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Summary. In this paper another seven problems from Wactaw Sierpinski’s
book “250 Problems in Elementary Number Theory” are formalized, using the
Mizar formalism, namely: 53, 61, 81, 90, 100, 156, and 167.
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INTRODUCTION

In this paper we continue formalizing the proofs of selected problems from
Sierpinski’s book “250 Problems in Elementary Number Theory” [18] using the
Mizar formalism [§], [I4]. The paper is a part of the project Formalization of
Elementary Number Theory in Mizar [12].

In Sect. 1 we prove important formula on the number of natural divisors
(> 0) of a number (which is equal to og(n)) [4]. It is well-known that if n = p;** -

.-pm"™ , then the number of divisors of n is just (k1 +1)-.. .- (ky+1) [16]. This is
proven in a standard way; first, we define many sorted set BNumberOfDivisors
of the desired form, and then we take the product of this set.

Problem 53 demonstrates that for every natural number n > 0, the set of
all positive integers whose number of positive integer divisors is divisible by n
contains an infinite arithmetic progression. It is enough to take the arithmetic
progression [6] of the form 2"t + 2"~! (Sierp53Seq in Sect. 2) and use the

aforementioned formula for the number of positive divisors.
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Problem 81 is about the existence of primes p, ¢, r such that p(p + 1), q(q +
1), and ¢g(¢ + 1) form an increasing arithmetic progression [17]. Clearly, the
numbers 127, 3697, and 5227 satisfy this property (in [I8] ¢ = 5527, a typo), but
Sierpinski does not claim that by getting appropriate triangular numbers with
prime indices, we can obtain all such triplets (with a reference for a conjecture
by A. Schinzel [15]).

Problem 90 asks if there exist only finitely many positive integers n such
that both n and n + 1 have only one prime divisor [7] is equivalent to the
theorem asserting that there exist only finitely many prime Mersenne numbers
and finitely many prime Fermat numbers [3]. Both problems (about the existence
of infinitely many Fermat and Mersenne primes) are still open [9], but this
equivalence can be proven using auxiliary facts from [16] (a prevailing belief,
supported by the Lenstra-Pomerance-Wagstaff conjecture [2], is that there are
infinitely many Mersenne primes; similarly with Fermat primes [5], [10]).

Problem 100 actually shows that all numbers of the form 2™** — 1 are not
prime for k = 2,3, ..., hence for m — 1 (i.e., for arbitrarily long subsequences)
consecutive terms of the sequence 2 — 1 are composite Mersenne numbers.

The solution of Problem 167, on the existence of the solution of the equation

Lyl ol
g e T
in positive integers x1,xa,...,xs [11] is obtained via the construction of the

Mizar functor Expand (Def. 11), for which was proven that if the equation is
solvable for positive integer s, then it is also solvable for s + (™ — 1)k, where k
is an arbitrary positive integer and uses extensively Corollary 2, p. 29 from [16]
(see Th. 77).

1. THE NUMBER OF NATURAL DIVISORS

Let n be a natural number. The functor BNumberOfDivisors(n) yielding
a many sorted set indexed by P is defined by
(Def. 1) support it = support PFExp(n) and for every natural number p such
that p € support PFExp(n) holds it(p) = (p-count(n)) + 1.
Let n be a non zero natural number. One can verify that BNumberOfDivisors
(n) is natural-valued and finite-support.
The functor NumberOfDivisors(n) yielding a natural number is defined by
the term
(Def. 2) T] BNumberOfDivisors(n).

Now we state the propositions:
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(1) Let us consider a prime number p. Then (BNumberOfDivisors(p)) - (p) =
(2).
PROOF: Set f = (p). Set g = BNumberOfDivisors(p
f) = {1}. For every object z such that x € dom(g-f)
O

(2) BNumberOfDivisors(1) = EmptyBagP.

(3) Let us consider a prime number p, and a non zero natural number n. If
p-count(n) = 0, then (BNumberOfDivisors(n))(p) = 0.

