sequence z of elements of Z®. Suppose z = idseq(n). Then

(i) eval(LaglIPoly(z, k), k(€ ZR)) = (—l)n_lk ~(n="E)!(k-"1)!, and

(ii) for every natural number ¢ such that 1 < ¢ < n and ¢ # k holds
i(€ ZR) is a root of LagIPoly(z, k).

PROOF: Set D = zp;. Consider e being a finite sequence of elements of
the carrier of Z® such that eval(LagIPoly(z, k), k(€ ZR)) = [J[eand lene =
len(len D — 1) and for every natural number ¢ such that 1 < ¢ < lene
holds e(i) = eval(rpoly((len D — 1)/i,D/i),k(E 7ZR)). Define P[natural
number] = if $; < k, then [](e[$1) = (k(j%% For every natural number
i such that P[i] holds P[i + 1]. For every natural number i, P[i]. Define
H[natural number] = if k < $; < n, then [[(e[$1) = (—1)3 1% (§, 41—
k)!- (k—"1)!. For every natural number i such that H[i] holds H[i+ 1]. For
every natural number i, H[i]. eval(LagIPoly(z, k), k(€ ZR”)) = (=1)"~
(n="E)!-(E-"1.0O

(63) Let us consider a natural number n, and an n-element finite sequence
y of elements of Z. Then there exists a polynomial p over Z® such that
for every natural number k such that 1 < k < n holds eval(p, k(€ ZR)) =
I+ (k=" (n—"k)!-y(k).
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PROOF: Reconsider z = idseq(n) as a finite sequence of elements of Z~E.
Define £(natural number) = (—1)"" % . y($1)(€ ZR) - (LagIPoly(z, $1)).
Consider L being a finite sequence such that len L = n and for every natu-
ral number k such that k£ € dom L holds L(k) = L(k). rng L C the carrier
of Polynom-RingZR. Consider f being a sequence of Polynom-Ring Z®
such that - L = f(len L) and f(0) = Opyjynom-Ringz& and for every natural
number j and for every element v of Polynom-Ring Z® such that j < len L
and v = L(j + 1) holds f(j + 1) = f(j) + v. For every natural number
w such that w4+ 1 < lenz and w + 1 # k holds eval(R2P(f(w)), z/;,) =
eval(R2P(f(w + 1)), 2/). Define Pnatural number] = if $; < k, then
eval(R2P(f($1)), z/x) = Ozr. For every natural number i, P[i]. Define
Q[natural number] = if £ < §; < lenz, then eval(R2P(f(81)),z/1) =
(n—="k)!- (k—"1)!y(k). For every natural number i such that Q[i] holds
Qli + 1]. For every natural number n, Q[n]. O

Let i be a rational number. Let us note that i(€ Fg) reduces to i.

9. PROBLEM 127

Now we state the propositions:

(64) There exists no polynomial p over Z% such that eval(p,1(€ ZR)) = 2
and eval(p, 3(€ ZR”)) = 5. The theorem is a consequence of (39), (40), and
(41).

(65) Let us consider a natural number n, and finite sequences i, z of elements
of the carrier of Fg. Suppose i = idseq(n) and z = primesFinS(n). Let us
consider a natural number k. Suppose k < n. Then eval(LagPoly(¢, z), (k+
1)(e Fg)) = pr(k). The theorem is a consequence of (58).

10. PROBLEM 129

Now we state the proposition:

(66) Let us consider a natural number n. Then there exist polynomials p, ¢
over Z® such that

(i) degree(p) > 0, and
(ii) degree(q) > 0, and
(iii) for every natural number i such that i < n holds eval(p g, (pr(i))(€
Z%)) = pr(i).
The theorem is a consequence of (48) and (50).
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11. PROBLEM 130

Now we state the propositions:
(67)

Let us consider a unital, well unital, non degenerated, non empty multi-
plicative loop with zero structure L. Suppose L is integral domain-like. Let
us consider an element x of L, and a natural number . If power (z,7) = 0p,
then x = 0p,.

