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Summary.We formalize the semidirect product of groups in Mizar, follo-
wing §10 of Aschbacher’s Finite Group Theory [2]. We also prove the universal
property for semidirect products as found in Bourbaki [5, III §2.10] Proposition
27. In an appendix, we define the dihedral group of the regular n-gon and the
infinite dihedral group.
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Introduction

The semidirect product of groups [11] plays a critical role in group theory,
especially finite group theory (for some recent contributions in this area, see [1],
[3], [9]). There are two obvious cadidates for formalizing the semidirect product
of H and K using an action ϕ : H → Aut(K), namely HnϕK and KoϕH. We
chose to stick with Aschbacher’s conventions [2], what he denotes as S(K,H,ϕ)
but the rest of the world denotes KoϕH. Even with this decision, we still have
multiple different possible formalizations [10]. For one example, the underlying
set of K oϕ H consists of all the ordered pairs (k, h) for k ∈ K and h ∈ H.
As tempting as this appears, we cannot use it without trading away a more
important relationship: the semidirect product ofH withK is the product group
when the action of H on K is trivial, K×H = KoH→{1}H. Working backwards
from this, we arrive at the formalization offered in Definition 1. Happily we prove
this relationship between the semidirect and direct products of groups holds as

c© 2025 The Author(s) / AMU
(Association of Mizar Users)
under CC BY-SA 4.0 license65

https://reference-global.com/journal/FORMA
https://orcid.org/0000-0002-3292-4035
http://zbmath.org/classification/?q=cc:20E22
http://zbmath.org/classification/?q=cc:20D40
http://zbmath.org/classification/?q=cc:68V20
http://fm.mizar.org/miz/group_24.miz
http://ftp.mizar.org/
http://creativecommons.org/licenses/by-sa/4.0/


66 alexander m. nelson

we prove in Theorem 46. Our underlying motivation for this article stems from
studying Aschbacher’s wonderful book on finite group theory [2]. The notion of
“group complements” plays a critical role in finite group theory, specifically as
a way to discuss split extensions (a group G splits over a group K if there exists
a normal subgroup N of G such that K ∼= N are isomorphic and there exists
a subgroup H of G such that H and N are complements in G) [7]. Even if the
reader is less than thrilled about finite group theory, we have a few universal
properties and “common knowledge” of groups [15] proven in Mizar [16].

As any undergraduate knows, and Bourbaki [4] remarks in passing, if H and
K are subgroups of G, then the group morphism ϕ : H × K → G is injective
if and only if H ∩ K is trivial. This result may be found as Theorem 58. We
prove universal property of semidirect products [5] (see our Theorem 63) and
the universal property of quotient groups (Theorem 53). Mathematics without
universal properties is like life without oranges: it’s rather toothless. We hoped
initially to include Aschbacher’s proof of Gaschütz’s theorem [8], but there is
only so much ink in the pen. However, we would be negligent in our duty if we
forgot the beloved Dihedral group [11] when formalizing the semidirect products
of groups [6], [12]. We have included them in an appendix. Only very basic results
are proven, namely: the usual multiplication relation taught to undergraduates
and the center of the finite Dihedral groups are proven.

1. Preliminaries

Now we state the proposition:

(1) Let us consider natural numbers a, b.
If a < b and b 6= 0, then 2 · adiv b < 2.

From now on G, A denote groups and ϕ denotes a homomorphism from A

to AutGroup(G). Now we state the propositions:

(2) Let us consider a non empty, unital multiplicative magma M . Suppose
for every element h of M , there exists an element g of M such that h · g =
1M and g · h = 1M . Then M is group-like.

(3) Let us consider a group G, and a subgroup H of G. Then the multipli-
cative magma of H is a strict subgroup of G.

(4) Let us consider a group G, and a normal subgroup N of G. Then the mul-
tiplicative magma of N is a strict, normal subgroup of G.
Proof: Reconsider N0 = the multiplicative magma of N as a strict sub-
group of G. For every element g of G, N0g = N0. �

(5) Let us consider a group G, a subgroup H of G, and a normal subgroup
N of G. Suppose N is a subgroup of H. Then the multiplicative magma
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of N = the multiplicative magma of (N)H . The theorem is a consequence
of (4).

Let us consider a group G, subgroups H1, H2, K of G, and subgroups K1,
K2 of K. Now we state the propositions:

(6) Suppose the multiplicative magma of H1 = the multiplicative magma
of K1 and the multiplicative magma of H2 = the multiplicative magma
of K2. Then H1 ∩H2 = K1 ∩K2.
Proof: For every element g of G such that g ∈ H1∩H2 holds g ∈ K1∩K2.
For every element g of G such that g ∈ K1 ∩K2 holds g ∈ H1 ∩H2. �

(7) Suppose the multiplicative magma of H1 = the multiplicative magma
of K1 and the multiplicative magma of H2 = the multiplicative magma
of K2. Then H1 ·H2 = K1 ·K2.
Proof: For every object x, x ∈ H1 ·H2 iff x ∈ K1 ·K2. �

(8) Let us consider a group G, and a subset A of G. Suppose A = the carrier
of G. Then gr(A) = the multiplicative magma of G.

(9) A and the multiplicative magma of A are isomorphic.

(10) Let us consider a group G, a normal subgroup N of G, and elements g1,
g2 of G. Suppose g1 ·N = g2 ·N . Then there exists an element n of G such
that

(i) n ∈ N , and

(ii) g1 = g2 · n.