(4) Let us consider a non zero natural number n, and a prime number p. Sup-
pose p-count(n) # 0. Then (BNumberOfDivisors(n))(p) = (p-count(n)) +
1.

(5) Let us consider non zero natural numbers m, n. Suppose m and n are re-
latively prime. Then BNumberOfDivisors(m-n) = BNumberOfDivisors(m)

). Set z = (2). dom(g -
holds (g-f)(x) = z(x).

+ BNumberOfDivisors(n). The theorem is a consequence of (3) and (4).

Let n be a natural number. The functor divs(n) yielding a natural number
is defined by the term

(Def. 3)  op(n).
Now we state the propositions:
(6) EXPO=Nr—1.
PrOOF: Set f = EXPO. Set ¢ = N —— 1. For every element n of N,

£(n) = g(n). O

(7) EXP1 = idy.

(8) Let us consider a natural number n. If n = 0, then divs(n) = 0.

(9) Let us consider a finite subset X of N. Then (N — 1)[X) = X.
(10) Let us consider a prime number p. Then divs(p) = 2. The theorem is

a consequence of (6) and (9).

(11) Let us consider non zero natural numbers m, n. Suppose m and n are re-
latively prime. Then NumberOfDivisors(m-n) = (NumberOfDivisors(m))-
(NumberOfDivisors(n)). The theorem is a consequence of (5).

(12) Let us consider a non zero natural number n. Then divs(n) = @, where
a is the set of positive divisors of n. The theorem is a consequence of (6)
and (9).

(13) Let us consider a natural number k. Then kU {k} =k + 1.

(14) Let us consider a prime number p, and a natural number k. Then @ =

k + 1, where « is the set of positive divisors of p¥.
PROOF: {I, where [ is an element of N : | < k} = kU{k}. Define F(element
of N) = p*1. Set X = {I, where [ is an element of N : [ < k}. Set ¥; =
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{F(w), where w is an element of N : w € X}. Y = {p!, where [ is an element
of N: 1<k} Yy C Segp® U {pF}. Set Fy = {I, where [ is an element of

N : 1 < k}. Define F(element of N) = p¥1 (€ N). There exists a function f
from N into N such that for every element = of N, f(z) = F(z). Consider

f3 being a function from N into N such that for every element x of N,
fa(x) = F(x). Set f = f3[Fy1. F1 C N. g f = Y]. For every objects x1,
x9 such that x1, o € dom f3 and fg(l‘l) = f3($2) holds 1 = x9. O

The functor Divs yielding a sequence of N is defined by
(Def. 4) for every element n of N, it(n) = divs(n).

Let us consider non zero natural numbers m, n. Now we state the proposi-
tions:

(15) If m and n are relatively prime, then divs(m-n) = (divs(m)) - (divs(n)).

(16) If m and n are relatively prime, then @ = 3 - 7, where « is the set of
positive divisors of m - n, 3 is the set of positive divisors of m, and = is
the set of positive divisors of n. The theorem is a consequence of (15) and
(12).

(17) Let us consider a natural number k. Then divs(2¥) = k+1. The theorem
is a consequence of (14) and (12).

2. PROBLEM 53

Now we state the proposition:

(18) Let us consider a non zero natural number n, and natural numbers k,
t. Suppose k > 1 and n = 2% -t + 28~'L, Then k | @, where « is the set
of positive divisors of n. The theorem is a consequence of (12), (17), and
(15).

Let k be a natural number. The functor Sierp53Seq(k) yielding a sequence
of R is defined by the term

(Def. 5)  ArProg(2F—"1,2").

Let k£ be a positive natural number and ¢ be a natural number. Note that
(Sierp53Seq(k))(t) is non zero and natural. Now we state the proposition:

(19) Let us consider a positive natural number k, and a natural number ¢.
Then k | @&, where « is the set of positive divisors of (Sierp53Seq(k))(t).
The theorem is a consequence of (18).
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3. PROBLEM 61

Now we state the proposition:
(20) Let us consider a natural number s. Then there exists a finite arithmetic
progression-like, increasing, positive yielding finite sequence f of elements

of N such that
(i) len f = s, and
(ii) for every natural number 7 such that 1 < ¢ <len f holds f () is not

prime.

