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Summary. The main aim of this article is to construct two non-trivial
examples of weakly associative lattices (also known as trellises). These are ge-
neralizations of lattices, not assuming associativity of the lattice operations. We
show some connections between trellises and tolerance relations according to the
paper of Chajda and Zelinka.
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INTRODUCTION

Lattice theory is widely represented in the Mizar Mathematical Library,
encoding the lines of Birkhoff [I] and Gréatzer [13], [14]. In parallel, the theory of
relational structures, with some additional assumptions, as partial ordering [3],
was developed. From informal point of view, these notions can be easily unified,
but using computerized proof-assistant, we have to cope with some important
issues [10], [11]. The survey on the mechanization of lattice theory in Mizar,
with the example of the solution of the Robbins problem, is contained in [6].
We made significant progress in translating [16] and [I7] into Mizar formalism
and reuse it within rough set theory [7].

The class of trellises [20], [19], or weakly associative lattices [4] (WA-lattices,
WAL) can be characterized by the standard set of axioms for lattices (with

idempotence for the join and meet operations included), where the ordinary
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associative laws are replaced by the so-called part-preservation laws (and these
properties are equationally [12] defined as W3 and W3’).

The main aim of this article is to show some connections between trellises
and tolerance relations according to the paper of Chajda and Zelinka [2] and
to construct two non-trivial examples of weakly associative lattices as defined
n [I8]. Some of the results were proven in the Mizar system with the help of
Prover9 proof assistant.

The outline of this paper is as follows: Section 1 contains the set of usual pro-
perties of these lattices (some of them are automatically understood by the Mizar
checker, but we keep them to have this presentation possibly self-contained) as
WA-lattices are in fact pseudo-orders and the assumption of transitivity ma-
kes them partial ordering structures. Theorems 13 and 14 are part-preservation
laws.

Section 2 contains introduces tolerance structures, with additional binary
relation. It was already available in the MML, so it was reused here, and in this
setting we defined notions of compatibility, SymmetricHull, Segment, tourna-
ment etc. from [2]. In Sect. 3, Theorem 1 from this paper is proven as (25). To
express that a tolerance relation is reflexive or symmetric, we use prefix “g—"
(analogous properties of the ordering relation are not prefixed). The next section
recalls interconnections between lattice operations and orderings; we also prove
that previously defined example of a near lattice, ExNearLattice, also satisfies
W3 and W3’, and it is the only fact proven in Sect. 5. Two next sections (6 and
7) continue the creation of technical environment for pseudo-orderings. Section 8
deals with cycles and tournaments.

Section 9 is devoted to the construction of ExWALLattice (see Def. 12 and
Def. 13), where the lattice operations are given by the following two tables:

= ow o = ol
SOV I i e ) R e)
B =N R
B W NN NN
B W W o= | W
[ N
= ow o = o d
O O O O oo
=W = = O
NN = O N
W W wo|lw
=W N = O

The article concludes with the set of cluster registrations showing that as-
sociativity laws do not hold for this example, so this is not a lattice (elements
1, 2, 3 make a cycle). ExWALLattice satisfies however part-preservation laws
(W3 and W3’), so it is an important non-trivial example of a bounded trellis.
This structure is used in the literature to show some characteristic properties
of triangular norms based on bounded trellises [15], [21], which will be an inte-
resting future work; some encoding of the area of fuzzy logic was already done
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in [5], [8], and [9].

1. PRELIMINARIES

One can verify that there exists a non empty relational structure which is re-
flexive and antisymmetric and has L.u.b.’s and g.1.b.’s. An RT-Lattice is an anti-
symmetric, non empty relational structure with l.u.b.’s and g.1.b.’s. A WA-lattice
is a reflexive, antisymmetric, non empty relational structure with l.u.b.’s and
g.l.b.’s. From now on W denotes a WA-lattice and a, b, ¢ denote elements of W.
Now we state the propositions:

a < bif and only if a LIb = b.

—~
—_

<cand b< ¢, thenalb<ec
Ifc<aand c<b, then c<allb.
((aMe)u (bMec)) U e = c. The theorem is a consequence of (7), (1), and
(11).
(14) ((aUce)(bUe))Me = c. The theorem is a consequence of (8), (2), and
(12).

— =
W N

)
(2) a<bifandonlyifalb=a.
(3) aNa=a.
(4) ala=a.
(5) anlb=0bMNa.
(6) aUb="bUa.
(7) (aMb)Ua=a.
(8) (aUb)Ma=a.
(9) If W is transitive, then (aLUb) Uc=al (bUc).
10) If W is transitive, then (aMb)Mc=aM (bMc).
)
)
)

~ ~~ —~
—_
—_

2. TOLERANCE STRUCTURES

Let D be a trivial, non empty set. Let us note that TotalPCS D is antisym-
metric and there exists a pcs structure which is reflexive, antisymmetric, and
non empty and has l.u.b.’s and g.l.b.’s.