Let us consider a group G and subgroups H1, H2 of G. Now we state the
propositions:

(11) (i) H1 ·H2 ⊆ the carrier of H1 tH2, and

(ii) H2 ·H1 ⊆ the carrier of H1 tH2.
(12) If H1 ·H2 = the carrier of H1 tH2, then H1 ·H2 = H2 ·H1.
Proof: H2 ·H1 ⊆ H1 ·H2. For every element x of G such that x ∈ H1 ·H2
holds x ∈ H2 ·H1. �

(13) Let us consider a group G, subgroups H, K of G, and a subgroup H3 of
K. Suppose the multiplicative magma of H = the multiplicative magma
of H3. Then H = H3.

(14) Let us consider a group G, and subgroups H, K of G. Suppose H is
a subgroup of K. Let us consider a subgroup N of G. If N is a normal
subgroup of K, then N ·H = H ·N . The theorem is a consequence of (7).

(15) Let us consider a group G, a subgroup H of G, and a normal subgroup
N of G. Suppose N is a subgroup of H. Then the multiplicative magma
of N = the multiplicative magma of (N)H . The theorem is a consequence
of (4).
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(16) Let us consider a group G, and subgroups H1, N1, H2, N2 of G. Suppose
the multiplicative magma of H1 = the multiplicative magma of H2 and
the multiplicative magma of N1 = the multiplicative magma of N2. Then

(i) H1 ·N1 = H2 ·N2, and

(ii) H1 ∩N1 = H2 ∩N2.
The theorem is a consequence of (3), (7), and (6).

(17) Let us consider a group G, and strict subgroups H, K of G. Suppose
H 6= K and K is a subgroup of H. Then there exists an element g of G
such that

(i) g ∈ H, and

(ii) g /∈ K.

2. Properties of Products of Groups

Let G, A be groups. One can verify that
∏

(the support of 〈A,G〉) is non
empty. Now we state the propositions:

(18) Let us consider groups G1, G2, and an element x of
∏
〈G1, G2〉. Then

(i) x(1) ∈ G1, and

(ii) x(2) ∈ G2, and

(iii) domx = {1, 2}.
(19) Let us consider groups G1, G2, a subgroup H1 of G1, a subgroup H2 of

G2, and an element h1 of G1. Suppose h1 ∈ H1. Let us consider an element
h2 of G2. Suppose h2 ∈ H2. Then 〈h1, h2〉 ∈

∏
〈H1, H2〉.

3. Semidirect Products of Groups

From now on G, A denote groups and ϕ denotes a homomorphism from A

to AutGroup(G). Now we state the propositions:

(20) Let us consider an element g of G. Then ϕ(1A)(g) = g.

(21) Let us consider elements a1, a2 of A, and an element g of G. Then
ϕ(a1)(ϕ(a2)(g)) = (ϕ(a1 · a2))(g).

(22) Let us consider an element a of A, and an element g of G. Then

(i) ϕ(a−1)(ϕ(a)(g)) = g, and

(ii) ϕ(a)(ϕ(a−1)(g)) = g.

The theorem is a consequence of (21) and (20).
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Let us consider G, A, and ϕ. The functor G oϕ A yielding a non empty,
strict multiplicative magma is defined by

(Def. 1) the carrier of it =
∏

(the support of 〈G,A〉) and for every elements f ,
g of

∏
(the support of 〈G,A〉), there exists a function h and there exists

an element a1 of A and there exists an element g2 of G such that h =
(the multiplication of it)(f, g) and a1 = f(2) and g2 = g(1) and h(1) =
(the multiplication of G)(f(1), ϕ(a1)(g2)) and h(2) = (the multiplication
of A)(f(2), g(2)).

One can check that G oϕ A is constituted functions and every element of
Goϕ A is finite sequence-like. Now we state the propositions:

(23) The carrier of Goϕ A = the carrier of
∏
〈G,A〉.

(24) Let us consider an element a of A, and an element g of G. Then 〈g, a〉 is
an element of Goϕ A.

Let us consider an element x of Goϕ A. Now we state the propositions:

(25) (i) x(1) ∈ G, and

(ii) x(2) ∈ A, and

(iii) domx = {1, 2}.
The theorem is a consequence of (23) and (18).

(26) There exists an element g of G and there exists an element a of A such
that x = 〈g, a〉. The theorem is a consequence of (25).

(27) Let us consider elements x, y of G oϕ A, elements a1, a2 of A, and
elements g1, g2, g3 of G. Suppose x = 〈g1, a1〉 and y = 〈g2, a2〉 and g3 =
ϕ(a1)(g2). Then x · y = 〈g1 · g3, a1 · a2〉. The theorem is a consequence of
(25).

(28) Let us consider elements x, y ofGoϕA, an element a of A, and an element
g of G. Suppose x = 〈g,1A〉 and y = 〈1G, a〉. Then x · y = 〈g, a〉. The
theorem is a consequence of (20) and (27).

Let us consider G, A, and ϕ. One can verify that Goϕ A is unital. Now we
state the propositions:

(29) 1GoϕA = 〈1G,1A〉. The theorem is a consequence of (23).

(30) Let us consider elements x, y ofGoϕA, an element a of A, and an element
g of G. Suppose x = 〈g, a〉 and y = 〈ϕ(a−1)(g−1), a−1〉. Then

(i) x · y = 1GoϕA, and

(ii) y · x = 1GoϕA.

The theorem is a consequence of (22), (27), and (29).
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Let G, A be groups and ϕ be a homomorphism from A to AutGroup(G).
One can check that G oϕ A is associative and group-like. Now we state the
propositions:

(31) Let us consider an element a of A, an element g of G, and an element
x of G oϕ A. Suppose x = 〈g, a〉. Then x−1 = 〈ϕ(a−1)(g−1), a−1〉. The
theorem is a consequence of (23) and (30).

(32) Let us consider elements g1, g2 of G, and elements x, y, z of G oϕ A.
Suppose x = 〈g1,1A〉 and y = 〈g2,1A〉 and z = 〈g1 ·g2,1A〉. Then x ·y = z.
The theorem is a consequence of (27) and (20).