4. PROBLEM 81

Now we state the propositions:
(21) There exist prime numbers p, ¢, r such that Triangle p, Triangle ¢ and

Triangle r form an arithmetic progression.
(22) Let us consider prime numbers p, ¢, r. Suppose p = 127 and ¢ = 3697
and r = 5227. Then p- (p+1), ¢- (¢+1) and r- (r+ 1) form an arithmetic

progression.

5. LEMMAS TO PROBLEM 90

Let us consider a natural number m. Now we state the propositions:

(23) Suppose m > 1. Then suppose My, is a prime number. Then

(i) PrimeDivisors(M,,) = 1, and

(ii) PrimeDivisors(M, +1) = 1.
(24) Suppose m > 1. Then suppose Fermat m is a prime number. Then

(i) PrimeDivisors(Fermatm) = 1, and

(ii) PrimeDivisors(Fermatm — 1) = 1.
The functor MersennePrimes yielding a subset of N is defined by the term
(Def. 6) {n, where n is a prime number : n is Mersenne}.
Let n be a natural number. We say that n is Fermat if and only if
(Def. 7) there exists a natural number k such that n = Fermat k.
The functor FermatPrimes yielding a subset of N is defined by the term

(Def. 8) {n, where n is a prime number : n is Fermat}.
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Now we state the proposition:

(25) Let us consider a Mersenne prime number n. Then

(i) PrimeDivisors(n) = 1, and

(ii) PrimeDivisors(n + 1) = 1.
ProoF: Consider k being a natural number such that n = M. £ > 1. O

Let us observe that there exists a prime number which is Fermat. Now we
state the propositions:

(26) Let us consider a Fermat prime number n. Then

(i) PrimeDivisors(n) = 1, and

(ii) PrimeDivisors(n — 1) = 1.

(27) MersennePrimes C P.

(28) FermatPrimes C P.

Note that every set which is Mersenne is also natural. Now we state the
proposition:

(29) Let us consider an odd natural number m, and a natural number k. If
m | 28, then m = 1.

Note that there exists a finite sequence of elements of R which is Z-valued.
Now we state the propositions:

(30) Let us consider a Z-valued finite sequence F' of elements of R. Suppose
len F' is odd and for every natural number ¢ such that ¢ € dom F' holds
F(i) is odd. Then } F is odd.

PrROOF: F mod 2=1en F +— 1. [J

(31) Let us consider natural numbers n, k, m. If n > 1 and m > 1, then

My # k™.
PROOF: k # 0. k is odd. m is odd by [20, (74)], [1, (16),(17),(18)]. k # 1.
Consider ¢ being a natural number such that m = 2 -7+ 1. Set R =
E™ + 1div(k + 1). Set mqy = m —' 1. Set S; = (k, —1) Subnomial m;. For
every natural number ¢ such that ¢ € dom .S} holds S;(7) is odd. R is odd.
R=1.0

(32) PrimeDivisors(1) = 0.

(33) Let us consider natural numbers k, I. If 28 —2! =2 and k > 2 and [ > 1,
then k =2 and [ = 1.

(34) 3 is a Fermat prime number.

(35) 3 is a Mersenne prime number.

Let us observe that there exists an integer which is odd and natural.
Now we state the proposition:
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(36) PrimeDivisors(0) = P.
One can check that P is non zero. Now we state the propositions:

(37) Let us consider an odd, natural integer n, and a natural number k. If
n | 2%, then n = 1.

(38) Let us consider natural numbers a, b. If a | b, then PrimeDivisors(a) C
PrimeDivisors(b).
(39) Let us consider natural numbers m, n. Suppose PrimeDivisors(n) = {m}.
Then
(i) m-count(n) > 1, and
m-count(n)

(i) n=m .

The theorem is a consequence of (36).

