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Summary. In this article we present the Mizar proof of the isoperimetric
theorem (one of the theorems listed among Wiedijk’s Top 100 mathematical the-
orems), inspired by Peter D. Lax’s paper “A Short Path to the Shortest Path”.
Using relatively simple formal apparatus of continuous and differentiable func-
tions, we show that among all curves of fixed length connecting two points on
the x-axis, a semicircle is the curve which maximizes the area between the curve
and the x-axis.
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INTRODUCTION

In this article we formalize in Mizar [I], [2] the isoperimetric theorem, inspi-
red by Peter D. Lax’s “A Short Path to the Shortest Path” [12]. Notably, Lax’s
proof is remarkably concise, spanning just one page, demonstrating the elegance
of his approach.

Our formalization begins by establishing fundamental properties of continu-
ous and differentiable functions (although most of useful properties are already
present in the Mizar Mathematical Library, for more advanced recent results in
this area see [4], [5], [6]), including theorems on integrals and differentiation ru-
les. Building upon these, it progresses to the proof of the isoperimetric theorem,
addressing the following question: Among all curves of fixed length connecting
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two points on the x-axis, which curve maximizes the area between the curve
and the x-axis? The formalization proves that for parametric curves (z(t),y(t))
with fixed length and endpoints on the x-axis, the integral [ y(¢)2’(t) dt is ma-
ximized when the curve is a semicircle [14]. The historical background on the
isoperimetric theorem is detailed in [3] and [I1].

This work represents the solution of the problem #43 of Freek Wiedijk’s
“Formalizing 100 Theorems” project [16], underscoring the significance of this
effort in the context of formalization of mathematics (compare the formal de-
velopment in HOL Light [9]: [I0] and [15]). The survey of some implications of
the theorem is contained in [13].

1. FOUNDATIONS OF CONTINUITY AND INTEGRATION

From now on a, b, r denote real numbers, A denotes a non empty set, X,
x denote sets, f, g, F', G denote partial functions from R to R, and n denotes
an element of N. Now we state the propositions:

(1) Let us consider real numbers a, b, C, and a partial function u from R
to R. Suppose a < b and [a,b] € domu and u is continuous and for every
real number ¢ such that ¢ € |a,b] holds u(t) = C. Let us consider a real
number ¢. If ¢ € [a, b], then u(t) = C.

b—a

PROOF: Define M(natural number) = g¢25(€ R). Consider Sy being
a function from N into R such that for every element x of N, Sy(z) = M(x).

b—a
For every natural number n, Si(n) = —25. Consider S being a con-

stant function from N into R such thaZJrflor every natural number x,
Sa(z) = a. Set Sop = Sz + S4. rng Sy C |a, b[. For every natural number n,
(uxSp)(n) = C. For every objects x, y such that =, y € dom(u.Sp) holds
(uxSo) () = (uxSp)(y). Consider S5 being a constant function from N into
R such that for every natural number z, Ss3(x) = b. Set S; = S3 — Sy.
rng S1 C Ja,b[. For every natural number n, (u.S1)(n) = C. For every
objects z, y such that z, y € dom(u,S1) holds (u.S1)(z) = (usS1)(y). For
every real number t such that ¢ € [a, ] holds u(t) = C. O

(2) Let us consider real numbers a, b, ¢, d, and a partial function f from R
to R. Suppose a < b and ¢ < d and [a,b] C dom f and ¢, d € [a,b] and
f1la, b is continuous and for every real number ¢ such that ¢ € [c, d] holds

d
0 < f(). Then 0 < / f(@)da.

Proor: For every (c)bject x such that x € dom(f | [e,d]) holds (f |
e, d])(z) = (If] I [e,d])(z). O
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(3) Let us consider real numbers a, b, ¢, d, and partial functions f, g from R
to R. Suppose a < b and ¢ < d and [a,b] C dom f and [a,b] C dom g and c,
d € [a,b] and f][a,b] is continuous and g|[a, b] is continuous and for every

d
real number ¢ such that ¢ € [¢,d] holds f(t) < ¢(¢). Then /f(z)dx <

d
/ g(z)dzx. The theorem is a consequence of (2).

(4) Let us consider real numbers a, b, ¢, d, e, and a partial function f from
R to R. Suppose a < b and ¢ < d and ¢, d € [a,b] and [a,b] C dom f and
f1la, b is continuous and for every real number ¢ such that ¢ € [c, d] holds

d
e < f(t). Thene- (d—c) < /f(x)dx

PROOF: Set g = R —— e. For every real number ¢ such that ¢ € [c, d] holds

d d
(1) < F(8). / g(@)dz < / Flz)de. O

(5) Let us consider real numbers a, b, ¢, d, e, and a partial function f from R
to R. Suppose 0 < eand a < band ¢ < dand ¢, d € [a, b] and [a,b] C dom f
and f[[a,b] is continuous and for every real number ¢ such that ¢ € [a, b]

holds 0 < f(t) and for every real number ¢ such that ¢ € [¢,d] holds
b

e< f(t). Then 0 <e-(d—¢c) < /f(x)d:z. The theorem is a consequence

of (2) and (4).