(33) Let us consider an element g of G, and an element x of GoϕA. Suppose
x = 〈g,1A〉. Then x−1 = 〈g−1,1A〉. The theorem is a consequence of (31)
and (20).

(34) Let us consider an element x of GoϕA, and an element g of G. Suppose
x = 〈g,1A〉. Let us consider an integer i. Then xi = 〈gi,1A〉.
Proof: Define P[integer] ≡ x$1 = 〈g$1 ,1A〉. P[0]. For every integer i such
that P[i] holds P[i− 1] and P[i+ 1]. For every integer i, P[i]. �

(35) Let us consider elements a1, a2 of A, and elements x, y, z of G oϕ A.
Suppose x = 〈1G, a1〉 and y = 〈1G, a2〉 and z = 〈1G, a1 ·a2〉. Then x·y = z.
The theorem is a consequence of (27).

(36) Let us consider an element a of A, and an element x of GoϕA. Suppose
x = 〈1G, a〉. Then x−1 = 〈1G, a−1〉. The theorem is a consequence of (31).

(37) Let us consider an integer i, an element x of Goϕ A, and an element a
of A. Suppose x = 〈1G, a〉. Then xi = 〈1G, ai〉.
Proof: Define P[integer] ≡ x$1 = 〈1G, a$1〉. P[0]. For every integer i such
that P[i] holds P[i− 1] and P[i+ 1]. For every integer i, P[i]. �

4. Canonical Injective Homomorphisms

Let us consider G, A, and ϕ. The functor incl1(G,A,ϕ) yielding a function
from G into Goϕ A is defined by

(Def. 2) for every element g of G, it(g) = 〈g,1A〉.
Aschbacher [2], Theorem 10.1.2:
Let us consider G, A, and ϕ. One can verify that incl1(G,A,ϕ) is multipli-

cative and one-to-one.
The functor incl2(G,A,ϕ) yielding a function from A into GoϕA is defined

by

(Def. 3) for every element a of A, it(a) = 〈1G, a〉.
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Aschbacher [2], Theorem 10.1.2:
Let us consider G, A, and ϕ. Let us note that incl2(G,A,ϕ) is multiplicative

and one-to-one. Now we state the proposition:

(38) Aschbacher [2], Theorem 10.1.3:
Im incl1(G,A,ϕ) is a normal subgroup of Goϕ A.
Proof: For every elements x, g of G oϕ A such that g is an element of
Im incl1(G,A,ϕ) holds gx ∈ Im incl1(G,A,ϕ). �

Let us consider A, G, and ϕ. Let us note that Im incl1(G,A,ϕ) is normal.
Now we state the propositions:

(39) Im incl2(G,A,ϕ) ∩ Im incl1(G,A,ϕ) = {1}GoϕA.
Proof: Set I1 = Im incl2(G,A,ϕ). Set I2 = Im incl1(G,A,ϕ). Set S =
G oϕ A. For every object x such that x ∈ the carrier of I1 ∩ I2 holds
x ∈ {1S}. �

(40) Let us consider an element x of G oϕ A. Then there exists an element
g of G and there exists an element a of A such that (incl1(G,A,ϕ))(g) ·
(incl2(G,A,ϕ))(a) = x. The theorem is a consequence of (26), (27), and
(20).

(41) (Im incl1(G,A,ϕ)) · (Im incl2(G,A,ϕ)) = the carrier of Goϕ A.
Proof: For every element x ofGoϕA, x ∈ (Im incl1(G,A,ϕ))·(Im incl2(G,
A,ϕ)). �

(42) Im incl1(G,A,ϕ) t Im incl2(G,A,ϕ) = Goϕ A. The theorem is a conse-
quence of (41).

(43) Aschbacher [2], Theorem 10.1.3:
G and Im incl1(G,A,ϕ) are isomorphic.

Let us consider an element a of A and an element g of G. Now we state the
propositions:

(44) Aschbacher [2], Theorem 10.1.4:
(incl1(G,A,ϕ))(g)(incl2(G,A,ϕ))(a) = 〈ϕ(a−1)(g),1A〉. The theorem is a con-
sequence of (31) and (27).

(45) (incl1(G,A,ϕ))(g)(incl2(G,A,ϕ))(a
−1) = 〈ϕ(a)(g),1A〉. The theorem is a con-

sequence of (44).

(46) Go(A→{1}AutGroup(G)) A =
∏
〈G,A〉.

Proof: Set S = Go(A→{1}AutGroup(G))A. The carrier of S = the carrier of∏
〈G,A〉. Set B1 = the multiplication of S. Set B2 = the multiplication

of
∏
〈G,A〉. Set U =

∏
(the support of 〈G,A〉). B1 is a binary operation

on U and B2 is a binary operation on U . For every elements x, y of∏
(the support of 〈G,A〉), B1(x, y) = B2(x, y) by (26), [13, (9)], (27), [14,

(29)]. �
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5. Complementary Subgroups

Let G, H, N be groups. We say that H, N are complements in G if and only
if

(Def. 4) there exists a strict subgroup H1 of G and there exists a strict, normal
subgroup N1 of G such that H1 = the multiplicative magma of H and
N1 = the multiplicative magma of N and H1 ·N1 = the carrier of G and
H1 ∩N1 = {1}G.

Let G be a group and H, N be subgroups of G. Let us note that H, N are
complements in G if and only if the condition (Def. 5) is satisfied.

(Def. 5) N is normal and H ·N = the carrier of G and H ∩N = {1}G.

