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Summary.We continue the formal development of the application of pie-
cewise linear functions and centroids in the area of fuzzy set theory. The corre-
sponding piecewise linear functions are symmetrical and composed by absolute
function. In this paper we prove that the membership functions of isosceles trian-
gle type and isosceles trapezoid type can be constructed by functions of this type.
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Introduction

In this paper, some mathematical properties of piecewise linear functions are
formalized in Mizar [11], [10] in order to use them in fuzzy set theory [2], [22]. The
focused piecewise linear functions are symmetrical and composed by absolute
function. L-R fuzzy number is applied for various fields [1], [3], [20], [12]. Since
isosceles triangle type and isosceles trapezoid type membership functions are
simple [4], they are applied for the membership functions of L-R fuzzy number
in most cases [17]. It is formalized that the membership functions of isosceles
triangle type [16] and isosceles trapezoid type (introduced formally in Mizar
in [5]) can be constructed by absolute value functions. We wanted to avoid
duplication [9] of some basic functional notions, so we use extensively Mizar
functor “AffineMap” denoting just linear function with two parameters.

We prove that the centroids of the composite function of two continuous
functions are the weighted averages of the areas and centroids of the functions
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that compose them [21]. Moreover, some calculation and operation between
membership functions for fuzzy approximate reasoning [19], e.g. Mamdani me-
thod [13] and the product-sum-gravity method [18] are formalized, extending
also the development of both fuzzy numbers within the Mizar Mathematical
Library [7] and fuzzy sets in general [14], [15], [8] (for another recent formal
development in this area, see [6]).

1. Preliminaries

From now on A denotes a non empty, closed interval subset of R. Now we
state the proposition:

(1) Let us consider real numbers b, c, d. If b > 0 and c > 0 and d > 0, then
b−d
b
c

< c.

Let us consider real numbers a, x. Now we state the propositions:

(2) a− |a · x| ¬ a.
(3) a− |x| ¬ a.
(4) Let us consider real numbers a, b, c, x. Then | b·(a−x−a)c | = | b·(a+x−a)c |.
Let us consider real numbers a, b, c. Now we state the propositions:

(5) |max(c, a)−max(c, b)| ¬ |a− b|.
(6) |min(c, a)−min(c, b)| ¬ |a− b|.
(7) Let us consider real numbers a, b, c, d. Then |min(c,max(d, a))−min(c,

max(d, b))| ¬ |a− b|. The theorem is a consequence of (6) and (5).

2. Continuous Functions

Let us consider a real number c and partial functions f , g from R to R. Now
we state the propositions:

(8) Suppose ]−∞, c] ⊆ dom f and [c,+∞[ ⊆ dom g.
Then f�]−∞, c[+·g�[c,+∞[ = f�]−∞, c]+·g�[c,+∞[.
Proof: Set f1 = f�]−∞, c[+·g�[c,+∞[. Set f2 = f�]−∞, c]+·g�[c,+∞[.
For every object x such that x ∈ dom f1 holds f1(x) = f2(x). �

(9) Suppose f is continuous and g is continuous and f(c) = g(c) and ]−∞, c]
⊆ dom f and [c,+∞[ ⊆ dom g. Then f�]−∞, c]+·g�[c,+∞[ is continuous.
Proof: Set F = f�]−∞, c]+·g�[c,+∞[. For every real number x0 such
that x0 ∈ domF holds F is continuous in x0. �
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(10) Let us consider a real number c, and functions f , g from R into R.
Suppose f is continuous and g is continuous and f(c) = g(c). Then
f�]−∞, c]+·g�[c,+∞[ is a continuous function from R into R. The the-
orem is a consequence of (9).

(11) Let us consider real numbers a, b, c, and functions f , g, h from R in-
to R. Suppose a ¬ b ¬ c and f is continuous and g is continuous and

h�[a, c] = f�[a, b]+·g�[b, c] and f(b) = g(b). Then
∫
[a,c]

h(x)dx =
∫
[a,b]

f(x)dx+

∫
[b,c]

g(x)dx.

(12) Let us consider a function f from R into R, and real numbers a, b, c.
Suppose a ¬ b ¬ c and [a, c] ⊆ dom f and f�[a, b] is bounded and f�[b, c]
is bounded and f is integrable on [a, b] and f is integrable on [b, c]. Then

(i) f is integrable on [a, c], and

(ii)
c∫
a

f(x)dx =
b∫
a

f(x)dx+
c∫
b

f(x)dx.

(13) Let us consider real numbers a, b, c, and a function f from R into R.
Suppose a ¬ c and f is integrable on [a, c] and f�[a, c] is bounded and
[a, c] ⊆ dom f and b ∈ [a, c]. Then

(i) f is integrable on [a, b], and

(ii) f is integrable on [b, c], and

(iii)
c∫
a

f(x)dx =
b∫
a

f(x)dx+
c∫
b

f(x)dx.