(6) Let us consider real numbers a, b, and a partial function f from R to
R. Suppose a < b and [a,b] C dom f and f[[a,b] is continuous and for
every real number ¢ such that ¢ € [a,b] holds 0 < f(¢) and there exists
a real number o such that ¢y € Ja,b] and 0 < f(p). Then there exist real
numbers d, ¢, e such that

(i) 0 < e, and
(ii) ¢ < d, and
(iii) ¢, d € [a,b], and

b
(iv) 0<e-(d—¢) < /f(x)dm.

ProoOF: Consider ¢y being a real number such that ¢y € Ja,b[ and 0 <
f(to). Set e = @ Consider sy being a real number such that 0 < sg
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and for every real number ¢ such that ¢t € [a,b] and |t — t9] < s¢ holds
|f(t) = f(to)| < e.Set s = 3. Reconsider s = min(tg —a,b—tg) as a real
number. Reconsider s3 = min(s, s2) as a real number. Set ¢ =ty — s3. Set
d = to + s3. Set eg = % For every real number ¢ such that ¢ € [c,d]
holds ep < f(t). O

(7) Let us consider a partial function f from R to R, and real numbers a,
b. Suppose a < b and [a,b] C dom f and f[[a,b] is continuous. Then there

exists a sequence I of real numbers such that

(i) for every natural number n, I(n) = / f(z)dz, and

a—i-n—Jrl
(ii) I is convergent, and
b
(iii) lim I = / f(x)de.
PRrROOF: Define M (natural number) = ( / f(z)dz)(e R). Consider I
a+ﬁ
being a function from N into R such that for every element x of N, I(x) =
b
M(x). For every natural number n, I(n) = / f(z)dz. Set X = [a,].
at——

n+1

Consider ¢, to being real numbers such that ¢;, to € dom(|f|]X) and

(F11X)(t1) = suprng(|]1X) and (|f]1X)(t2) = inf ng(| ]I X). Set K =
(|fI1X)(t1). For every real number ¢ such that ¢ € X holds |f(t)] < K.
b

Set L = / f(x)dx. For every real number p such that 0 < p there exists

a naturalanumber n such that for every natural number m such that n < m
holds |7(m) — L| < p by [7, (17)], I8, (10), (11)]. O

2. DIFFERENTIATION RULES AND PROPERTIES

Now we state the propositions:
(8) Let us consider an open subset Z of R. Then

(i) the function sin is differentiable on Z, and

(ii) (the function sin)}, = (the function cos)[Z, and
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(iii) the function cos is differentiable on Z, and
(iv) (the function cos)}, = —(the function sin)[Z.
(9) Let us consider a partial function f from R to R. Then f+ f =2 f.

Let us consider a partial function f from R to R, a subset Z of R, and a real
number . Now we state the propositions:

(10) If Z is open and = € Z and Z C dom f, then f[Z is differentiable in z
iff f is differentiable in x.

(11) If Zisopen and z € Z and Z C dom f and f is differentiable in z, then
f'(x) = (f1Z)'(z). The theorem is a consequence of (10).

(12) Let us consider a partial function f from R to R, and subsets X, Z of
R. Suppose Z is open and Z C X and f is differentiable on X. Then
f fz =f fX |Z.
PROOF: For every object x such that € dom(f{x [Z) holds (f{x[Z)(z) =
f fz(x) O

(13) Let us consider real numbers a, b, and a partial function u from R to
R. Suppose a < b and wu is differentiable on |a,b[ and domu = [a, b] and
u is continuous and for every real number ¢ such that ¢ € ]a,b] holds
u’” mb[(t) = 0. Then there exists a real number C such that for every real
number ¢ such that ¢ € [a, b] holds u(t) = C. The theorem is a consequence

of (1).

3. PROPERTIES OF PARAMETRIC CURVES AND AREA CALCULATIONS

Now we state the proposition:

(14) Let us consider partial functions x, y from R to R, and an open subset
Z of R. Suppose z is differentiable and y is differentiable and [0, 7] C Z C
domz and Z C domy and y/rz is continuous and xlrz is continuous and
for every real number ¢ such that ¢ € Z holds ' ,(t)® + i ,(t)? = 1 and
y(0) = 0 and y(m) = 0.

Then there exists a partial function v from R to R and there exists
a sequence F' of real numbers such that u is differentiable on |0, 7| and
u’ﬂom[ is continuous and domu = [0, 7] and u is continuous and y[[0, 7] =
(u-(the function sin))[[0, 7] and for every real number ¢ such that ¢ € |0, 7|
holds 4/ (t) = u/(¢)- (the function sin)(¢)+u(t)- (the function cos)(t) and for
T
every natural number n, F\(n) = / ((AffineMap(0,1)) — ((ulﬂoyﬂ[ : U,r]o,w[)

1
n+1

-(the function sin)) - (the function sin))(x)dz and F' is convergent and
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N

/(y - 2hz)(@)de < -(/(y Y+ @)z @g)(2)de) and yy+atpaly = yyt
0 0

™

(AffineMap(0, 1))~y 5y}, and /(y Y+ 2y 2y (v)de = /(y -y + (Af-
0 0

fineMap(0,1)) -y}, - ¥},)(x)dr and / (y - y + (AffineMap(0,1)) — iz
0

Yiz)(z)dz = lim F.