Let us consider a group G, subgroups H, K of G, and a subgroup N of G.
Now we state the propositions:

(47) Suppose H is a subgroup of K. Then suppose N is a normal subgroup
of K. Then H, N are complements in K if and only if N ·H = the carrier
of K and H ∩ N = {1}K . The theorem is a consequence of (3), (4), (7),
and (6).

(48) Suppose H is a subgroup of K. Then suppose N is a normal subgroup
of K. Then H, N are complements in K if and only if H ·N = the carrier
of K and H ∩N = {1}K . The theorem is a consequence of (14) and (47).

Let us consider a group G, subgroups H, K of G, and a normal subgroup N
of G. Now we state the propositions:

(49) Suppose H is a subgroup of K. Then suppose N is a subgroup of K.
Then H, (N)K are complements in K if and only if N ·H = the carrier
of K and H ∩N = {1}K . The theorem is a consequence of (3), (15), and
(47).

(50) If H is a subgroup of K, then if N is a subgroup of K, then H, N are
complements in K iff H, (N)K are complements in K. The theorem is
a consequence of (47) and (49).

(51) Let us consider a group G, a subgroup K of G, a subgroup H of K, and
a normal subgroup N of G. Suppose N is a subgroup of K. Then H, N
are complements in K if and only if H, (N)K are complements in K.

(52) Let us consider a group G, a subgroup H of G, and a normal subgro-
up N of G. Then H, N are complements in G if and only if H t N =
the multiplicative magma of G and H ∩N = {1}G.
Proof: If H, N are complements in G, then H tN = the multiplicative
magma of G and H ∩N = {1}G. �
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6. Proving Universal Property

Now we state the propositions:

(53) Universal Property of Quotient Groups:
Let us consider groups G1, G2, a normal subgroup N of G1, and a homo-
morphism f from G1 to G2. Suppose N is a subgroup of Ker f . Then there
exists a homomorphism f from G1/N to G2 such that f = f ·(the canonical
homomorphism onto cosets of N).
Proof: Define P[element of G1/N , element of G2] ≡ there exists an ele-
ment g of G1 such that $1 = g ·N and $2 = f(g). For every element x of
G1/N , there exists an element y of G2 such that P[x, y]. Consider f be-
ing a function from G1/N into G2 such that for every element x of G1/N ,
P[x, f(x)]. For every elements x1, x2 of G1/N , f(x1 · x2) = f(x1) · f(x2).
For every element g of G1, f(g) = (f · (the canonical homomorphism onto
cosets of N))(g). �

(54) Let us consider groups G1, G2, a normal subgroup N1 of G1, a normal
subgroup N2 of G2, and a homomorphism ϕ from G1 to G2. Suppose ϕ is
bijective and ϕ◦(the carrier of N1) = the carrier of N2. Then G1/N1 and
G2/N2 are isomorphic.
Proof: For every element g ofG1 such that g ∈ N1 holds g ∈ Ker(the cano-
nical homomorphism onto cosets of N2) ·ϕ. Consider ϕ being a homomor-
phism from G1/N1 to G2/N2 such that (the canonical homomorphism onto
cosets of N2) · ϕ = ϕ · (the canonical homomorphism onto cosets of N1).
For every element y of G2/N2 , there exists an element x of G1/N1 such that
ϕ(x) = y. For every elements a, b of G1/N1 such that ϕ(a) = ϕ(b) holds
a = b. �

Let us consider a group G, a subgroup H of G, and a normal subgroup N

of G. Now we state the propositions:

(55) SupposeH,N are complements inG. Then there exists a homomorphism
ϕ from H to G/N such that

(i) for every element h of H and for every element g of G such that g = h

holds ϕ(h) = g ·N , and

(ii) ϕ is bijective.

Proof: Define P[element of H, element of G/N ] ≡ there exists an element
g of G such that g = $1 and $2 = g ·N . For every element x of H, there
exists an element y of G/N such that P[x, y]. Consider ϕ being a function
from H into G/N such that for every element x of H, P[x, ϕ(x)]. For
every element h of H and for every element g of G such that g = h holds
ϕ(h) = g ·N . For every elements a, b of H, ϕ(a · b) = ϕ(a) ·ϕ(b). For every
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element y of G/N , there exists an element x of H such that ϕ(x) = y. For
every elements a, b of H such that ϕ(a) = ϕ(b) holds a = b. �

(56) If H, N are complements in G, then G/N and H are isomorphic. The
theorem is a consequence of (55).

(57) Let us consider a group G, subgroups H1, H2 of G, and a normal subgro-
up N of G. Suppose H1, N are complements in G and H2, N are comple-
ments inG. ThenH1 andH2 are isomorphic. The theorem is a consequence
of (56).

(58) Bourbaki [4, I §6.1], Corollary to Proposition 4:
Let us consider a group G, subgroups H, K of G, and a function ϕ from∏
〈H,K〉 into G. Suppose for every elements h, k of G such that h ∈ H

and k ∈ K holds ϕ(〈h, k〉) = h · k. Then ϕ is one-to-one if and only if
H ∩K = {1}G.
Proof: If ϕ is one-to-one, then H ∩K = {1}G. If H ∩K = {1}G, then ϕ
is one-to-one. �

(59) Let us consider a group G, and subgroups H, K of G. Then there exists
a function ϕ from

∏
(the support of 〈H,K〉) into G such that

(i) for every elements h, k of G such that h ∈ H and k ∈ K holds ϕ(〈h,
k〉) = h · k, and

(ii) ϕ is one-to-one iff H ∩K = {1}G.