PROOF: Define P[natural number| = if power; (z,$1) = 0z, then z = 0.
For every i such that P[i] holds P[i + 1]. For every i, P[i]. O

Let us consider an integral domain-like, commutative, non degenera-
ted, associative, add-associative, right zeroed, right complementable,
distributive, Abelian, well unital, unital, non empty double loop struc-
ture L, and a polynomial p over L. Suppose p(0) # 0. Then there exists
a polynomial ¢ over L such that

(i) lenp = lengq, and
(ii) ¢(0) =1, and
(iii) for every element i of N such that 0 < ¢ holds
q(i) = p(i) - powery (p(0),7 —' 1), and
(iv) for every element x of L, eval(p, p(0) - ) = p(0) - (eval(q, x)).

PROOF: Define Qfelement of N,object] = if $; = 0, then $, = 1 and
if $ > 0, then $5 = p($1) - power; (p(0),$; —' 1). For every element x
of N, there exists an element y of L such that Q[z,y]. Consider ¢ being
a sequence of L such that for every element n of N, Q[n, ¢(n)]. For every
natural number m such that the length of ¢ is at most m holds lenp < m.
Consider P being a finite sequence of elements of the carrier of L such
that eval(p,p(0) - ) = > P and len P = lenp and for every element n of
N such that n € dom P holds P(n) = p(n —' 1) - power (p(0) - z,n —' 1).
Consider @) being a finite sequence of elements of the carrier of L such that
eval(q,x) = Y @Q and len = len g and for every element n of N such that
n € dom @ holds Q(n) = ¢q(n —' 1) - power; (z,n —' 1). For every natural
number k such that k& € dom P holds P(k) = (p(0) - Q)(k). O

Let us consider a unital, well unital, Abelian, add-associative, right
zeroed, right complementable, left distributive, associative, non empty
double loop structure L, a polynomial p over L, and an element x of L.
Then there exists an element d of L such that eval(p,z) = d -z + p(0).
ProOF: Consider F' being a finite sequence of elements of the carrier of L
such that eval(p,z) = > F and len F' = lenp and for every element n of
N such that n € dom F holds F(n) = p(n —'1) - powery (z,n —' 1). Define
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P[natural number] = if 1 < $; < lenp, then there exists an element d of
L such that > (F'[$1) = d- 2z + p(0). For every natural number i such that
Pli] holds P[i + 1]. For every natural number 7, P[i]. O

(70) Let us consider a polynomial p over Cp. Suppose lenp > 2. Let us
consider a real number r. Then there exists a real number e such that
for every element z of Cp such that e < |z| holds |eval(p,z)| > r. The
theorem is a consequence of (37).

(71) Let us consider a polynomial f over ZR. Suppose degree(f) > 0. Then
{p, where p is a prime number : there exists an element  of Z® such that
eval(f,z) = 0 (modp)} is infinite. The theorem is a consequence of (68),
(70), (39), and (69).

12. PRELIMINARIES TO PROBLEMS 132-134

Now we state the propositions:
(72) k € seq(n,m) if and only if n < k < n + m.
PrOOF: If k € seq(n,m), then n < k <n+m. O
(73) k € PrimeNumbers(n,m) if and only if n < k¥ < n+ m and k is prime.
The theorem is a consequence of (72).
Let us consider natural numbers nq, my, ng, mo. Now we state the proposi-
tions:
(74) If n; + m1 < ng, then seq(ni,m;) misses seq(ng, ma). The theorem is
a consequence of (72).
(75) If n1 + mq < ng,
then PrimeNumbers(ni,m;) misses PrimeNumbers(ng, ms). The theorem
is a consequence of (74).
Now we state the propositions:
(76) seq(n,m)Useq(n + m, k) = seq(n,m + k).
PROOF: seq(n, m) C seq(n, m+k). seq(n+m, k) C seq(n, m+k). seq(n, m+
k) C seq(n,m) Useq(n +m, k). O
(77)  PrimeNumbers(n, m)UPrimeNumbers(n+m, k) = PrimeNumbers(n, m+
k). The theorem is a consequence of (76).
(78)  PrimeNumbers(n, m + k) = PrimeNumbers(n, m)+
PrimeNumbers(n + m, k). The theorem is a consequence of (75) and (77).
(79) (i) if n+ 1 is prime, then PrimeNumbers(n,1) = {n + 1}, and

