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Poland

Summary. In this article we prove the well-known characterization of
finite Galois extensions: a finite extension E of F is a Galois extension of F
iff E is both normal and separable iff E is the splitting field of a separable
polynomial p ∈ F [X]. We also prove some applications of the characterization,
so for example that F (a1, . . . , an) is a separable extension of F if and only if all
the ai are separable, or that every finite separable extension of F is contained in
a Galois extension of F .
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Introduction

This article is the third (after [9]) in a series of five articles formalizing the
Fundamental Theorem of Galois Theory [1], [5], using the Mizar formalism [3],
[4], [8]. Here we prove the well-known characterization of finite Galois extensions
[10], [11]: a finite extension E of F is a Galois extension of F if and only if E
is both normal and separable if and only if E is the splitting field of a sepa-
rable polynomial p ∈ F [X] [7], [5]. The key of the proof are two observations
concerning minimal polynomials [6], [2].

Firstly, that if E is a Galois extension of F , the minimal polynomial µa(X)
of an algebraic element a ∈ E is just the product

µa(X) = (X − a1) · . . . · (X − an),
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where a1, . . . , an are exactly the conjugates of a. From this easily follows that in
a Galois extension E all minimal polynomials are separable, and of course split
in E.

Secondly, that for algebraic elements a1, . . . , an the extension F (a1, . . . , an)
is generated by the roots of

p(X) = µa1(X) · . . . · µan(X),

where µai(X) is the minimal polynomial of ai. In particular, for a separable
extension F (a1, . . . , an) the polynomial p(X) is separable.

In the last section we also prove some applications of the characterization,
so for example that F (a1, . . . , an) is a separable extension of F if and only if all
the ai are separable, or that every finite separable extension of F is contained
in a Galois extension of F .

1. Preliminaries

Let X, Y be non empty sets, f be a function from X into Y, and S be a non
empty, finite subset of X. Let us observe that the functor f◦S yields a non
empty, finite subset of Y. Now we state the propositions:

(1) Let us consider a field F , elements g1, g2 of Aut(F ), and automorphisms
f1, f2 of F . If g1 = f1 and g2 = f2, then g1 · g2 = f1 · f2.

(2) Let us consider a field F , an element g of Aut(F ), and an automorphism
f of F . If g = f , then g−1 = f−1.

(3) Let us consider a field F , an extension E of F , elements g1, g2 of
Aut(E,F ), and F -fixing automorphisms f1, f2 of E. If g1 = f1 and g2 = f2,
then g1 · g2 = f1 · f2.

(4) Let us consider a field F , an extension E of F , an element g of Aut(E,F ),
and an F -fixing automorphism f of E. If g = f , then g−1 = f−1. The
theorem is a consequence of (3).

(5) Let us consider a commutative ring R, a commutative ring extension S

of R, and elements p, q of the carrier of Polynom-RingR. If q | p, then
Roots(S, q) ⊆ Roots(S, p).

Let R be an integral domain, p be a non zero polynomial over R, and q be
a non constant polynomial over R. Note that p ∗ q is non constant. Let p be
a non zero element of the carrier of Polynom-RingR and q be a non constant
element of the carrier of Polynom-RingR. Note that p · q is non constant. Now
we state the propositions:

(6) Let us consider a ring R, a ring extension S of R, an element a of R,
and an element b of S. Then ExtEval(a�R, b) = a.
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(7) Let us consider a field F , an extension E of F , a non empty finite se-
quence f of elements of the carrier of Polynom-RingF , and a polynomial
q over F . Suppose q =

∏
f . Let us consider an element a of E. Then

ExtEval(q, a) = 0E if and only if there exists an element i of dom f and the-
re exists a polynomial p over F such that p = f(i) and ExtEval(p, a) = 0E .