4. FORMALIZATION OF THE ISOPERIMETRIC THEOREM

Now we state the propositions:

(15) Let us consider partial functions z, y from R to R, and an open subset
Z of R. Suppose z is differentiable and y is differentiable and [0, 7] C Z C
domz and Z C domy and 7', is continuous and y}, is continuous and
for every real number ¢ such that ¢ € Z holds 2/ ,(t)? + y},(t)> = 1 and
y(0) = 0 and y(mw) = 0. Then

s

() [ i@ <
0

-7, and

N |

1
(ii) /(y -2y (z)de = 3 iff for every real number ¢ such that ¢ € [0, 7]

ﬁolds y(t) = (the function sin)(t) and z(t) = —(the function cos)(t)+
(the function cos)(0) + z(0) or for every real number ¢ such that ¢ €
[0, 7] holds y(t) = —(the function sin)(¢) and z(¢) = (the function
cos)(t) — (the function cos)(0) + x(0).

(16) Let us consider partial functions z, y from R to R. Suppose z is diffe-
rentiable and y is differentiable and [0, 7] C dom z and [0, 7] € domy and
x,[dom:r is continuous and y’rdomy is continuous and for every real number
t such that ¢t € domz N domy holds 2/(t)2 + /()2 = 1 and y(0) = 0 and
y(m) = 0. Then

i [(y- x’rdomx)(x)dac <

-, and

(i)

St —a “T—y

1
(¥ - 2 qom) (@)dr = 3 iff for every real number ¢ such that ¢ €

0, 7] holds y(¢) = (the function sin)(¢) and z(¢) = —(the function cos)
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(t) + (the function cos)(0) + x(0) or for every real number ¢ such that
t € [0, 7] holds y(t) = —(the function sin)(¢) and z(¢) = (the function
cos)(t) — (the function cos)(0) + x(0).

The theorem is a consequence of (12).

(17) Let us consider partial functions z, y from R to R, and a real num-
ber L. Suppose 0 < L and z is differentiable and y is differentiable and
[0,7] € domz and [0, 7] C domy and @'y, , is continuous and Y}y, , i
continuous and for every real number ¢ such that t € dom x N dom y holds
2/ (t)2 4+ y'(t)%2 = £ and y(0) = 0 and y(r) = 0. Then

™
1

/y xdomw x)dr < <3¢ L, and
0
f 1
/ Y- Thgom ) (@)dr = 3 L iff for every real number ¢ such that ¢t €
0
[07 7'('] holds y( ) __ (the functi(;n sin)(t) and a:(t) _ _ (the functi(;n cos)(t) +
(the function cos)(0) 0 \/Zf 1 b \{l: h

e + x(0) or for every real number ¢ such that ¢t €

__ (the function sin)(t) __ (the function cos)(t)

[0, 7] holds y(t) = — and z(t) = -

(the function cos)(0) + x(o)

™

L

PROOF: Set k = \/% Set z1 = k- x. Set y; = k - y. For every real
number ¢ such that ¢ € domxl N domy; holds x1/(t)% + 11/(t)2 = 1.

T T

1
/(?Jl 1 dom e, ) () dr < 5 7Tand / Y1 1\ dom g, ) (T)dT = i-wiﬂ'for eve-

0 0
ry real number ¢ such that ¢ € [0, 7] holds 1 (¢) = (the function sin)(¢) and

x1(t) = —(the function cos)(t) + (the function cos)(0) + z1(0) or for every
real number ¢ such that ¢ € [0, 7] holds y;(t) = —(the function sin)(¢) and
x1(t) = (the function cos)(t) — (the function cos)(0) + z1(0)).

T 1 . s 1

/(yl 'ﬂfllrdomxl)(x)diﬂ =57 iff /(y'xlfdomm)(x)dx =9 L. For eve-
0 0

ry real number ¢ such that ¢t € [0, 7] holds y;(¢) = (the function sin)(¢)
and z1(t) = —(the function cos)(t) + (the function cos)(0) + z1(0) iff for
every real number ¢ such that t € [0,7] holds y(t) = (he funCtlion sin)(t)
and .’E(t) _ _ (the funct]ion cos)(t) + (the funct]i{on cos)(0) + :E(O)

. For every real
number ¢ such that ¢ € [0, 7] holds y1(t) = —(the function sin)(¢) and
x1(t) = (the function cos)(t) — (the function cos)(0) + x1(0) iff for every



194

[1]

2]

[9]
(10]
(1]
(12]
(13]
(14]
(15]

[16]

KAZUHISA NAKASHO AND YASUNARI SHIDAMA
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