(i) if n+ 1 is not prime, then PrimeNumbers(n, 1) = (.
The theorem is a consequence of (73).
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(80) (i) if n+ 1 is prime, then PrimeNumbers(n,1) = 1, and

(ii) if n 4 1 is not prime, then PrimeNumbers(n,1) = 0.
The theorem is a consequence of (79).
Let us consider n and k. Now we state the propositions:

(81) Suppose k > 0 and (n + 1 is prime and n + k + 1 is prime or n + 1 is

not prime and n + k + 1 is not prime). Then PrimeNumbers(n + 1, k) =

PrimeNumbers(n, k). The theorem is a consequence of (78) and (80).
(82) Suppose k£ > 0 and n + 1 is not prime and n + k + 1 is prime. Then

PrimeNumbers(n + 1, k) = PrimeNumbers(n, k) +1. The theorem is a con-
sequence of (78) and (80).

(83) Suppose k& > 0 and n + 1 is prime and n + k + 1 is not prime. Then

PrimeNumbers(n + 1, k) = PrimeNumbers(n, k) —1. The theorem is a con-
sequence of (78) and (80).

(84) (i) PrimeNumbers(1,100) = 26, and

(ii) for every natural number k such that k = 0or k =2 or k = 3 or
k=4ork=9or k=10 holds PrimeNumbers(k, 100) = 25, and

(iii) for every natural number k such that k = 5 or k =6 or k = 7 or
k = 8 holds PrimeNumbers(k,100) < 25.
The theorem is a consequence of (82), (83), and (81).
(85) Let us consider integers n, k, p. If p | k, then n € multiples(p) iff n+k €
multiples(p).
PrOOF: If n € multiples(p), then n + k € multiples(p) by [9, (62)]. O
(86) s € seq(n, k) if and only if s + d € seq(n + d, k). The theorem is a con-
sequence of (72).

Let us consider integers p, q, r, s, t. Now we state the propositions:

(87) Suppose p|dand q|dand r|dand s|d and t|d. Then seq(n, k)N

((((multiples(p) U multiples(q)) U multiples(r)) U multiples(s))U
multiples(t)) = seq(n + d, k) N ((((multiples(p) U multiples(g))U
multiples(r)) U multiples(s)) U multiples(t)).
PROOF: Set S = seq(n, k). Set So = seq(n + d, k). Set Mg = multiples(p).
Set Mg = multiples(q). Set Mjo = multiples(r). Set M1; = multiples(s).
Set Mo = multiples(t). Set M = (((Mg U Mg) U MlO) U M11) U M.
Reconsider D = d as an element of N. Define F(element of N) = $; + D.
Consider f being a function from N into N such that for every element
x of N| f(z) = F(z). fF(SNM)C SonM. SonM C fo(SNM). fis
one-to-one. [
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(88) Suppose p|dand ¢ |dand r|dand s|d and t | d. Then seq(n,d)N
((((multiples(p) U multiples(q)) U multiples(r)) U multiples(s))U
multiples(t)) = seq(n + k,d) N ((((multiples(p) U multiples(q))U
multiples(r)) U multiples(s)) U multiples(t)). The theorem is a consequen-
ce of (74), (76), and (87).

(89) Suppose p|dand ¢ |dand r|dand s|d and t | d. Then seq(n, k- d)N
((((multiples(p) U multiples(q)) U multiples(r)) U multiples(s))U
multiples(t)) = k-seq(0, d) N ((((multiples(p) U multiples(q)) U multiples(r))

Umultiples(s)) U multiples(t)).
PROOF: Set M = (((multiples(p) Umultiples(q)) Umultiples(r)) Umultiples

