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GOODNESS-OF-FIT TESTS FOR DOUBLY TRUNCATED DATA1

Summary

Purpose – The paper regards the goodness-of-fit (GOF) tests for doubly truncated 
continuous data with known truncation points. The first goal of the paper is to derive com-
puting formulas of several test statistics for doubly truncated data, when the number of 
truncated data is unknown. The second goal is to develop statistical inference procedure 
based on the derived formulas, which includes information regarding the number of 
truncated data, when it is available. 

Research method – The formulas and the inference procedure are developed with the 
use of the methods proposed by Chernobai, Rachev and Fabozzi [2015], who already 
developed GOF tests for the left truncated data, when the number of truncated data is 
unknown.

Results – Several tests are developed in case of double truncation. Depending on the 
chosen truncation points, the tests for left, right or doubly truncated samples might be 
obtained. When no truncation occurs, the tests are reduced to the complete sample tests. 
The quality of the tests is assessed on the basis of the FTSE100 return distributions.

Originality  / value  / implications  / recommendations – To the best knowledge of the author, 
computing formulas of the GOF test statistics for doubly truncated distributions with 
known truncation points, when the number of truncated data is unknown, have not been 
presented in the literature yet.
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1. Introduction

The possible range of applications of doubly truncated data is wide, including 
economics, medicine, astronomy and engineering. This article is about the good-
ness-of-fit (GOF) tests for doubly truncated continuous data with known trun-
cation points. The tests considered in this article are in particular the one‑sample 
tests and they are based on an empirical cumulative distribution function (CDF). 
The tests presented in this paper were developed with the use of the method pro-
posed by Chernobai, Rachev and Fabozzi [2015] and should be perceived as the 
generalization of the left truncated GOF tests proposed there.

Referring to the literature, it is worth to distinguish two types of the GOF 
tests for truncated data: when the number of truncated data is known and when 
it is unknown. The GOF tests for truncated data, when the number of truncated 
data is known, might be used to determine the goodness-of-fit in the certain 
proportion of the random sample. Such modifications were already considered 
in the literature for the Kolmogorov-Smirnov statistic [Barr, Davidson, 1973; 
Dufour, Maag, 1978] and the statistics of Cramér-von Mises, Anderson-Darling 
and Watson [Pettitt, Stephens, 1976]. The GOF tests for truncated data, when the 
number of truncated data is unknown, were considered only for the left truncated 
case [Chernobai, Rachev, Fabozzi, 2015]. In the aforementioned paper, one can 
find exact formulas for the statistics of Kolmogorov-Smirnov, Kuiper, Cramér-von 
Mises and Anderson-Darling. The Anderson-Darling statistic is presented there 
in two versions (supremum and quadratic) and with two weighing functions (one 
giving more importance to both tails and the other one giving more importance to 
the upper tail of a distribution). Both of the above mentioned concepts have certain 
limitations. In the first concept, when the number of truncated data is known, 
the range of available statistics is confined and there are no statistics dedicated 
to test the goodness-of-fit in the chosen tail of a distribution. The main disad
vantage of the second approach, when the number of truncated data is unknown, 
is the possibility to test the goodness-of-fit only in the left truncated distributions. 
The mentioned constraints and the research carried out on the GOF tests for the 
left truncated distributions [Echaust, Lach, 2017; Lach, Smaga, 2018] became 
the inspiration for the doctoral dissertation, parts of which are presented in this 
article. The intention of the research was to create a flexible tool to test the good-
ness-of-fit of any selected part of an unconditional distribution and to examine its 
application values. The most important part of this research regarded the develop-
ment of the GOF test statistics for the doubly truncated data, when the number 
of truncated data is unknown.
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The paper is organized as follows. Firstly, the complete sample GOF test statis-
tics, which are the subject of the modifications, are presented. Next, the modified 
test statistics and the inference procedure for the doubly truncated samples are 
introduced. The third section contains the data overview as well as the distribu-
tions used later in the study. In the next section, the simulations are conducted 
to examine the finite sample performance of the tests. The last section contains 
conclusions. The derivation of the chosen test statistic for the doubly truncated 
case might be found in the Appendix 1.

2. Goodness-of-fit tests for complete samples

The test statistics for the complete distributions (Table 1), the modifications 
of which are presented in this paper, are both Kolmogorov–Smirnov type and 
Cramér–von Mises type. Following Chernobai, Rachev and Fabozzi [2015], the 
first ones are also described as supremum, and the second ones as quadratic.

The Kolmogorov-Smirnov statistic is more sensitive in the central part of 
the distribution. The Anderson–Darling statistic, depending on the weighing 
function, provides more weight to both tails of the distribution, to the upper 
tail [Sinclair, Spurr, Ahmad, 1987] or to the lower tail [Ahmad, Sinclair, Spurr, 
1988].

TABLE 1
General formulas of the test statistics for the complete samples

Type Statistic General formula 

Su
pr

em
um

Kolmogorov–
Smirnov

KS n F x F x
x

n� � � � � �sup 0

Kuiper V n F x F x F x F x
x

n
x

n� � � � � �� �� � � � � �� ��
�
�

�
�
�sup sup0 0

Anderson–
Darling AD n

F x F x

F x F xx

n�
� � � � �
� � � � �� �

sup 0

0 01

(1)

(2)

(3)
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Type Statistic General formula 

Su
pr

em
um

 [c
on

t.]