Proof: Define P[element of
∏

(the support of 〈H,K〉), element of G] ≡
there exist elements h, k of G such that h ∈ H and k ∈ K and $1 = 〈h,
k〉 and $2 = h · k. For every element x of

∏
(the support of 〈H,K〉), there

exists an element y of G such that P[x, y]. Consider ϕ being a function
from

∏
(the support of 〈H,K〉) into G such that for every element x of∏

(the support of 〈H,K〉), P[x, ϕ(x)]. For every elements h, k of G such
that h ∈ H and k ∈ K holds ϕ(〈h, k〉) = h · k. �

(60) Let us consider a group G, a subgroup H of G, a strict, normal subgroup
N of G, and a homomorphism ϕ from H to AutGroup(N). Then there
exists a function ψ from N oϕ H into G such that

(i) for every elements n, h of G such that n ∈ N and h ∈ H holds ψ(〈n,
h〉) = n · h, and

(ii) ψ is one-to-one iff N ∩H = {1}G.

The theorem is a consequence of (59).

(61) Let us consider a group G, a subgroup H of G, and a normal subgroup
N of G. Suppose H, N are complements in G. Then

(i) H ·N = the carrier of G, and
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(ii) N ·H = the carrier of G.

The theorem is a consequence of (52) and (12).

(62) Aschbacher [2], Theorem 10.2:
Let us consider a group G, a strict, normal subgroup N of G, and a sub-
group H of G. Suppose H, N are complements in G. Let us consider
a homomorphism α from H to AutGroup(N). Suppose for every elements
h, n of G such that h ∈ H and n ∈ N for every homomorphism a from
N to N such that a = α(h) holds a(n) = nh

−1
. Then there exists a homo-

morphism β from N oα H to G such that

(i) for every elements h′, n′ of G and for every element h of H and
for every element n of N such that h′ = h and n′ = n holds β(〈n,
h〉) = n′ · h′, and

(ii) β is bijective.

Proof: Set S = N oαH. Consider β being a function from S into G such
that for every elements n, h of G such that n ∈ N and h ∈ H holds β(〈n,
h〉) = n · h and (β is one-to-one iff N ∩H = {1}G). For every elements x,
y of S, β(x · y) = β(x) · β(y). For every elements h′, n′ of G and for every
element h of H and for every element n of N such that h′ = h and n′ = n

holds β(〈n, h〉) = n′ · h′. For every element y of G, there exists an element
x of S such that β(x) = y. �

(63) Universal Property of Semidirect Products (Bourbaki [5, III
§2.10] Proposition 27):
Let us consider groups H, G, a strict group N , a homomorphism f from
N to G, a homomorphism g from H to G, and a homomorphism ϕ from H

to AutGroup(N). Suppose for every element n of N for every element h of
H, f(ϕ(h)(n)) = g(h) · f(n) · g(h−1). Then there exists a homomorphism
k from N oϕ H to G such that

(i) f = k · (incl1(N,H,ϕ)), and

(ii) g = k · (incl2(N,H,ϕ)).

Proof: Set S = N oϕ H. Define P[element of S, element of G] ≡ for
every element n of N for every element h of H such that $1 = 〈n, h〉 holds
$2 = f(n) · g(h). For every element x of S, there exists an element y of G
such that P[x, y]. Consider k being a function from S into G such that for
every element x of S, P[x, k(x)]. For every elements x1, x2 of S, k(x1 ·x2) =
k(x1) ·k(x2). For every element n of N and for every element h of H, k(〈n,
h〉) = f(n)·g(h). For every element n of N , f(n) = (k·(incl1(N,H,ϕ)))(n).
For every element h of H, g(h) = (k · (incl2(N,H,ϕ)))(h). �
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Let G be a finite, strict group, A be a finite group, and ϕ be a homomorphism
from A to AutGroup(G). Observe that Goϕ A is finite.

From now on G1, G2 denote groups. Now we state the propositions:

(64) If G2 is trivial, then for every homomorphism ϕ from G1 to G2, ϕ =
G1 → {1}G2 .

(65) Aut({1}G) = {id{1}G}.
Proof: For every object x such that x ∈ {id{1}G} holds x ∈ Aut({1}G).
For every object x such that x ∈ Aut({1}G) holds x ∈ {id{1}G}. �

(66) If G is strict and trivial, then AutGroup(G) is trivial. The theorem is
a consequence of (65).

(67) If G is strict and trivial, then ϕ = A → {1}AutGroup(G). The theorem is
a consequence of (66) and (64).

(68) If G1 is trivial, then
∏
〈G1, G2〉 and G2 are isomorphic.

Proof: There exists a homomorphism f from
∏
〈G1, G2〉 to G2 such that

f is bijective. �

(69) If G is strict and trivial, then GoϕA and A are isomorphic. The theorem
is a consequence of (66), (64), (46), and (68).

(70) Let us consider finite groups G, A, and a homomorphism ϕ from A to
AutGroup(G). Then Goϕ A = G · A .

7. Appendix 1: Results about Cyclic Groups

Let us observe that every group which is infinite is also non trivial and every
group which is trivial is also finite.

Let us consider a non zero natural number n. Now we state the propositions:

(71) The multiplication of Z+n = +n.

(72) The carrier of Z+n = Zn.

Let us note that Z+1 is trivial.

Let n be a non zero natural number. Observe that Z+n reduces to n. Now
we state the propositions:

(73) Let us consider a group G. Then G is trivial if and only if for every
element x of G, x = 1G.

(74) Let us consider a group G, and a subgroup H of G. Then H is trivial if
and only if for every element x of G, x ∈ H iff x = 1G.
Proof: If H is trivial, then for every element x of G, x ∈ H iff x = 1G.
For every object x, x ∈ the carrier of H iff x = 1G. �

Let us consider a non zero natural number n. Now we state the propositions:
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(75) Z+n is trivial if and only if n = 1.

(76) Z+n is not trivial if and only if n > 1.