(40) Let us consider an even natural number n. Suppose PrimeDivisors(n) =
1. Then there exists a natural number £ such that

(i) k> 1, and
(ii) n = 2F.

The theorem is a consequence of (36).

(41) Let us consider an odd natural number n. Suppose PrimeDivisors(n) =
1. Then there exists a natural number k and there exists a prime number
p such that n = p*. The theorem is a consequence of (39).

(42) Let us consider an even natural number n. Suppose PrimeDivisors(n) =
1. Then there exists a natural number k such that n = 2¥. The theorem
is a consequence of (36) and (39).

Let us consider natural numbers a, n. Now we state the propositions:
(43) If n > 1, then o™ + 1 is odd iff a is even.
(44) Ifa>1andn >1and a" + 1 is a prime number, then n is even.
PrROOF: a+1#a" +1.
(45) Ifa > 1 and n > 1 and a™ + 1 is a prime number, then a is even and
there exists a non zero natural number k such that n = 2.

PROOF: If n is even, then there exists a natural number s such that n = 2°
by [13, (2)]. n is even by [19, (51)]. Consider s being a natural number
such that n =2%. s #0. a is even. [

Let n be a natural number. One can verify that M, is Mersenne and Fermatn
is Fermat.
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6. PROBLEM 90

Now we state the propositions:

(46) Suppose PrimeDivisors(0) = 1 and PrimeDivisors(0+ 1) = 1.

(i) 0 is a Mersenne prime number, or
(ii) 0+ 1 is a Fermat prime number.

The theorem is a consequence of (32).

(47) Suppose PrimeDivisors(1) =1 and PrimeDivisors(1 + 1) =

(i) 1is a Mersenne prime number, or
(ii) 1+ 1 is a Fermat prime number.

The theorem is a consequence of (32).

(48) Suppose PrimeDivisors(2) = 1 and PrimeDivisors(2 4+ 1) = 1.

(i) 2 is a Mersenne prime number, or

(ii) 2+ 1 is a Fermat prime number.

(49) Suppose PrimeDivisors(3) = 1 and PrimeDivisors(3 + 1) =

(i) 3 is a Mersenne prime number, or

(ii) 3+ 1 is a Fermat prime number.

(50) Suppose PrimeDivisors(4) = 1 and PrimeDivisors(4 + 1) = 1.

(i) 4 is a Mersenne prime number, or

(ii) 4 + 1 is a Fermat prime number.

(51) Suppose PrimeDivisors(5) = 1 and PrimeDivisors(5+ 1) = 1.

(i) 5is a Mersenne prime number, or

(ii) 5+ 1 is a Fermat prime number.

(52) Suppose PrimeDivisors(6) = 1 and PrimeDivisors(6 + 1) =

(i) 6 is a Mersenne prime number, or

(ii) 6 + 1 is a Fermat prime number.

(53) Suppose PrimeDivisors(7) = 1 and PrimeDivisors(7 4+ 1) = 1.

(i) 7 is a Mersenne prime number, or

(ii) 7+ 1 is a Fermat prime number.

(54) If PrimeDivisors(8) = 1 and PrimeDivisors(8 + 1) = 1, then 8 is a Mer-

senne prime number or 8 4+ 1 is a Fermat prime number.

Then

Then

Then

Then

Then

Then

Then

Then

Let us consider a natural number n. Now we state the propositions:
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(55) Suppose n < 8 and PrimeDivisors(n) = 1 and PrimeDivisors(n + 1) =
1. Then

(i) n is a Mersenne prime number, or
(ii) n+ 1 is a Fermat prime number.

The theorem is a consequence of (46), (47), (48), (49), (50), (51), (52),
and (53).

(56) Suppose n > 8 and PrimeDivisors(n) = 1 and PrimeDivisors(n + 1) =
1. Then

(i) n is a Mersenne prime number, or
(ii) n+ 1 is a Fermat prime number.

The theorem is a consequence of (42), (41), (32), (31), (34), (45), (30),
(37), and (33).
(57) Let us consider a prime number p, and a natural number k. Suppose

k > 1. Then PrimeDivisors(p¥) = 1.