(8) Let us consider a field F , a finite sequence f of elements of Polynom-Ring
F , and elements p, q of the carrier of Polynom-RingF . Suppose p =

∏
f

and there exists a natural number i such that 1 ¬ i ¬ len f and f(i) = q.
Then q | p.

(9) Let us consider a field F , a finite sequence f of elements of Polynom-Ring
F , and elements p, q1, q2 of the carrier of Polynom-RingF . Suppose p =∏
f and there exist natural numbers i, j such that j 6= i and 1 ¬ i ¬ len f

and f(i) = q1 and 1 ¬ j ¬ len f and f(j) = q2. Then q1 ∗ q2 | p.
Proof: Consider i, j being natural numbers such that j 6= i and 1 ¬ i ¬
len f and f(i) = q1 and 1 ¬ j ¬ len f and f(j) = q2. Reconsider i1 = i− 1
as an element of N. Set g = (f�i1)a f�i. Reconsider r =

∏
g, r1 =

∏
(f�i1),

r2 =
∏
f�i as an element of the carrier of Polynom-RingF . There exists

a natural number k such that 1 ¬ k ¬ len g and g(k) = q2. Consider s
being a polynomial over F such that q2 ∗ s = r. �

(10) Let us consider a field F , and a finite sequence f of elements of the car-
rier of Polynom-RingF . Suppose for every element i of dom f for every
polynomial q over F such that q = f(i) holds q is monic. Let us consider
a polynomial p over F . If p =

∏
f , then p is monic.

Proof: Define P[natural number] ≡ for every finite sequence f of ele-
ments of the carrier of Polynom-RingF such that len f = $1 and for every
element i of dom f and for every polynomial q over F such that q = f(i)
holds q is monic for every polynomial p over F such that p =

∏
f holds p is

monic. P[0]. For every natural number k, P[k]. Consider k being a natural
number such that len f = k. �

(11) Let us consider a field F , an extension E of F , a non constant polynomial
p over F , and a non zero polynomial q over F . If p ∗ q splits in E, then p

splits in E.

Let us consider a field F and extensions E1, E2 of F . Now we state the
propositions:

(12) If E1 ≈ E2, then Aut(E1) = Aut(E2).

(13) If E1 ≈ E2, then Aut(E1, F ) = Aut(E2, F ). The theorem is a consequ-
ence of (12).

(14) If E1 ≈ E2, then Fix(E1,Aut(E1, F )) = Fix(E2,Aut(E2, F )). The the-
orem is a consequence of (13).
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(15) Let us consider a field F , a Galois extension E1 of F , and an extension
E2 of F . If E2 ≈ E1, then E2 is a Galois extension of F . The theorem is
a consequence of (14).

2. More on Separability

Let F be a field, E be an extension of F , and T be a subset of E. We say
that T is F -separable if and only if

(Def. 1) for every element a of E such that a ∈ T holds a is F -separable.

One can verify that there exists a subset of E which is finite, F -separable,
and non empty and every F -separable subset of E is F-algebraic.

Let E be an F -separable extension of F . Observe that every subset of E is
F -separable. Now we state the proposition:

(16) Let us consider a field F , and a non constant element p of the carrier of
Polynom-RingF . Then p is separable if and only if for every extension E

of F such that p splits in E holds Roots(E, p) = deg(p).

Let F be a field and p, q be elements of the carrier of Polynom-RingF . We
say that p, q have common roots in some extension if and only if

(Def. 2) there exists an extension E of F such that Roots(E, p)∩Roots(E, q) 6= ∅.
Now we state the propositions:

(17) Let us consider a field F , and monic, irreducible elements p, q of the car-
rier of Polynom-RingF . If p, q have common roots in some extension, then
p = q.

(18) Let us consider a field F , and non constant elements p, q of the carrier
of Polynom-RingF . Suppose p is separable and q is separable. Then p · q
is separable if and only if p, q have nowhere common roots.