Anderson–
Darling 
for the 
upper tail 

AD n
F x F x

F xup
x

n�
� � � � �
� � �

sup 0

01

Anderson–
Darling 
for the 
lower tail

AD n
F x F x

F xdown
x

n�
� � � � �

� �
sup 0

0

Q
ua

dr
at

ic

Cramér–
von Mises W n F x F x dF xn

2
0

2
0� � � � � � �� � � �

Anderson–
Darling AD

F x F x
F x F x

dF xn n2 0
2

0 0
01

�
� � � � �� �
� � � � �� � � ��

Anderson–
Darling 
for the 
upper tail

AD
F x F x

F x
dF xup

nn2 0
2

0
2 0

1
�

� � � � �� �
� � �� �

� ��

Anderson–
Darling 
for the 
lower tail

AD
F x F x

F x
dF xdown

nn2 0
2

0
2 0�

� � � � �� �
� �� �

� ��

Symbols: Fn (x) – the empirical cumulative distribution function (ECDF); F0 (x) – the theoretical cumu-
lative distribution function; n – the sample size.

Source: the author’s own elaboration on the basis of: [Chernobai, Rachev, Fabozzi, 2015: 586].

In the GOF testing, the null and alternative hypotheses are usually formulated 
as: H F F0 0: ∈  and H F F1 0: .∉  The theoretical distribution function F0 might 
depend on the parameters that are estimated from the sample, which is particularly 
common when verifying hypotheses concerning financial markets. In such cases, 
when hypotheses are composite, the distributions of the test statistics are usual-
ly unknown and must be approximated. Let’s assume, that X � �� �X Xn1, , '  
denote an n-element sample of i.i.d. random variables with an unknown cumu-
lative distribution function F. A bootstrap algorithm for testing aforementioned 
hypotheses might be as follows (Algorithm 1):

(4)

(5)

(6)

(7)

(8)

(9)
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1.	 For the n-element sample X X Xn1, , :'

1.1.	Estimate the parameters � ̂ of F̂0.

1.2.	Compute the test statistic T0.

2.	Generate bootstrap samples from 

3.	 For each bootstrap sample: X i i
n
iX X1 , , :

3.1.	Estimate the parameters of  i  of F0.

3.2.	Compute the test statistic Ti.

4.	 Compute the p-value according to the formula: #{ : } .p
i B T T

B
i1 1

1
0

5.	 Reject the null hypothesis if the p-value is less than or equal to the nominal 
significance level α.

Goodness-of-fit tests for doubly truncated samples

This section presents modifications of the test statistics (1)–(9). Chernobai, 
Rachev and Fabozzi [2015] had already derived the computational formulas 
for the test statistics (1)–(4) and (6)–(8), when the sample is left truncated and 
the number of truncated data is unknown. In this article, the computation-
al formulas for all the mentioned test statistics (1)–(9) are derived, when the 
sample is doubly truncated and the number of truncated data is unknown. The 
formulas were derived using the method adopted by Chernobai, Rachev and 
Fabozzi [2015], therefore they should be considered as the generalization of 
the left truncated data tests presented therein. The statistics were derived under 
the assumptions that the truncation points and the sample size are not random 
variables.

Firstly, from the doubly truncated perspective, the ECDF and the theoretical 
CDF are defined. Next, the computing formulas for the test statistics (1)–(9), when 
the sample is doubly truncated, are presented. Finally, the statistical inference pro-
cedure to test the GOF in case of double truncation is introduced. This procedure 
includes the information regarding the number of truncated data, because it is 
available in case of further analyzed financial data, i.e. the FTSE100 percentage 
log-returns. The statistical inference procedure, when the number of truncated 
data is unknown, has already been presented in the literature for the left-truncated 

(10)

: , , , , .F X X i Bi i
n
i

0 1 1X ,where:
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case. This procedure, with slight changes, can also be applied with the statistics 
for double-truncated distributions presented in this paper.

In the remainder of the article, the observations are denoted as  x x xn1, , '
and the ordered sample of observations as x x x n1 2� � � � � �� ��� . The truncation 
points are indicated as H1 and H2. The test statistics considered in this paper are 
based on the ECDF. The definition of the ECDF for a doubly truncated sample 
is the same, as the ECDF for a complete sample and is defined as follows:

F x

x x
j
n

x x x j n

x x

n j j

n

� � �

�

� � � � �

�

�

�
��

�
�
�

� �

� � �� �

� �

0

1 2 1

1

1

1

,

, , , ,

.

To construct the test statistics, the definition of the theoretical CDF for the 
doubly truncated sample is also needed. Let F0 denote the theoretical CDF for 
the complete sample. Furthermore, let zH1 denote the value of the theoretical 
CDF at H1 and zH2 the value of the theoretical CDF at H2, i.e. zH1 = F0(H1) 
and zH2 = F0(H2), where H1 < H2. The theoretical CDF for the doubly truncated 
sample is as follows:

F x

x H

F x F H
F H F H

H x H

x H

0
0 0

0 0

0 1
1

2 1
1 2

1 2

** � � �

�
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� � � � �

� �

�

�

�
�
�

�

,

,

.
��
�

Under the null hypothesis, we have
F X U F H F H F x U0 0 0 01 2 0 1� � � � � ��� �� � � � �~ , ,and ~** .

The test statistics for the doubly truncated samples were derived with the use 
of equations (11) and (12), their general and computing formulas are presented in 
Table 2. Appendix 1 contains derivation of the chosen statistic (AD**), derivation 
of the remaining statistics is available upon request. The statistics are reduced to the 
complete sample statistics when no truncation occurs (i.e. when zH1 = 0 and zH2 = 1). 
For zH1 > 0 and zH2 = 1, the statistics for the left truncated samples are obtained.  For 
zH1 = 0 and zH2 < 1, the statistics for the right truncated samples are obtained. Fi-
nally, for zH1 > 0 and zH2 < 1, the statistics for the doubly truncated samples occurs.

(11)

(12)
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General and computing formulas of the test statistics for the doubly truncated samples

Symbol General and computing formulas
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z zH j

Symbols: Fn (x) – the empirical cumulative distribution function (ECDF) for the doubly truncated sample; F**
0   (x) – the theoretical 

cumulative distribution function for the doubly truncated sample; n – the sample size; H1, H2 – the truncation points; zH1, zH2 – 
values of the theoretical CDF at H1 and H2 respectively.