One can check that there exists a group which is non trivial, cyclic, strict,
and infinite and there exists a group which is non trivial, cyclic, strict, and finite.

Now we state the propositions:

(77) Let us consider an element g of Z+2 . If g = 1, then g · g = 1Z+2
. The

theorem is a consequence of (72) and (71).

(78) Let us consider an object x. Then x ∈ Z+2 if and only if x = 0 or x = 1.
Proof: If x ∈ Z+2 , then x = 0 or x = 1. �

(79) Let us consider elements x, y of Z+2 . Then

(i) if x = 0, then x · y = y, and

(ii) if y = 0, then x · y = x, and

(iii) if x = 1 and y = 1, then x · y = 1Z+2
.

Proof: If x = 0, then x · y = y. If y = 0, then x · y = x. �

(80) Let us consider non zero natural numbers n, k, and an element g of Z+n .
If g = k, then g−1 = n− k mod n.
Proof: k, n−k mod n ∈ Zn. Reconsider g2 = n−k mod n as an element
of Z+n . n− k ∈ N. g · g2 = +n(k, n− k mod n). �

(81) Let us consider a non zero natural number n, and an element x of Z+n .
Then x−1 = xn−1. The theorem is a consequence of (73).

(82) Let us consider a finite group G, and an element x of G. Then 0 <

ord(x) ¬ G .

Let us consider a non zero natural number n and elements g, g1 of Z+n . Now
we state the propositions:

(83) If g1 = 1, then there exists a natural number k such that g = g1
k and

g = k mod n. The theorem is a consequence of (72) and (71).

(84) If g1 = 1, then there exists a natural number k such that k < n and
g = g1

k and g = k mod n. The theorem is a consequence of (83).

(85) Let us consider a group G, an element g of G, and integers i, j. If gi = gj ,
then g−i = g−j .

(86) Let us consider a non zero natural number n, and an element g1 of Z+n .
If g1 = 1, then for every natural number i, g1i = i mod n.
Proof: Define P[natural number] ≡ g1

$1 = $1 mod n. P[0]. For every
natural number i such that P[i] holds P[i+ 1]. For every natural number
i, P[i]. �
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(87) Let us consider a non zero natural number n, and an element g1 of Z+n .
Suppose g1 = 1. Let us consider natural numbers i, j. Then g1

i = g1
j if

and only if i mod n = j mod n. The theorem is a consequence of (86).

8. Appendix 2: Dihedral Groups

Now we state the proposition:

(88) If A is commutative, then ·−1A is an automorphism of A.

Let G be a strict, commutative group. The functor inversionsG yielding
a function from Z+2 into AutGroup(G) is defined by

(Def. 6) it(0) = idG and it(1) = ·−1G .

Now we state the proposition:

(89) Let us consider a group G. Then ·−1G · ·
−1
G = idG.

Proof: For every element x of the carrier of G, (·−1G · ·
−1
G )(x) = (idG)(x).

�

Let us consider a strict, commutative group G and elements a, b of Z+2 . Now
we state the propositions:

(90) Suppose b = 0. Then

(i) (inversionsG)(b) · (inversionsG)(a) = (inversionsG)(a), and

(ii) (inversionsG)(a) · (inversionsG)(b) = (inversionsG)(a).

The theorem is a consequence of (78).

(91) If a = 1 and b = 1, then (inversionsG)(b) · (inversionsG)(a) =
(inversionsG)(a · b). The theorem is a consequence of (79) and (89).

Let G be a strict, commutative group. Note that inversionsG is multiplica-
tive.

Let us observe that the functor inversionsG yields a homomorphism from
Z+2 to AutGroup(G). Let n be a non zero extended natural.

The functor DihedralGroup(n) yielding a strict group is defined by

(Def. 7) if n = +∞, then it = (Z+) o(inversions(Z+)) (Z+2 ) and if n 6= +∞, then
there exists a non zero natural number n1 such that n = n1 and it =
(Z+n1) o(inversions(Z+n1 )) (Z+2 ).

Let n be a non zero natural number.
One can verify that the functor DihedralGroup(n) is defined by the term

(Def. 8) (Z+n ) o(inversions(Z+n )) (Z+2 ).

Now we state the proposition:

(92) Let us consider a non zero natural number n. Then DihedralGroup(n) =
2 · n. The theorem is a consequence of (70).
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Let n be a non zero natural number. Observe that DihedralGroup(n) is
finite.

Let n be a non natural extended natural. Let us observe that the functor
DihedralGroup(n) is defined by the term

(Def. 9) (Z+) o(inversions(Z+)) (Z+2 ).

Now we state the proposition:

(93) Let us consider an element g1 of Z+, and an element a2 of Z+2 . Suppose
a2 = 1. Let us consider elements x, y of DihedralGroup(+∞). Suppose
x = 〈g1,1Z+2

〉 and y = 〈1Z+ , a2〉. Then y · x = x−1 · y. The theorem is
a consequence of (33) and (27).

Let us consider a non zero natural number n, an element g1 of Z+n , an element
a2 of Z+2 , and elements x, y of DihedralGroup(n). Now we state the propositions:

(94) Suppose a2 = 1. Then if x = 〈g1,1Z+2
〉 and y = 〈1Z+n , a2〉, then y · x =

x−1 · y. The theorem is a consequence of (33) and (27).

(95) Suppose a2 = 1. Then if x = 〈g1,1Z+2
〉 and y = 〈1Z+n , a2〉, then y · x =

xn−1 · y. The theorem is a consequence of (33), (81), (34), and (94).

(96) Let us consider a non zero natural number n, an element g1 of Z+n ,
and an element x of DihedralGroup(n). Suppose x = 〈g1,1Z+2

〉. Then
xn = 1DihedralGroup(n). The theorem is a consequence of (34) and (29).