(19) Let us consider a field F , and monic, irreducible elements p, q of the car-
rier of Polynom-RingF . Suppose p is separable and q is separable. Then
p · q is separable if and only if p 6= q. The theorem is a consequence of (17)
and (18).

(20) Let us consider a field F , an extension E of F , and a non empty fini-
te sequence f of elements of Polynom-RingF . Suppose for every natural
number i such that 1 ¬ i ¬ len f there exists a monic, irreducible element
q of the carrier of Polynom-RingF such that f(i) = q and q is separable.
Let us consider a non constant element p of the carrier of Polynom-RingF .
If p =

∏
f , then p is separable iff f is one-to-one. The theorem is a conse-

quence of (9), (19), (8), and (17).
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3. The Product of Minimal Polynomials of a Given Finite
Algebraic Set

Let F be a field, E be an extension of F , and T be an F-algebraic subset of
E. The functor MinPolys(T ) yielding a subset of the carrier of Polynom-RingF
is defined by the term

(Def. 3) {MinPoly(a, F ), where a is an F-algebraic element of E : a ∈ T}.

Let T be a non empty, F-algebraic subset of E.
Let us observe that MinPolys(T ) is non empty. Let T be a finite, F-algebraic

subset of E. Let us note that MinPolys(T ) is finite. The functor MinPolysFS(T )
yielding a finite sequence of elements of the carrier of Polynom-RingF is defined
by the term

(Def. 4) CFS(MinPolys(T )).

Let T be a non empty, finite, F-algebraic subset of E.
Observe that MinPolysFS(T ) is non empty. Let T be a finite, F-algebraic

subset of E. The functor ProdMinPolys(T ) yielding an element of the carrier of
Polynom-RingF is defined by the term

(Def. 5)
∏

MinPolysFS(T ).

Let T be a non empty, finite, F-algebraic subset of E.
Note that ProdMinPolys(T ) is non constant and monic and Roots(E,Prod-

MinPolys(T )) is non empty. Let T be a non empty, finite, F -separable subset
of E. One can verify that ProdMinPolys(T ) is separable. Now we state the
propositions:

(21) Let us consider a field F , an extension E of F , and a non empty, fi-
nite, F-algebraic subset T of E. Suppose E ≈ FAdj(F, T ). Then E ≈
FAdj(F,Roots(E,ProdMinPolys(T ))).

(22) Let us consider a field F , a non constant element p of the carrier of
Polynom-RingF , and an extension E of F . Then E is a splitting field of
p if and only if p splits in E and E ≈ FAdj(F,Roots(E, p)).

4. Minimal Polynomials in Galois Extensions

Now we state the propositions:

(23) Let us consider a field F , an extension E of F , and a subgroup G of
Aut(E). If Fix(E,G) ≈ F , then G is a subgroup of Aut(E,F ).

(24) Let us consider a field F , an extension E of F , and a subgroup G of
Aut(E). Suppose Fix(E,G) ≈ F . Let us consider a polynomial p over E.
Suppose for every element g of the carrier of G, (PolyHom(g))(p) = p.
Then p is a polynomial over F .
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(25) Let us consider a field F , an extension E of F , and a subgroup G of
Aut(E). Suppose Fix(E,G) ≈ F . Let us consider an element g of the car-
rier of G, and an element a of E. Suppose Conj(a,G) is finite. Then
g◦(Conj(a,G)) = Conj(a,G). The theorem is a consequence of (23), (4),
and (3).

(26) Let us consider a field F , an extension E of F , and a subgroup G of
Aut(E). Suppose Fix(E,G) ≈ F . Let us consider an F-algebraic element
a of E, and a non empty, finite subset Z of E. Suppose Z = Conj(a,G).
Let us consider a product of linear polynomials p of E and Z. Then p =
MinPoly(a, F ). The theorem is a consequence of (25), (24), and (23).