Source: the author’s own work.
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The null distributions of the test statistics presented above are unknown and 
must be estimated. The null and alternative hypotheses of the GOF test, in case 
of double truncation, are formulated as: H F F H F F0 0 1 0: : ,** ** ** **and� �  where 
“**” denotes double truncation. To determine the goodness-of-fit in the certain 
proportion of the random sample, following bootstrap algorithm is proposed 
(Algorithm 2):

1.	 For the n-element sample X X Xn1, , :'

1.1.	Estimate the parameters � ̂ of F0, where F0 denotes the CDF of the 

complete distribution.

1.2.	Determine truncation points z F H z F HH H1 0 1 01 2and 2 .  

Count the number of observations in the following intervals: (–∞, H1], 

(H1, H2], (H2, ∞) and denote them as n1, n2, n3. Since now zH1, zH2, 

n1, n2 and n3 are fixed.

1.3.	Compute the chosen test statistic T0
** for the doubly truncated sample.

2.	 Generate B bootstrap samples from : , , ,F X Xi i
n
i

0 1X  where 

i = 1 ,..., B. In every bootstrap sample, the number of observations in the in-

tervals ( , ],( , ],( ,F F z F z F z F zH H H H0
1

0
1

1 0
1

1 0
1

2 0
1

20 ]F0
1 1  

is respectively n1, n2 and n3.

3.	 For each bootstrap sample : , , ,F X Xi i
n
i

0 1X

3.1.	Estimate the parameters i  of F0 (for the complete sample).

3.2.	Compute the test statistic Ti
** (for the doubly truncated sample).

4.	 Compute the p-value according to the formula:

  
#{ : } .

**

p i B T T
B

i1 1
1

0

5.	 Reject the null hypothesis, if the p-value is less than or equal to the nominal 

significance level α.

(13)
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4. Data and return distributions

The next section is based on the daily percentage log-returns of the FTSE100 
closing prices. The time scope embraces two following years, 2019 and 2020. The 
FTSE100 closing prices and percentage log-returns based on them differ strongly 
between the 2019 and 2020 year, as the first one indicates the pre-pandemic and 
the second one pandemic period (Table 3 and Chart 1).

TABLE 3
Descriptive statistics of the daily percentage log-returns of the FTSE100

Year n Min Max Arithmetic 
mean

Standard 
deviation Skewness Excess 

kurtosis

2019 253 -3,2839 2,2272 0,0452 0,7397 -0,4402 2,1702

2020 254 -11,5124 8,6668 -0,0610 1,8584 -0,9965 7,8597

Source: the author’s own work.

CHART 1
Closing prices and percentage log-returns of the FTSE100
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CHART 2
The data generating and null hypothesis distributions fitted to the FTSE100 

daily percentage log-returns

0.0

0.2

0.4

0.6

−6 −4 −2 0 2 4

de
ns

ity

EDF
NIG (µ=0.16, δ=1.00, α=1.90, β=−0.22)

Data generating distribution (2019)

0.0

0.2

0.4

0.6

−6 −4 −2 0 2 4

de
ns

ity

EDF
HYP (µ=0.17, δ=0.70, α=2.57, β=−0.24)
N (µ=0.05, δ=0.74)
SGED (µ=0.04, σ=0.73, α=1.34, κ=0.94)

Null hypothesis distributions (2019)

0.0

0.2

0.4

0.6

−6 −4 −2 0 2 4

de
ns

ity

EDF
NIG (µ=0.24, δ=1.36, α=0.45, β=−0.10)

Data generating distribution (2020)

0.0

0.2

0.4

0.6

−6 −4 −2 0 2 4

de
ns

ity

EDF
HYP (µ=0.21, δ=0.30, α=0.84, β=−0.09)
N (µ=−0.06, δ=1.85)
SGED (µ=−0.06, σ=1.79, α=0.94, κ=0.95)

Null hypothesis distributions (2020)

Source: the author’s own work.



71Goodness-Of-Fit Tests for Doubly Truncated Data

The distributions of the daily returns have fat tails, they are leptokurtic and 
asymmetric, therefore they should have at least four parameters [Cont, 2001]. 
Thus the chosen distributions are: the hyperbolic distribution (HYP), the normal 
inverse Gaussian distribution (NIG) and the skewed generalized error distribution 
(SGED). The two-parameter normal distribution (N) has also been included in 
the research for comparative purposes. The HYP and the NIG distributions, both 
being the subclasses of the broader generalized hyperbolic family, have the same 
four parameters μ, δ, α and β, describing, respectively, the location, the scale, the 
kurtosis and the skewness [Prause, 1999]. The SGED distribution is presented here 
in the parametrization of Ayebo and Kozubowski [2003], with the parameters μ, σ 
β and κ depicting the location, the scale, the shape and the skewness. The normal 
distribution has the location parameter μ and the scale parameter δ.

The empirical probability density function of the log-returns and the fitted 
distributions, broken down by years, are presented in Chart 2. In each analyzed 
year the data generating distribution and the null hypothesis distributions are dis-
tinguished. The data are generated from the NIG distribution. Its’ parameters are 
estimated upon daily percentage log-returns of the FTSE100, separately calculated 
for the 2019 and 2020 year. In the null hypothesis, four aforementioned distri
butions were considered: HYP, N, NIG and SGED. As the NIG and HYP distribu
tions are very close, the NIG distribution is not included on the null hypothesis 
distributions’ figures.

5. Simulation study

In order to analyze the finite sample behavior of the developed tests, broad 
Monte Carlo simulations were carried out. Simulations were conducted in accord-
ance with the following algorithm (Algorithm 3):

1.	 Determine the data generating distribution F and its parameters.
2.	 Generate Monte Carlo trials from F X Xj j

n
j: , ,X 1 , where 

j = 1 ,…, M.
3.	 For each Monte Carlo trail F X Xj j

n
j: , ,X 1   verify the null hypothesis 

H F F H F F0 0 1 0: : ,** ** ** **and� �using Algorithm 2.
4.	 Count the number of rejections and divide it by M.