(s)) Umultiples(t). Define P[natural number] = $; - seq(0,d) N M =
seq(n, $1 - d) N M . For every natural number i such that P[i] holds P[i+1].
For every natural number i, P[i]. O
(90) (i) 4 = seq(6 - n,6) N (multiples(2) U multiples(3)), and
(ii) {6-n+1,6-n+5} = (seq(6-n,6)) \ (multiples(2) U multiples(3)).
PROOF: Set S = seq(6-n,6). Set My = multiples(2). Set M3 = multiples(3).
6-n+1€S5.6-n+5€S. S\ (MaUM3)C{6-n+1,6-n+5}. 0
(91) 22 = seq(0,30) N ((multiples(2) U multiples(3)) U multiples(5)).
PROOF: Set M; = multiples(i) for i = 2,3,5 respectively, and My 3 = MU
Ms. Set S =seq(0,30). SN Myz =20. SN Ms\ Maz={5,25}. 0
(92) Suppose ¢ = seq(n, 100) N ((multiples(2) U multiples(3)) U multiples(5)).
Then
(i) ¢> 72, and
(i) if ¢ = 72, then n mod 30 =9 or n mod 30 = 10.
The theorem is a consequence of (87).
(93) Suppose ¢ = seq(n, 100) N (((multiples(2) U multiples(3)) U multiples(5))
Umultiples(7)). Then
(i) ¢> 75, and

(ii) if ¢ = 75, then n mod 210 = 9 or n mod 210 = 10 or n mod 210 = 99
or n mod 210 = 100.

The theorem is a consequence of (87).
(94) Suppose 0 < n < 2-3-5-7-11. Then 76 < seq(n, 100) N ((((multiples(2)U

multiples(3)) U multiples(5)) U multiples(7)) U multiples(11)).
PROOF: Set S = seq(n,100). Set M; = multiples(i) for i = 2,3,5,7 re-
spectively, and My 357 = My U Mz U Ms U My. Set M;; = multiples(11).
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m>75.nmod 210 =9 or n mod 210 = 10 or n mod 210 = 99
or n mod 210 = 100. Consider ¢ being a natural number such that n =
210-t+9and 9 <210 or n = 210-¢+ 10 and 10 < 210 or n = 210-t+ 99
and 99 < 210 or n = 210 - £ + 100 and 100 < 210. £ < 10 + 1. For every
natural numbers 4, k such that i +1 < k <4+ 100 and k € M1 \ Ma357
holds i # n and i + 1 # n. [

(95) If 11 < n, then PrimeNumbers(n,100) < 24.
PROOF: Set M; = multiples(i) for i = 2,3,5,7,11 respectively, and My 357 =
My U M3z U Ms U Mz. Set M = M3z 57U M. Set S = seq(n, 100).
PrimeNumbers(n, 100) misses S N M. Set ngy = n mod 2310. SN M =
seq(ng,100)N M. SNM > 76. 0

(96) Suppose 0 <n <2-3-5.
Then 14 < seq(n, 21) N ((multiples(2) U multiples(3)) U multiples(5)).
PROOF: Set My = multiples(2). Set M3 = multiples(3). Set M5 = multipl-
es(b). Set Moz = My U Ms. Set S = seq(n,21). SN My3z > 13. For every
natural number i, i € SN Mz \ Moz iff n <i<n+2land5|iand 21t4
and 31i. SN Ms\ Magz is not empty. O

(97) If 5 < n, then PrimeNumbers(n,21) < 7. The theorem is a consequence
of (73), (87), and (96).

13. PROBLEM 132

Now we state the proposition:
(98) (i) PrimeNumbers(1,100) = 26, and
(ii) for every natural number n such that n # 1 holds

PrimeNumbers(n, 100) < 26.
The theorem is a consequence of (84) and (95).

14. PROBLEM 133

Now we state the proposition:

(99) {n, where n is a natural number : PrimeNumbers(n, 100) = 25} =
{0,2,3,4,9,10}.
PROOF: {n, where n is a natural number : PrimeNumbers(n, 100) = 25}
c{0,2,3,4,9,10}. {0,2,3,4,9,10} C {n, where n is a natural number :
PrimeNumbers(n, 100) = 25}. O




ELEMENTARY NUMBER THEORY PROBLEMS. PART XIX 265

15. PROBLEM 134

Now we state the proposition:

(100) {n, where n is a natural number : PrimeNumbers(n,21) = 8} = {0, 1, 2}.
PRrROOF: PrimeNumbers(0 + 1,21) = 8. PrimeNumbers(1 +1,21) = 8.
PrimeNumbers(2 + 1,21) = 8 — 1. {n, where n is a natural number :
PrimeNumbers(n,21) = 8} € {0,1,2}. {0, 1,2} C {n, where n is a natural
number : PrimeNumbers(n,21) = 8}. O
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