(27) Let us consider a field F , an extension E of F , and a subgroup G of
Aut(E). Suppose Fix(E,G) ≈ F . Let us consider an F-algebraic element
a of E. Suppose Conj(a,G) is finite. Then

(i) MinPoly(a, F ) is separable, and

(ii) MinPoly(a, F ) splits in E, and

(iii) Roots(E,MinPoly(a, F )) = Conj(a,G), and

(iv) deg(MinPoly(a, F )) = Conj(a,G).

The theorem is a consequence of (26).

(28) Let us consider a field F , an extension E of F , and a subgroup G of
Aut(E). Suppose Fix(E,G) ≈ F . Let us consider an element a of E. If
Conj(a,G) is finite, then a is F-algebraic. The theorem is a consequence
of (25) and (24).

Let F be a field, E be a Galois extension of F , and a be an F-algebraic
element of E. Let us note that MinPoly(a, F ) is separable. Now we state the
propositions:

(29) Let us consider a field F , a Galois extension E of F , and an F-algebraic
element a of E. Then

(i) MinPoly(a, F ) splits in E, and

(ii) Roots(E,MinPoly(a, F )) = Conj(a), and

(iii) deg(MinPoly(a, F )) = Conj(a).

The theorem is a consequence of (27).

(30) Let us consider a field F , a Galois extension E of F , and an element a
of E. Then a is F-algebraic if and only if Conj(a) is finite. The theorem is
a consequence of (28).
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5. Characterization of Finite Galois Extensions

Now we state the propositions:

(31) Let us consider a field F , an irreducible element p of the carrier of
Polynom-RingF , a splitting field E of p, and elements a, b of E. Sup-
pose a, b ∈ Roots(E, p). Then there exists an F -fixing automorphism h of
E such that h(a) = b.

(32) Let us consider a field F , a non constant element p of the carrier of
Polynom-RingF , a splitting field E of p, and elements a, b of E. Suppose
a, b ∈ Roots(E, p) and MinPoly(a, F ) = MinPoly(b, F ). Then there exists
an F -fixing automorphism h of E such that h(a) = b.

Let us consider a field F and an F -finite extension E of F . Now we state
the propositions:

(33) E is a Galois extension of F if and only if E is F -normal and F -separable.

(34) E is a Galois extension of F if and only if there exists a separable, non
constant element p of Polynom-RingF such that E is a splitting field of
p.

Let F be a field. Observe that every F -finite Galois extension of F is F -
normal and F -separable and every F -finite extension of F which is F -normal
and F -separable is also F -Galois.

Let p be a separable, non constant element of the carrier of Polynom-RingF .
One can verify that every splitting field of p is F -Galois.

6. Some Corollaries

Now we state the propositions:

(35) Let us consider a field F , an F -finite Galois extension E of F , and
an intermediate field K of E, F . Then E is a Galois extension of K.

(36) Let us consider a field F , and an F -finite extension E of F . Then
E is a Galois extension of F if and only if for every element a of E,
Roots(E,MinPoly(a, F )) = deg(FAdj(F, {a}), F ). The theorem is a con-
sequence of (16).

(37) Let us consider a field F , an extension E of F , and a finite subset T of
E. Then FAdj(F, T ) is F -separable if and only if for every element a of E
such that a ∈ T holds a is F -separable.

(38) Let us consider a field F , and an F -finite extension E of F . Then there
exists a non constant element p of the carrier of Polynom-RingF and there
exists a splitting field K of p such that K is E-extending.
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Let F be a field and E be an F -finite extension of F . Observe that there
exists an extension of F which is F -normal and E-extending. Now we state the
proposition:

(39) Let us consider a field F , and an F -finite, F -separable extension E of
F . Then there exists a separable, non constant element p of the carrier of
Polynom-RingF and there exists a splitting field K of p such that K is
E-extending.

Let F be a field and E be an F -finite, F -separable extension of F . Note that
there exists a Galois extension of F which is F -finite and E-extending.
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