When estimating the empirical levels of the tests, the data generating distribu-
tion F and the theoretical distribution included in the null hypothesis F0

** are the 
same. Here the empirical size is presented only for the NIG distribution. When 
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estimating the empirical powers, F and F0
** are different. As was already mentioned 

in the previous section, the article presents the results when the data generating 
distribution is NIG and the null hypothesis distributions are HYP, N or SGED.

There are no clear indications what the right number of simulations is [Mar-
tinez, Martinez, 2008]. Stute, Manteiga and Quindimil [1993], for the samples 
of size n = 20, 50, 100 and two-parameter data generating distributions, set the 
number of Monte Carlo trials M to 1000 and the number of bootstrap replications 
B to 500. Years later, despite the significant growth of the computing power, Pawsey 
[2018] assumed that M = 1000 and B = 199 for the samples of size n = 20, 50, 
100 and four-parameter data generating distributions. In the conducted research, 
due to the available computational resources, it was assumed that M = 1000 and 
B = 100. It should be emphasized that the simulations were conducted for the 
samples of size n = 100, 200, 300, 400, 500 and 1000. All the tests were carried 
out at the 5% level of significance. The results are shown in Table 4.

The empirical levels of the tests are emphasized in italic in Table 4. The empir-
ical levels are close to the 5% significance level in most of the cases, but it can also 
be noticed that the tests for the central part of the distribution are conservative. 
However, according to Tollenaar and Mooijaart [2003], conservative tests with 
reasonable power are still useful. The empirical powers of the tests are presented in 
regular font in Table 4. As was expected, the rejection rates increase with the rise of 
the sample size. It can also be noticed that the empirical powers of the tests are low, 
when the parameters of the data generating distribution are estimated upon the 
prepandemic year 2019. During the dynamic year 2020 the distributions became 
more recognizable and the empirical powers of the tests increased. Generally, the 
tests for the complete distributions are more powerful than the tests for the selected 
parts of the distribution, but they do not indicate where the biggest differences 
appear. The introduced modified tests make it easy to notice it. The difference 
between the NIG and the HYP distributions appears mainly in the lower tail. The 
discrepancy between the NIG and the N distribution originates from the lower 
tail and from the central part of the distribution. Finally, the difference between 
the NIG and the SGED distributions become visible in the central part of the 
distributions. One might also observe that different tests are suitable for different 
parts of the distribution. Regarding the central part of the distribution, the tests 
based on the V** statistic are generally more powerful than other considered 
tests. Concerning the tails of the distribution, the tests based on the ADup down/

**

and ADup down/
2**  statistics usually have more power than other tests. Finally, for the 

complete distribution, the quadratic versions of the statistics seem to be more 
powerful than their supremum versions.



73Goodness-Of-Fit Tests for Doubly Truncated Data

TABLE 4
Empirical sizes and powers of the tests for the complete 

and doubly truncated samples (in %)

Th
eo

re
tic

al
 

di
st

ri
bu

tio
n

Tr
un

ca
tio

n

n

True distribution

NIG (0.16; 1.00; 1.90; -0.22) NIG (0.24; 1.36; 0.45; -0.10)

Test statistic

[1] [2] [3] [4] [5] [6] [7] [1] [2] [3] [4] [5] [6] [7]

H
YP

[0
, 1

]

100 3,8 3,1 6,8 – 3,2 2,8 – 7,0 6,6 13,9 – 7,0 8,7 –

200 4,8 5,5 6,7 – 4,0 4,0 – 7,5 7,2 15,6 – 8,4 8,9 –

300 3,8 5,6 6,7 – 4,2 4,9 – 9,0 8,2 20,0 – 10,4 12,5 –

400 5,0 5,3 6,1 – 4,3 3,9 – 11,1 10,7 20,7 – 12,0 16,9 –

500 4,3 4,8 9,2 – 5,3 5,2 – 12,3 14,1 25,6 – 16,3 20,4 –

1000 6,3 6,1 7,4 – 6,0 6,0 – 24,8 24,1 29,2 – 30,4 39,6 –

[0
, 0

.0
5]

5 4,3 5,2 5,2 5,8 3,7 4,0 5,1 6,0 5,3 11,3 16,7 7,4 8,1 17,8

10 4,2 3,6 5,6 6,4 4,4 3,9 6,4 8,5 6,3 13,4 17,2 9,7 11,6 20,4

15 4,7 4,2 4,9 5,0 4,7 3,9 5,6 9,0 7,0 19,4 24,2 9,8 12,4 27,4

20 4,6 4,0 6,5 6,1 4,9 4,9 6,4 9,8 5,5 18,9 22,6 11,0 14,7 26,3

25 5,1 5,2 5,7 6,9 4,1 4,4 6,7 9,5 7,6 19,7 25,7 10,6 14,8 31,7

50 5,3 6,0 7,4 9,0 5,2 5,8 8,8 17,8 10,3 27,7 31,5 20,5 28,4 45,2

[0
.0

5,
 0

.9
5]

90 2,5 3,6 3,4 – 2,7 3,4 – 4,1 4,4 5,3 – 5,3 4,5 –

180 4,3 4,5 3,8 – 3,7 4,2 – 6,0 5,7 4,7 – 5,8 5,2 –

270 4,4 4,6 4,8 – 3,2 4,2 – 5,3 7,3 5,2 – 5,2 6,5 –

360 3,2 4,1 5,1 – 3,8 3,6 – 7,6 8,1 3,5 – 7,4 8,9 –

450 3,5 4,4 4,6 – 3,8 4,2 – 7,5 8,5 4,0 – 7,0 9,5 –

900 5,4 5,4 4,6 – 4,1 4,1 – 16,4 18,6 4,0 – 16,3 18,8 –

[0
.9

5,
 1

]