A WAP-lattice is a reflexive, antisymmetric, non empty pcs structure with
l.u.b.’s and g.l.b.’s. Let P be a pcs structure. We say that P is pcs-compatible
if and only if

(Def. 1) for every elements aq, ag, b1, by of P such that a; ~ by and as ~ by holds
a1 Uags ~ by Uby and a1 Mag ~ by M bs.
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Let us observe that there exists a WAP-lattice which is trivial, total, and
pcs-compatible.

Let W be a WA-lattice and a, b be elements of W. The functor Segment(a, b)
yielding a subset of W is defined by the term

(Def. 2) {z, where z is an element of W : a < x < bor b < x < a}.

Let W be a non empty relational structure. The functor SymmetricHull(1W)

yielding a binary relation on the carrier of W is defined by
(Def. 3) for every elements x, y of W, {(x, y) € it iff x <y or y < x.

Let W be a WA-lattice. Let us observe that SymmetricHull(W) is total and
SymmetricHull(W) is reflexive and symmetric. Let L be a WA-lattice. Observe
that there exists a binary relation on the carrier of L which is total, reflexive,
and symmetric. Now we state the proposition:

(15) Let us consider a WA-lattice W. Then SymmetricHull(W) is a tolerance
of the carrier of W.

Let S be a non empty relational structure. We say that S is tournament if

and only if
(Def. 4) for every elements z, y of S, x <y or y < z.

Now we state the proposition:

(16) Let us consider a non empty relational structure S. Then S is tournament
if and only if SymmetricHull(S) = V,, where « is the carrier of S.
PRrOOF: If S is tournament, then SymmetricHull(S) = V,, where « is
the carrier of S. For every elements x, y of S, x <y or y < z. I

3. COMPATIBILITY RELATION REVISITED

Let us consider a non empty pcs structure P. Now we state the propositions:

(17) If the alternative relation of P = V,, then P is pcs-compatible, where
« is the carrier of P.

(18) If the alternative relation of P = id,, then P is pcs-compatible, where
« is the carrier of P.

One can verify that there exists a WAP-lattice which is pcs-compatible,
B-reflexive, and [-symmetric. From now on W denotes a pcs-compatible, (-
reflexive, [-symmetric WAP-lattice and a, b denote elements of W. Now we
state the propositions:

(19) Let us consider an element x of W. Then x ~ x.
(20) Let us consider elements z, y of W. If z ~ y, then y ~ z.

Let us consider elements a, b of W. Now we state the propositions:
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(21) If a ~ b, then aMb~ bMb. The theorem is a consequence of (19).

(22) If a ~ b, then aMb ~ b. The theorem is a consequence of (19) and (3).
(23) Ifa~b, then aMb ~ a.

(24) If a ~ b, then a Ub ~ a. The theorem is a consequence of (19) and (4).
(25)

Let us consider a pcs-compatible, S-reflexive, G-symmetric WAP-lattice
W, and elements a, b of W. Suppose a ~ b. Let us consider elements
x,y of W. If z, y € Segment(a Mb,alb), then x ~ y. The theorem is
a consequence of (3), (19), (4), (2), and (1).

4. WA-LATTICES AND PSEUDO-ORDERS

From now on L denotes a WA-lattice. Now we state the propositions:
(26) Let us consider a WA-lattice L, and elements z, y of L. Then (z, y) €<y,
if and only if z C y.
(27) (i) dom(<y) = the carrier of L, and
(ii) rng <= the carrier of L, and
(iii) field <p= the carrier of L.
The theorem is a consequence of (26).

Let us consider L. One can verify that the functor <z, yields a binary relation
on the carrier of L. Let W be a non empty WA-lattice. Let us note that <y is
(the carrier of W)-defined and <y is (the carrier of W)-valued.

Let us consider L. One can verify that <z is total as a binary relation on
the carrier of L.

Let W be a non empty WA-lattice. One can verify that <y is reflexive and
<w is antisymmetric.

5. EXNEARLATTICE AS AN EXAMPLE OF WA-LATTICE

One can check that ExNearLattice is satisfying W3 and satisfying W3’.

6. WA-LATTICES AS LATTICES VS. RELATIONAL STRUCTURES

Let L be a WA-lattice. The functor (L, <) yielding a strict relational struc-
ture is defined by the term

(Def. 5) (the carrier of L, <r).

Now we state the proposition:
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(28) Let us consider a WA-lattice L, elements x, y of L, and elements x3, y3
of (L,<r). If © = x5 and y = y3, then x C y iff 23 < y3. The theorem is
a consequence of (26).
Let L be a WA-lattice and p be an element of L. The functor p* yielding
an element of (L, <y) is defined by the term

(Def. 6) p.

Let p be an element of (L,<r). The functor *p yielding an element of L is
defined by the term

(Def. 7) p.

One can check that (L, <r) is reflexive and antisymmetric and (L, <p) has
Lu.b.’s and g.1.b.’s and there exists a WA-lattice which is strict.