One can check that MersennePrimes is non empty and natural-membered.

Now we state the propositions:

(58) Suppose {n, where n is a natural number : n > 8 and PrimeDivisors(n) =
1 and PrimeDivisors(n + 1) = 1} is infinite.

Then MersennePrimes U FermatPrimes is infinite.

PRrROOF: Set M7 = MersennePrimes U FermatPrimes. For every natural

number m, there exists a natural number n such that n > m and n € M;.
O

(59) Suppose MersennePrimes U FermatPrimes is finite. Then {n, where n is

a natural number : n > 8 and PrimeDivisors(n) = 1 and
PrimeDivisors(n + 1) = 1} is finite.

(60) Let us consider an infinite subset X of N, and a natural number a. Then
there exists a natural number b such that

(i) b> a, and
(i) be X.
ProOOF: X C Sega U{0}. O

(61) Suppose {n, where n is a natural number : PrimeDivisors(n) = 1 and

PrimeDivisors(n + 1) = 1} is finite. Then MersennePrimes U FermatPrimes
is finite. The theorem is a consequence of (60), (25), and (26).
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7. PROBLEM 100

The functor MersenneSeq yielding a sequence of N is defined by
(Def. 9) for every element n of N, it(n) = Msy.
Now we state the propositions:
(62) Let us consider natural numbers m, k. If m > k > 2, then 2™+%F — 1 is
not a prime number.
PROOF: 2F £ 2mi+tk [
(63) Let us consider a natural number m. Then rng(MersenneSeq | Seg(m! +
2,m! 4+ m)) misses P. The theorem is a consequence of (62).

8. PROBLEM 156

Now we state the propositions:
(64) There exist no positive natural numbers x, y, z such that x3 +y3 + 23 =
Ty 2.
(65) There exist no positive natural numbers z, y, z such that 2% +y3 4 23 =
2-x-y- 2.
(66) Let us consider positive natural numbers z, y, z. If 23 +133+2% = 3-2-y-2,
then z =y and y = 2.

9. LEMMAS TO PROBLEM 167

Now we state the propositions:

(67) Let us consider non zero natural numbers a, b. Suppose a and b are
relatively prime. Then there exist natural numbers u, v such that a - u —
b-v=1.

(68) Let us consider real numbers a, b. If a—b > 1, then there exists an integer
t such that a >t > b.

(69) Let us consider non zero natural numbers a, b. Suppose a and b are
relatively prime. Let us consider a natural number n. Suppose n > a - b.
Then there exist non zero natural numbers z, y such that n =a-x+b-y.
The theorem is a consequence of (67) and (68).

(70) Let us consider a non zero natural number m. Then 2™ —1 and (2™ — 1) —

1 are relatively prime.

(71) Let us consider non zero natural numbers m, n. Suppose n > (2™ —1) -
((2™ —1)™ —1). Then there exist non zero natural numbers k, [ such that
n=2m—-1)-k+((2™ —1)"™ —1)-1. The theorem is a consequence of (70)
and (69).
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10. PROBLEM 167

Let s be a natural number. One can verify that there exists a finite sequ-
ence which is s-element, positive yielding, and natural-valued. Let f be an s-
element, natural-valued finite sequence. Let us note that f[s is s-element. Let
f be an s-element, positive yielding, natural-valued finite sequence. Let us no-
te that (f[s)~! is s-element. Let s, m be natural numbers. We say that f is
m-solution of 167th Sierpinski problem if and only if

(Def. 10) S (fH)™ =1.
Now we state the proposition:

(72) Let us consider natural numbers s, m, and an s-element, positive yiel-
ding, natural-valued finite sequence f. Suppose s = 2™ and f = s +— 2.
Then f is m-solution of 167th Sierpinski problem.