5 4,0 4,6 3,7 2,8 3,0 3,4 2,9 6,2 6,8 6,6 8,0 6,3 5,6 7,8

10 4,4 4,3 5,3 4,3 4,1 4,4 3,8 5,0 5,0 7,9 9,5 4,2 4,9 9,7

15 4,1 3,9 5,8 5,4 3,8 3,9 5,2 5,2 5,4 9,7 10,4 5,6 6,1 11,2

20 3,5 4,3 4,4 4,6 3,6 3,6 4,3 5,1 5,7 11,2 13,0 5,2 6,3 14,5

25 4,0 6,2 6,4 5,8 4,5 4,3 6,2 4,6 5,0 10,7 13,6 4,5 4,9 13,9

50 4,2 3,9 5,7 6,1 4,0 3,9 5,9 6,5 4,4 17,0 17,7 7,0 9,1 20,9
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Th

eo
re

tic
al

 
di

st
ri

bu
tio

n

Tr
un

ca
tio

n

n

True distribution

NIG (0.16; 1.00; 1.90; -0.22) NIG (0.24; 1.36; 0.45; -0.10)

Test statistic

[1] [2] [3] [4] [5] [6] [7] [1] [2] [3] [4] [5] [6] [7]

N

[0
, 1

]

100 22,3 27,0 35,2 – 30,5 33,5 – 74,6 81,6 68,4 – 85,7 87,4 –

200 40,5 49,2 47,6 – 53,5 57,8 – 94,9 97,0 82,3 – 98,2 98,8 –

300 55,6 64,1 58,9 – 72,7 76,9 – 99,7 99,9 92,5 – 100,0 100,0 –

400 66,3 76,4 67,9 – 82,3 87,3 – 99,9 100,0 97,2 – 100,0 100,0 –

500 78,2 85,4 72,1 – 90,0 93,3 – 100,0 100,0 98,8 – 100,0 100,0 –

1000 97,1 99,0 86,4 – 99,6 99,7 – 100,0 100,0 99,9 – 100,0 100,0 –

[0
, 0

.0
5]

5 11,1 5,8 29,6 34,6 12,4 19,3 36,5 24,1 11,9 59,2 64,9 28,0 50,3 69,0

10 16,9 11,2 43,4 50,3 19,6 32,6 54,9 45,4 25,9 80,9 85,1 52,4 77,7 89,9

15 26,0 14,4 52,3 58,6 30,3 47,3 67,8 60,9 40,1 92,2 92,7 66,1 88,3 96,6

20 31,5 18,5 58,3 64,3 36,5 55,4 74,7 75,8 54,4 95,9 96,5 78,5 94,7 99,3

25 38,9 22,9 66,0 70,5 45,4 63,9 81,9 83,4 64,6 97,2 97,4 85,1 97,2 99,2

50 66,2 44,0 82,0 83,8 71,0 88,4 94,3 98,3 93,9 99,9 100,0 99,1 100,0 100,0

[0
.0

5,
 0

.9
5]

90 13,7 21,7 3,5 – 17,1 18,7 – 64,8 75,7 2,2 – 77,0 78,3 –

180 27,7 37,7 3,3 – 35,1 39,2 – 94,6 96,7 2,9 – 97,6 98,2 –

270 45,2 56,6 3,6 – 57,3 61,1 – 99,6 99,7 3,4 – 99,9 99,9 –

360 57,5 68,9 3,6 – 69,2 73,8 – 100,0 100,0 5,5 – 100,0 100,0 –

450 68,5 78,2 3,5 – 81,4 85,7 – 100,0 100,0 10,4 – 100,0 100,0 –

900 95,4 98,0 3,8 – 99,0 99,5 – 100,0 100,0 49,9 – 100,0 100,0 –

[0
.9

5,
 1

]

5 6,2 5,7 17,1 20,0 6,5 11,1 21,3 7,1 4,5 26,7 32,2 8,0 16,2 32,8

10 7,1 5,6 21,0 25,5 7,8 12,0 28,1 9,5 6,7 34,8 38,5 11,7 18,9 41,4

15 9,6 6,0 23,7 27,8 10,8 15,3 32,4 12,3 8,7 42,5 46,3 14,3 25,7 50,0

20 9,5 8,4 30,0 34,3 10,2 16,5 39,1 13,5 10,1 50,5 53,7 13,5 27,0 59,1

25 10,4 7,6 30,7 35,3 12,0 18,8 42,0 15,6 12,1 54,2 55,8 18,1 33,9 64,0

50 15,9 12,7 45,9 51,2 18,0 30,7 61,4 23,0 20,0 72,1 72,4 26,5 49,5 81,4
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Th

eo
re

tic
al

 
di

st
ri

bu
tio

n

Tr
un

ca
tio

n

n

True distribution

NIG (0.16; 1.00; 1.90; -0.22) NIG (0.24; 1.36; 0.45; -0.10)

Test statistic

[1] [2] [3] [4] [5] [6] [7] [1] [2] [3] [4] [5] [6] [7]

N
IG

[0
, 1

]

100 3,9 4,2 5,8 – 3,6 2,9 – 3,6 3,8 5,2 – 3,4 3,4 –

200 3,9 4,0 4,7 – 3,8 3,9 – 4,7 6,1 5,4 – 4,4 3,7 –

300 3,8 3,9 5,0 – 3,1 3,3 – 4,4 3,8 6,2 – 3,9 3,6 –

400 4,3 5,3 5,4 – 5,5 5,5 – 5,1 5,5 6,2 – 5,5 4,8 –

500 4,0 4,4 5,7 – 5,0 4,4 – 5,5 5,5 5,5 – 5,4 4,7 –

1000 4,4 3,9 5,6 – 4,4 4,3 – 5,9 5,4 5,1 – 6,0 4,6 –

[0
, 0

.0
5]