(97) Let us consider a non zero natural number n, and an element g1 of
Z+n . Suppose g1 = 1. Let us consider an element x of DihedralGroup(n).
Suppose x = 〈g1,1Z+2

〉. Let us consider a natural number k. If k 6= 0 and

k < n, then xk 6= 1DihedralGroup(n).
Proof: Define P[natural number] ≡ there exists an element g of Z+n such
that g = $1 mod n and g = g1

$1 . P[0]. For every natural number j such
that P[j] holds P[j + 1]. For every natural number j, P[j]. Consider g6
being an element of Z+n such that g6 = k mod n and g6 = g1

k. xk = 〈g1k,
1Z+2
〉. �

(98) Let us consider a non zero natural number n, an element g1 of Z+n ,
and an element x of DihedralGroup(n). Suppose x = 〈g1,1Z+2

〉. Then

x−1 = xn−1. The theorem is a consequence of (96).

(99) Let us consider a non zero natural number n, an element g1 of Z+n , and
an element x of DihedralGroup(n). Suppose x = 〈g1,1Z+2

〉. Let us consider

a natural number j. Then xj−1 = xn−j .
Proof: g1j−1 = g1

n−j . xj = 〈g1j ,1Z+2
〉. �

(100) Let us consider a non zero natural number n, an element g1 of Z+n ,
and an element a2 of Z+2 . Suppose a2 = 1. Let us consider elements x,
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y of DihedralGroup(n). Suppose x = 〈g1,1Z+2
〉 and y = 〈1Z+n , a2〉. Then

y · x = x−1 · y. The theorem is a consequence of (98) and (95).

(101) Let us consider a non zero natural number n, an element g1 of Z+n ,
and an element a2 of Z+2 . Suppose a2 = 1. Let us consider elements x,
y of DihedralGroup(n). Suppose x = 〈g1,1Z+2

〉 and y = 〈1Z+n , a2〉. Let us

consider a natural number i. Then y · xi = xn−i · y.
Proof: Define P[natural number] ≡ y · x$1 = xn−$1 · y. P[0]. For every
natural number k such that P[k] holds P[k+1]. For every natural number
k, P[k]. �

Let us consider a non zero natural number n, an element g1 of Z+n , an element
a2 of Z+2 , elements x, y of DihedralGroup(n), and an element z of DihedralGroup
(n). Now we state the propositions:

(102) Suppose g1 = 1. Then suppose a2 = 1. Then suppose x = 〈g1,1Z+2
〉 and

y = 〈1Z+n , a2〉. Then there exists a natural number k such that z = xk ·y or
z = xk. The theorem is a consequence of (26), (83), (34), (78), and (28).

(103) Suppose g1 = 1. Then suppose a2 = 1. Then suppose x = 〈g1,1Z+2
〉 and

y = 〈1Z+n , a2〉. Then there exists a natural number k such that

(i) k < n, and

(ii) z = xk · y or z = xk.

The theorem is a consequence of (102), (87), and (34).

(104) Let us consider a non zero natural number n, an element g1 of Z+n ,
and an element a2 of Z+2 . Suppose a2 = 1. Let us consider elements x,
y of DihedralGroup(n). Suppose x = 〈g1,1Z+2

〉 and y = 〈1Z+n , a2〉. Let us

consider natural numbers i, j. Then xi · y · xj = xn+i−j · y. The theorem
is a consequence of (101).

(105) Let us consider a non zero natural number n, an element a2 of Z+2 , and
an element y of DihedralGroup(n). Suppose y = 〈1Z+n , a2〉. Then y · y =
1DihedralGroup(n). The theorem is a consequence of (37) and (29).

(106) (i) DihedralGroup(1) and Z+2 are isomorphic, and

(ii) DihedralGroup(1) is commutative.
The theorem is a consequence of (69).

(107) DihedralGroup(2) is commutative.
Proof: 1 ∈ Z+2 . Reconsider g1 = 1, a2 = 1 as an element of Z+2 . Reconsi-
der x = 〈g1,1Z+2

〉, y = 〈1Z+2
, a2〉 as an element of DihedralGroup(2). For

every natural number k such that k < 2 holds xk · y = y · xk. For every
natural numbers k1, k2, xk1 · xk2 = xk2 · xk1 . For every elements z1, z2 of
DihedralGroup(2), z1 · z2 = z2 · z1. �
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(108) Let us consider a non zero natural number n.
If n > 2, then DihedralGroup(n) is not commutative.
Proof: 1 ∈ the carrier of Z+n . Reconsider g1 = 1 as an element of Z+n .
1 ∈ Z+2 . Reconsider a2 = 1 as an element of Z+2 . Reconsider x = 〈g1,1Z+2

〉,
y = 〈1Z+n , a2〉 as an element of DihedralGroup(n). y · x 6= x · y. �

(109) Let us consider a non zero natural number n, and an element g1 of Z+n .
Suppose g1 = 1. Let us consider an element a2 of Z+2 . Suppose a2 = 1.
Let us consider elements x, y, z of DihedralGroup(n). Suppose x = 〈g1,
1Z+2
〉 and y = 〈1Z+n , a2〉. Then z ∈ Z(DihedralGroup(n)) if and only if

y · z = z · y and for every natural number i, xi · z = z · xi. The theorem is
a consequence of (102).

(110) Let us consider a non zero natural number n, and an element z of
DihedralGroup(n). Then z ∈ Z(DihedralGroup(n)) if and only if for every
element g1 of Z+n such that g1 = 1 for every element a2 of Z+2 such that
a2 = 1 for every elements x, y of DihedralGroup(n) such that x = 〈g1,
1Z+2
〉 and y = 〈1Z+n , a2〉 holds y · z = z · y and for every natural number i,

xi · z = z · xi.
Proof: For every element g of DihedralGroup(n), z · g = g · z. �

(111) Z(DihedralGroup(1)) = DihedralGroup(1).