7. ON PSEUDO-ORDERING RELATIONS

Now we state the propositions:

(29) Let us consider WA-lattices L1, La. Suppose (L1, <r,) = (L2, <r,). Then
the lattice structure of L; = the lattice structure of Ly. The theorem is
a consequence of (26).

(30) Let us consider a WA-lattice A with Lu.b.’s g.1.b.’s. Then there exists
a strict WA-lattice L such that the relational structure of A = (L, <y).
PROOF: Define X[element of A,element of A, set] = for every elements
x’, 3y of A such that 2/ = $; and ' = $5 holds $3 = 2/ Ll 3. For every
elements x, y of A, there exists an element u of A such that X[z, y,u].
Consider j being a binary operation on the carrier of A such that for
every elements x, y of A, X[x,y,j(z,y)]. Define Y[element of A,element
of A, set] = for every elements x1, y; of A such that x; = $; and y; = $9
holds $3 = x1My;. For every elements x, y of A, there exists an element u of
A such that Y[z, y, u]. Consider m being a binary operation on the carrier
of A such that for every elements x, y of A, V[x,y,m(z,y)]. Set L =
(the carrier of A,j,m). L is join-commutative. L is meet-commutative. L
is meet-idempotent. L is join-idempotent. For every elements vs, v1, vy of
L, ((vpMuwvy) U (ve Mwy1)) Uvy = v1. For every elements vg, v1, vy of L,
((vo Uw1) M (v2 Uwy)) Moy = v1. <p= the internal relation of A. [

(31) (ExNearLattice, <pxNearLattice) 1S @ WA-lattice.

Let A be a relational structure. Assume A is reflexive and antisymmetric
and has l.u.b.’s and g.1.b.’s. The functor wlatt(A) yielding a strict WA-lattice is
defined by

(Def. 8) the relational structure of A = (it, <i).
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Now we state the proposition:
(32) wlatt({(ExNearLattice, <pxNearLattice)) 15 & WA-lattice.

One can verify that every meet-associative, join-absorbing lattice is satisfying
W3 and every lattice is join-idempotent and meet-idempotent. Now we state the
propositions:

(33) Let us consider a lattice L. Then LattRel(L) =<.

(34) Let us consider a poset L with Lu.b.’s g.1.b.’s, elements a, b of L, and
elements ag, by of ;. If a = ag and b = b3, then ag C b3 iff a < b. The
theorem is a consequence of (33).

(35) Let us consider a WA-lattice L, elements a, b of L, and elements ag, b3
of wlatt(L). If a = a3 and b = bs, then ag C b3 iff a < b.

(36) Let us consider a WA-lattice L. Suppose the internal relation of L is
transitive. Then wlatt(L) is a lattice. The theorem is a consequence of
(34), (35), and (29).

8. CYCLES AND TOURNAMENTS

Let L be a WA-lattice and A be a set. We say that A is a cycle of L if and
only if
(Def. 9) for every elements a, b of L such that a # b and a, b € A holds A =
Segment(a, b).
Now we state the proposition:
(37) Let us consider a WA-lattice L, and an element a of L. Then {a} is a
cycle of L.
Let L be a WA-lattice and A be a subset of L. We say that A is cyclic if and
only if
(Def. 10) A is a cycle of L.
One can check that there exists a subset of L which is cyclic.
A cycle of L is a cyclic subset of L. Now we state the proposition:
(38) Let us consider a WA-lattice L, and elements a, b, z of L. If z €
Segment(a, b), then a < x < bor b <z < a.
Let L be a WA-lattice and A be a subset of L. We say that A is tournament
if and only if
(Def. 11) for every elements a, b of L such that a, b € A holds a < b or b < a.

We introduce the notation A is acyclic as an antonym for A is cyclic.
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9. ANOTHER EXAMPLE OF WEAKLY-ASSOCIATIVE LATTICE

Observe that {0,1,2,3,4} is non empty and every element of {0,1,2,3,4} is
natural.

Let x, y be elements of {0,1,2,3,4}. The functors: x Liwar, ¥ and x Mwar, ¥
yielding elements of {0,1,2,3,4} are defined by terms

(Def12) {1; lfleandyzgorngandy:]-’

max(x,y), otherwise,

3, ifr=1landy=3orz=3andy=1,
min(z,y), otherwise,

(Def. 13) {

respectively. The functors: Lwar, and Mywar, yielding binary operations on {0, 1, 2,
3,4} are defined by conditions

(Def. 14) for every elements z, y of {0,1,2,3,4}, Uwar(z,y) = z UwarL ¥,
(Def. 15) for every elements z, y of {0,1,2,3,4}, Mwar(z,y) = 2 MNwaL ¥,

respectively. The functor ExWALattice yielding a non empty lattice structure
is defined by the term

(Def 16) <{O, 1,2,3, 4}, LIWAL, |_|WAL>~
One can verify that ExWALattice is non join-associative and non meet-
associative and ExWALattice is join-commutative, meet-commutative, join-ab-
sorbing, and meet-absorbing and ExWALattice is satisfying W3 and satisfying
W3’
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