5 4,0 3,9 5,1 4,3 4,1 3,5 3,6 4,0 5,4 5,4 3,6 4,7 5,0 3,0

10 6,2 5,6 5,5 4,7 5,0 5,9 4,1 4,9 4,2 5,1 3,2 5,0 4,3 3,4

15 3,3 3,9 5,2 5,1 3,4 4,0 3,8 4,6 5,4 4,4 2,9 4,7 4,7 2,6

20 4,7 4,8 3,6 3,3 5,3 5,0 3,1 5,1 5,4 4,3 3,3 4,5 4,7 2,9

25 4,7 5,1 4,5 3,5 4,4 4,2 4,0 4,5 5,2 4,0 4,5 4,4 4,0 4,3

50 4,1 5,4 5,6 4,6 5,5 5,3 4,3 4,7 4,7 4,1 4,9 4,9 4,8 3,8

[0
.0

5,
 0

.9
5]

90 3,6 4,2 4,7 – 4,6 3,2 – 4,8 5,4 5,4 – 3,4 3,2 –

180 3,3 2,5 4,2 – 3,0 2,4 – 4,5 4,5 4,9 – 3,5 3,4 –

270 3,9 5,0 5,4 – 4,2 3,6 – 3,6 3,7 5,9 – 4,3 5,1 –

360 3,8 4,0 4,6 – 2,9 3,4 – 4,8 4,9 6,8 – 4,2 3,7 –

450 3,6 4,2 5,7 – 4,0 3,6 – 4,1 5,2 4,9 – 4,5 4,0 –

900 3,8 4,8 5,3 – 4,5 4,2 – 3,5 3,6 5,2 – 3,7 3,1 –

[0
.9

5,
 1

]

5 4,1 3,7 5,1 3,6 3,9 3,5 3,4 4,3 4,4 4,4 4,3 4,6 4,5 3,6

10 5,0 6,6 5,0 3,9 4,2 4,5 4,1 5,6 4,4 5,7 4,3 4,8 4,2 4,1

15 4,9 4,6 4,2 2,6 4,5 4,1 2,4 4,7 5,1 5,0 4,4 4,0 4,1 4,1

20 4,7 5,4 5,7 4,5 4,5 3,9 4,4 4,0 5,7 4,8 4,3 4,3 4,8 4,1

25 5,1 6,3 4,3 4,4 4,1 4,1 3,9 4,9 4,7 5,2 3,9 4,7 4,5 4,0

50 5,2 5,2 4,8 4,7 5,2 5,3 4,7 4,5 5,6 5,3 6,0 3,8 4,6 5,4
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Th

eo
re

tic
al

 
di

st
ri

bu
tio

n

Tr
un

ca
tio

n

n

True distribution

NIG (0.16; 1.00; 1.90; -0.22) NIG (0.24; 1.36; 0.45; -0.10)

Test statistic

[1] [2] [3] [4] [5] [6] [7] [1] [2] [3] [4] [5] [6] [7]

SG
ED

[0
, 1

]

100 5,3 5,4 7,7 – 4,1 5,3 – 6,2 6,8 12,3 – 5,6 6,7 –

200 5,5 6,3 12,9 – 6,9 6,3 – 11,0 12,9 18,4 – 13,3 14,6 –

300 7,7 7,5 13,4 – 7,9 8,8 – 13,1 14,3 19,0 – 14,8 16,6 –

400 7,8 9,0 17,2 – 9,6 11,7 – 18,2 21,8 21,2 – 19,8 23,8 –

500 8,6 10,5 17,8 – 10,5 11,6 – 19,5 26,8 22,9 – 24,7 28,0 –

1000 16,0 19,3 21,8 – 19,4 20,1 – 34,0 46,3 28,5 – 46,9 52,6 –

[0
, 0

.0
5]

5 5,5 5,1 7,0 8,5 5,1 6,0 8,5 6,7 5,3 9,0 11,4 6,6 8,3 12,5

10 6,3 5,6 8,8 10,8 6,1 6,8 12,7 6,5 5,5 10,6 16,9 6,1 7,7 17,7

15 4,3 3,7 9,2 13,2 5,0 6,1 14,4 8,7 7,4 13,8 22,2 8,6 10,0 26,1

20 6,8 7,2 10,4 15,0 6,0 7,0 16,9 8,7 7,2 14,5 20,8 8,9 10,8 24,1

25 5,9 6,4 10,0 13,2 4,5 5,2 14,4 9,6 7,6 17,3 25,2 11,1 15,0 32,8

50 6,1 5,8 13,4 20,0 6,8 8,2 22,0 15,2 10,5 23,4 28,8 16,5 23,9 42,5

[0
.0

5,
 0

.9
5]

90 4,8 4,2 4,8 – 4,1 3,6 – 8,2 6,7 5,5 – 6,9 5,5 –

180 6,3 7,4 4,4 – 5,4 4,5 – 8,5 10,3 4,1 – 7,5 5,7 –

270 8,8 8,9 4,8 – 7,1 5,4 – 13,1 15,7 4,0 – 10,4 9,4 –

360 7,1 9,4 3,8 – 6,3 5,4 – 12,5 17,8 4,2 – 9,8 9,7 –

450 8,6 12,4 3,1 – 7,3 4,6 – 17,6 24,5 5,5 – 13,9 11,9 –

900 13,6 19,2 3,7 – 15,7 9,8 – 27,6 45,4 5,3 – 26,4 25,1 –

[0
.9

5,
 1

]

5 4,0 4,4 4,4 6,6 4,5 3,9 5,3 5,2 5,1 5,3 6,3 4,7 5,3 5,8

10 5,1 4,8 7,4 8,6 4,3 5,0 9,1 4,5 4,6 7,4 7,8 5,0 4,7 8,1

15 3,7 4,2 9,3 9,8 4,0 5,4 10,3 5,5 5,0 6,7 7,4 5,0 5,1 8,0

20 4,3 4,8 9,5 10,3 4,2 4,8 9,9 4,6 5,0 7,4 9,9 3,9 5,5 10,5

25 5,5 5,8 10,2 11,0 6,0 5,5 11,9 4,1 4,9 8,9 9,8 3,9 4,2 9,9

50 5,2 4,6 10,9 12,8 5,1 6,0 14,8 5,4 6,1 9,8 11,2 5,0 5,0 12,3

Test statistics: [1]: KS** ; [2]: V** ; [3]: AD** ; [4]: AD**up  , AD**down ; [5]: W2** ; [6]: AD2**  [7]: AD2**up , AD2**down .