(112) Let us consider an odd, non zero natural number n, and an element g1
of Z+n . Suppose g1 = 1. Let us consider an element x of DihedralGroup(n).
Suppose x = 〈g1,1Z+2

〉. Let us consider a natural number i. If i < n, then

i = 0 or xi 6= xn−i.
Proof: For every natural number j, g1j = j mod n. g1i 6= g1

n−i. xi 6=
〈g1n−i,1Z+2

〉. �

(113) Let us consider an odd natural number n.
If n > 1, then Z(DihedralGroup(n)) is trivial.
Proof: For every element z of DihedralGroup(n), z = 1DihedralGroup(n) iff
z ∈ Z(DihedralGroup(n)). �

Let us consider an even, non zero natural number n, a natural number k,
an element g1 of Z+n , and an element x of DihedralGroup(n). Now we state the
propositions:

(114) If n = 2 · k, then if g1 = 1, then if x = 〈g1,1Z+2
〉, then (xk)

2
=

1DihedralGroup(n). The theorem is a consequence of (86), (34), and (29).

(115) If n = 2 · k, then if g1 = 1, then if x = 〈g1,1Z+2
〉,

then xk ∈ Z(DihedralGroup(n)).
Proof: 1 ∈ Z+2 . Reconsider a2 = 1 as an element of Z+2 . Reconsider y =
〈1Z+n , a2〉 as an element of DihedralGroup(n). Set z = xk. y · z = xn−k · y.
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For every natural number i, xi · z = z · xi. �

(116) Let us consider an even, non zero natural number n, and a natural
number k. Suppose n = 2 · k and n > 2. Let us consider an element g1 of
Z+n . Suppose g1 = 1. Let us consider an element x of DihedralGroup(n).
Suppose x = 〈g1,1Z+2

〉. Let us consider an element g of DihedralGroup(n).
Then g ∈ Z(DihedralGroup(n)) if and only if g = 1DihedralGroup(n) or
g = xk.

Proof: 1 ∈ Z+2 . If g ∈ Z(DihedralGroup(n)), then g = 1DihedralGroup(n) or
g = xk. �

(117) Let us consider an even, non zero natural number n. If n > 2, then Z+2
and Z(DihedralGroup(n)) are isomorphic.

Proof: Consider k being a natural number such that n = 2 · k. 1 ∈ Z+n .
Reconsider g1 = 1 as an element of Z+n . Reconsider x = 〈g1,1Z+2

〉 as
an element of DihedralGroup(n). For every object z, z ∈ the carrier of
Z(DihedralGroup(n)) iff z ∈ {1DihedralGroup(n), xk}.

Z(DihedralGroup(n)) = 2. �

Acknowledgement: The author would like to dedicate this to his grandpa-
rents. “There are only two precious things on earth: the first is love; the second,
a long way behind it, is intelligence.”
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[8] Wolfgang Gaschütz. Zu einem von B. H. und H. Neumann gestellten Problem. Mathe-
matische Nachrichten, 14(4–6):249–252, 1955. doi:10.1002/mana.19550140406.

[9] Craig R. Guilbault, Brendan Burns Healy, and Brian Pietsch. Group boundaries for semi-
direct products with Z. Groups, Geometry, and Dynamics, 2024. doi:10.4171/GGD/750.

[10] Scott Harper and Peiran Wu. Classifying the groups of order pq in Lean. arXiv preprint
arXiv:2501.09769, 2025.

http://dx.doi.org/10.5802/ambp.386
http://dx.doi.org/10.1017/S0960129523000294
https://admjournal.luguniv.edu.ua/index.php/adm/article/view/215
https://admjournal.luguniv.edu.ua/index.php/adm/article/view/215
http://dx.doi.org/10.1002/mana.19550140406
http://dx.doi.org/10.4171/GGD/750
https://arxiv.org/abs/2501.09769


Semidirect products of groups 83

[11] I. Martin Isaacs. Finite Group Theory, volume 92 of Graduate Studies in Mathematics.
American Mathematical Society, 2008.

[12] Vipul Kakkar and Ratan Lal. Automorphisms of semidirect products fixing the non-
normal subgroup. Jordan Journal of Mathematics and Statistics, 17(2):241–248, 2024.
doi:10.47013/17.2.5.

[13] Artur Korniłowicz. On the group of inner automorphisms. Formalized Mathematics, 5
(1):43–45, 1996.

[14] Artur Korniłowicz. The product of the families of the groups. Formalized Mathematics,
7(1):127–134, 1998.

[15] Alexander M. Nelson. Internal direct products and the universal property of direct product
groups. Formalized Mathematics, 31(1):101–120, 2023. doi:10.2478/forma-2023-0010.

[16] Colin Rothgang, Artur Korniłowicz, and Florian Rabe. A new export of the Mizar Mathe-
matical Library. In Fairouz Kamareddine and Claudio Sacerdoti Coen, editors, Intelligent
Computer Mathematics, pages 205–210, Cham, 2021. Springer International Publishing.
doi:10.1007/978-3-030-81097-9 17.

Received May 27, 2025, Accepted September 4, 2025

http://dx.doi.org/10.47013/17.2.5
http://fm.mizar.org/1996-5/pdf5-1/autgroup.pdf
http://fm.mizar.org/1998-7/pdf7-1/group_7.pdf
http://dx.doi.org/10.2478/forma-2023-0010
http://dx.doi.org/10.1007/978-3-030-81097-9_17

	=0pt Semidirect Products of Groups  By Alexander M. Nelson  