PROOF: For every object z such that = € dom ((f[s)~!)" holds
((f1s)™) " (x) = (s = 2™ N)(). O
Let s, m, a be non zero natural numbers and f be an s-element, positive
yielding, natural-valued finite sequence. The functor Expand(f, m,a) yielding
n (s + a™ — 1)-element, natural-valued finite sequence is defined by the term

(Def. 11) (f[(s="1)) " (a™ > a- f(s)).

Let n be a non zero natural number and a be a positive real number. Let us
note that n +— a is positive yielding. Let s, a be non zero natural numbers. Let
us note that s — a is positive yielding. Let s, m, a be non zero natural numbers
and f be an s-element, positive yielding, natural-valued finite sequence. Let us
note that Expand(f,m,a) is positive yielding. Now we state the propositions:

(73) Let us consider real-valued finite sequences f, g, and a non zero natural
number m. Then (f ~¢)" = f™ "~ g™.
PROOF: Set f3 = (f ~¢g)". Set g1 = f™ ~ g"™. For every natural number
k such that k € dom f3 holds f3(k) = ¢g1(k). O

(74) Let us consider a real number a, and a non zero natural number m. Then
(@)™ = (a™).
PROOF: Set f = (a)™. Set g = (a™). For every natural number %k such
that k& € dom f holds f(k) = g(k). O

(75) Let us consider non zero natural numbers s, m, a, a positive yielding, s-
element, natural-valued finite sequence f, and a positive yielding, (s+a™—
1)-element, natural-valued finite sequence g. Suppose g = Expand(f, m,a).
Then 3> (f1)" = (9~ )m
PrOOF: Set t = s —"1. (f~H)" = ((f1t)"H"™ > ((f(s))™1)™. Set h = a™
a- f(s). T ((hla™) ™)™ = (55)" Set f3 = fIt. Set g1 = a™ = a- f(s).
(f57g)™ )" = (D" (@ )" A(fs)™)™) = ()™ O
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(76) Let us consider non zero natural numbers s, m, a, and a positive yielding,
s-element, natural-valued finite sequence f. Suppose f is m-solution of
167th Sierpinski problem. Then Expand(f,m,a) is m-solution of 167th
Sierpinski problem.

PrOOF: Set t = s —"1. (f~)™ = ((f1t)")" > ((f(s))™")™. Set h = a™
a- f(s). T((hla™) ™)™ = (55)" Set f3 = fIt. Set g1 = a™ > a- f(s).
(f57g)™ )" =" (@ )" A = {(fs)H™ O

(77) Let us consider non zero natural numbers m, s, k, [, a, b. Suppose the-

re exists a positive yielding, s-element, natural-valued finite sequence f
such that f is m-solution of 167th Sierpinski problem. Then there exists
a positive yielding, (s+ (a™ —1)-k+ (b"™ — 1) - [)-element, natural-valued
finite sequence f such that f is m-solution of 167th Sierpinski problem.
ProOOF: Consider f being a positive yielding, s-element, natural-valued
finite sequence such that f is m-solution of 167th Sierpinski problem.
Define P[non zero natural number| = there exists a positive yielding, (s+
(@™ — 1) - $1)-element, natural-valued finite sequence f such that f is
m-solution of 167th Sierpinski problem. P[1]. For every non zero natural
number [ such that P[l] holds P[l + 1].

For every non zero natural number n, P[n]. Consider f being a positive
yielding, (s + (a"™ — 1) - k)-element, natural-valued finite sequence such
that f is m-solution of 167th Sierpinski problem.

Define Q[non zero natural number| = there exists a positive yielding,
(s+(a™ —1)-k+ (b™ —1) - $1)-element, natural-valued finite sequence
f such that f is m-solution of 167th Sierpinski problem. Q[1]. For every
non zero natural number [ such that Q[I] holds Q[l + 1]. For every non
zero natural number n, Q[n]. O

(78) Let us consider a non zero natural number m. Then there exists a natural
number NNV such that for every non zero natural number n such that n > N
there exists a positive yielding, n-element, natural-valued finite sequence
f such that f is m-solution of 167th Sierpinski problem. The theorem is
a consequence of (72), (71), and (77).
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