Source: the author’s own work.
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6. Conclusions

Although the tests for the complete distributions are more powerful than the 
tests for the certain proportions of the distribution, they do not indicate where 
the biggest differences between the empirical and the theoretical distributions 
appear. The statistics developed in this paper for doubly truncated distributions 
and the statistical inference procedure taking into account the number of trun-
cated data allow to evaluate the goodness-of-fit of any part of unconditional 
distribution, when the number of truncated data is known. The simulation study 
confirmed that the tests have acceptable empirical size. Their empirical powers 
depend mainly on the choice of the test statistic and less on the truncation points 
and the sample sizes.

References

Ahmad M. I., Sinclair C.D., Spurr B.D., 1988, Assessment of Flood Frequency Models Using 
Empirical Distribution Function Statistics, “Water Resources Research”, Vol. 24(8), 
pp. 1323–1328, DOI: 10.1029/WR024i008p01323.

Ayebo A., Kozubowski T.J., 2003, An Asymmetric Generalization of Gaussian and Laplace 
Laws, “Journal of Probability and Statistical Science”, Vol. 1(2), pp. 187–210.

Barr D.R., Davidson T., 1973, A Kolmogorov-Smirnov Test for Censored Samples, “Techno
metrics”, Vol. 15(4), pp. 739–757.

Chernobai A., Rachev S., Fabozzi F., 2015, Composite Goodness-Of-Fit Tests for Left Trun-
cated Loss Samples, [in:] Handbook of Financial Econometrics and Statistics, Lee C., 
Lee J. (eds), Springer, New York.

Cont R., 2001, Empirical Properties of Asset Returns: Stylized Facts and Statistical Issues, 
“Quantitative Finance”, Vol. 1, pp. 223–236, DOI: 10.1080/713665670.

Dufour R., Maag U.R., 1978, Distribution Results for Modified Kolmogorov–Smirnov Sta-
tistics for Truncated or Censored Samples, “Technometrics”, Vol. 20(1), pp. 29–32, 
DOI: 10.1080/00401706.1978.10489613.

Echaust K., Lach A., 2017, Goodness-Of-Fit Tests for Truncated Distributions, “35th Inter
national Conference on Mathematical Methods in Economics: Conference Pro-
ceedings”.

Lach A., Smaga Ł., 2018, Comparison of the Goodness-Of-Fit Tests for Truncated Distributions, 
“Przegląd Statystyczny”, Vol. 65(3), pp. 296–313, DOI: 10.5604/01.3001.0014.0541.

Martinez W.L., Martinez A.R., 2008, Computational Statistics Handbook with MATLAB, 
Chapman and Hall/CRC, New York.

Pewsey A., 2018, Parametric Bootstrap Edf-based Goodness-Of-Fit Testing for Sinh-Arcsinh 
Distributions, “Test”, Vol. 27(1), pp. 147–172, DOI: 10.1007/s11749-017-0538-2.



78  Agnieszka Lach

Pettitt A.N., Stephens M.A., 1976, Modified Cramér-von Mises Statistics for Censored Data, 
“Biometrika”, Vol. 63(2), pp. 291–298, DOI: 10.1093/biomet/63.2.291.

Prause K., 1999, The Generalized Hyperbolic Model: Estimation, Financial Derivatives, and 
Risk Measures (unpublished doctoral dissertation), Universität Freiburg, Freiburg.

Sinclair C.D., Spurr B.D., Ahmad M.I., 1987, Modified Anderson-Darling Test, “Commu-
nications in Statistics – Theory and Methods”, Vol. 19(10), pp. 3677–3686, DOI: 
10.1080/03610929008830405.

Stute W., Manteiga W.G., Quindimil M.P., 1993, Bootstrap Based Goodness-Of-Fit Tests, 
“Metrika”, Vol. 40(1), pp. 243–256, DOI: 10.1007/BF02613687.

Tollenaar N., Mooijaart A., 2003, Type I Errors and Power of the Parametric Bootstrap Good-
ness-Of-Fit Test: Full and Limited Information, “British Journal of Mathematical & Sta-
tistical Psychology”, Vol. 56(2), pp. 271–288, DOI: 10.1348/000711003770480048.



79Goodness-Of-Fit Tests for Doubly Truncated Data
A

pp
en

di
x 

1

Th
is 

ap
pe

nd
ix

 co
nt

ai
ns

 d
er

iv
at

io
n 

of
 th

e c
om

pu
ta

tio
na

l f
or

m
ul

a 
fo

r t
he

 A
D

**
 te

st 
sta

tis
tic

, u
se

d 
to

 d
et

er
m

in
e t

he
 

go
od

ne
ss

-o
f-fi

t w
he

n 
th

e 
sa

m
pl

e 
is 

do
ub

ly
 tr

un
ca

te
d.

 Th
e 

de
riv

at
io

n 
is 

ba
se

d 
on

 th
e 

sc
he

m
e 

de
ve

lo
pe

d 
by

 C
he

rn
ob

ai
, 

R
ac

he
v 

an
d 

Fa
bo

zz
i [

20
15

] f
or

 th
e l

ef
t t

ru
nc

at
ed

 ca
se

. Th
e d

er
iv

at
io

ns
 o

f t
he

 co
m

pu
ta

tio
na

l f
or

m
ul

as
 fo

r t
he

 re
m

ai
ni

ng
 

te
st 

sta
tis

tic
s p

re
se

nt
ed

 in
 th

is 
pa

pe
r a

re
 a

va
ila

bl
e 

up
on

 re
qu

es
t.

G
en

er
al

 fo
rm

ul
a 

fo
r t

he
 su

pr
em

um
 v

er
sio

n 
of

 th
e 

An
de

rs
on

-D
ar

lin
g 

te
st 

sta
tis

tic
 in

 th
e 

do
ub

ly
 tr

un
ca

te
d 

ca
se

 is
 

as
 fo

llo
w

s:

AD
n

F
x

F
x

F
x

F
x

x

n
**

**

**
**

su
p

,
0

0
0

1

w
he

re
 F

n (
x)

 d
en

ot
es

 th
e E

C
D

F 
an

d 
F

x
0**

de
no

te
s t

he
 th

eo
re

tic
al

 d
ist

rib
ut

io
n 

fu
nc

tio
n 

of
 a 

do
ub

ly
 tr

un
ca

te
d 

sa
m

pl
e 

(fo
rm

ul
as

 1
 a

nd
 2

 re
sp

ec
tiv

el
y)

. Th
e 

co
m

pu
tin

g 
fo

rm
ul

a 
in

 th
e 

do
ub

ly
 tr

un
ca

te
d 

ca
se

 w
as

 d
er

iv
ed

 a
s f

ol
lo

w
s:

AD
n

F
x

F
x

F
x

F
x

j

n
j

j

j
j

**

**

**
**

su
p

 m
ax

0

0
0

1
,s

up
**

**
**

j

j
n

j

j
j

F
x

F
x

F
x

F
x

0

0
0

1



80  Agnieszka Lach

�
�

� �

� �
�

� �
� ��

�
n

j n
z

z
z

z
z

z
z

z
z

z
z

z

j

j
H

H
H

j
H

H
H

j
H

H
H

 m
ax

su
p

1

2
1

1

2
1

1

2
1

1
���

� �� � �� �

� �� � �� �

� �
�

�

� �
�

�
,s

up j

j
H

H
H

j
H

H
H

j

z
z

z
z

j n
z

z
z

z
z

1

2
1

1

2
1

1

1
zz

z
zH

H
H1

2
1

�
� ��

� ��

� �� � �� �

� �� � �� �

� �� � �� �

� �� � �� �

�
�

�
�

�
��

� ��
� ��

� �

n
z

z
z

j n
z

z
z

z
z

z
z

z
j

H
H

H
H

H
j

j
H

H
H

H

 m
ax

su
p

1

2
1

1
2

1

1

2
1

2
�� �

� ��
� ��

� �� � �� �

� �� � �� �

�
�

�
�

z
z

z

z
z

z
z

j n
z

j

H
H

j

H
H

j
H

H

2
1

2
1

1
2

1
1

,s
up

��
�

�
� ��

� ��
� ��

� ��

� �
� �

� ��
� ��

� �� � �� �

z

z
z

z
z

z
z

z
z

H

j
H

H
H

H
j

H
H

1

1

2
1

2 2
1

�� �� � �� �

� �� � �� �

� �� � �� �

�
�

�
�

��

�
�

�
�

�
�

� �� ��

� �� ��
n

z
j n

z
z

z

z
z

z
z

j

H
H

H
j

j
H

H
j

 m
ax

su
p

,s
up

1
2

1

1
2

jj

j
H

H
H

j
H

H
j

z
z

j n
z

z

z
z

z
z

�
�

�
�

�
�

� ��
� ��

�
�

�
�

�
�

� �� � �� �

� �� � �� �

1
2

1

1
2

1
�� �� � �� �

� �� � �� �.


	Studia i rozprawy
	Anna Misztal, Decarbonization of the Logistics Sector in Poland in the Context of Macroeconomic and Financial Conditions
	Barbara Zbroińska, Ryzyko identyfikowane przez polskich przedsiębiorców w warunkach zmian otoczenia w latach 2020–2023
	Arkadiusz Sieroń, Krytyka psychologicznych teorii cykli koniunkturalnych
	Agnieszka Lach, Goodness-Of-Fit Tests for Doubly Truncated Data
	Miscellanea

	Agnieszka Ertman, Magdalena Kuźma, Jacek Marcinkiewicz, Źródło pochodzenia kapitału większościowego a stabilność finansowa banków notowanych na Giełdzie Papierów Wartościowych w Warszawie
	Adam Miara, Instrumenty wspierania rozwoju inteligentnych specjalizacji w województwie podlaskim i ich wpływ na rozwój sektora MSP
	Ewelina Mielech, Dłużne papiery wartościowe jako instrumenty finansowania lokalnej polityki publicznej w Polsce w latach 2 012–2 022
	Michał Bąkowski, Katarzyna Lewkowicz-Grzegorczyk, Ocena finansowych aspektów funkcjonowania Poczty Polskiej SA
	Agnieszka Oleksy, Sytuacja finansowa polskich przedsiębiorstw po zakończeniu współpracy inwestycyjnej z funduszami private equity – badanie pilotażowe
	_Hlk161405021
	_Hlk139010483
	_Hlk147654478
	_Hlk157586166
	_Hlk157583548
	_Hlk530873951
	_Hlk159856823
	_Hlk159875194
	OLE_LINK1
	_Hlk159351456
	_Hlk167072923
	_Hlk167071766
	_Hlk167073262
	_Hlk167101322
	_Hlk167096789
	_Hlk167098134
	_Hlk171503801
	_Hlk163730194
	_GoBack
	_Hlk161583759
	_Hlk161394315
	_Hlk161589565
	_Hlk160572346
	_Hlk166776995
	_Hlk530869110