(14) Let us consider a real number a, and functions f , g, h from R into R.
Suppose f�A is bounded and f is integrable on A and g�A is bounded
and g is integrable on A and a ∈ A and h = f�]−∞, a]+·g�[a,+∞[ and
f(a) = g(a). Then h is integrable on A.
Proof: For every object x such that x ∈ dom(f�[inf A, a]) holds (f�[inf A,
a])(x) = (h�[inf A, a])(x).Forevery object xsuchthatx ∈ dom(g�[a, supA])
holds (g�[a, supA])(x) = (h�[a, supA])(x). f is integrable on [inf A, a]. g
is integrable on [a, supA]. �

(15) Let us consider real numbers a, b, c, and functions f , g from R into R.
Suppose a ¬ b ¬ c. Then (f�]−∞, b]+·g�[b,+∞[)�[a, c] = f�[a, b]+·g�[b, c].
Proof: For every object x such that x ∈ dom((f�]−∞, b]+·g�[b,+∞[)�[a,
c]) holds ((f�]−∞, b]+·g�[b,+∞[)�[a, c])(x) = (f�[a, b]+·g�[b, c])(x). �
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(16) Let us consider real numbers a, b, c, and functions f , g, h from R into R.
Suppose a ¬ b ¬ c and f is integrable on [a, c] and f�[a, c] is bounded and g
is integrable on [a, c] and g�[a, c] is bounded and h = f�]−∞, b]+·g�[b,+∞[

and f(b) = g(b). Then
∫
[a,c]

h(x)dx =
∫
[a,b]

f(x)dx+
∫
[b,c]

g(x)dx. The theorem

is a consequence of (15) and (14).

3. Area and Centroid of Continuous Functions

Now we state the propositions:

(17) Let us consider functions f , g, h from R into R, and real numbers a,
b, c. Suppose a ¬ b ¬ c and f is continuous and g is continuous and

h�[a, c] = f�[a, b]+·g�[b, c] and
∫
[a,b]

f(x)dx 6= 0 and
∫
[b,c]

g(x)dx 6= 0 and

f(b) = g(b). Then centroid(h, [a, c]) = 1∫
[a,c]

h(x)dx
· ((centroid(f, [a, b])) ·

(
∫
[a,b]

f(x)dx) + (centroid(g, [b, c])) · (
∫
[b,c]

g(x)dx)).

(18) Let us consider a function f from R into R, and real numbers a, b, c.
Suppose for every real number x, f(x) = b − | b·(x−a)c |. Let us consider
a real number y. Then f(a− y) = f(a+ y).

(19) Let us consider a function f from R into R, and real numbers a, b, c, d,
e. Suppose for every real number x, f(x) = min(d,max(e, b − | b·(x−a)c |)).
Let us consider a real number y. Then f(a− y) = f(a+ y).

(20) Let us consider real numbers a, b, c, d. Suppose b > 0 and c > 0 and d > 0
and d < b. Let us consider a real number x. Then (d ·TrapezoidalFS((a−
c), (a+ d−b

b
c

), (a+ b−d
b
c

), (a+ c)))(x) = min(d,max(0, b− | b·(x−a)c |)).

Proof: For every real number x, (d ·TrapezoidalFS((a−c), (a+ d−bb
c

), (a+

b−d
b
c

), (a+ c)))(x) = min(d,max(0, b− | b·(x−a)c |)). �

(21) Let us consider real numbers a, b, c, d. Suppose b > 0 and c > 0 and
d > 0 and d < b. Then centroid(d · TrapezoidalFS((a− c), (a+ d−b

b
c

), (a+
b−d
b
c

), (a+ c)), [a− c, a+ c]) = a.

Let us consider real numbers a, b, c, d and a function f from R into R. Now
we state the propositions:
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(22) Suppose b > 0 and c > 0 and d > 0 and d < b and for every real number
x, f(x) = min(d,max(0, b − | b·(x−a)c |)). Then f = d · TrapezoidalFS((a −
c), (a+ d−b

b
c

), (a+ b−d
b
c

), (a+ c)). The theorem is a consequence of (20).

(23) Suppose b > 0 and c > 0 and d > 0 and d < b and for every real number
x, f(x) = min(d,max(0, b−| b·(x−a)c |)). Then centroid(f, [a− c, a+ c]) = a.
The theorem is a consequence of (22) and (21).

Let us consider real numbers a, b, c, d, e and a function f from R into R.
Now we state the propositions:

(24) If b 6= 0 and c 6= 0 and for every real number x, f(x) = min(d,max(e, b−
| b·(x−a)c |)), then f is Lipschitzian.
Proof: There exists a real number r such that 0 < r and for every real
numbers x1, x2 such that x1, x2 ∈ dom f holds |f(x1)−f(x2)| ¬ r·|x1−x2|.
�

(25) If c 6= 0 and for every real number x, f(x) = min(d,max(e, b−| b·(x−a)c |)),
then f is Lipschitzian. The theorem is a consequence of (24).

Let us consider real numbers a, b, c, d and a function f from R into R. Now
we state the propositions:

(26) Suppose c > 0 and for every real number x, f(x) = min(d,max(0, b −
| b·(x−a)c |)). Then

(i) f is integrable on A, and

(ii) f�A is bounded.

The theorem is a consequence of (25).

(27) Suppose b > 0 and c > 0 and d > 0 and for every real number x,
f(x) = min(d,max(0, b− | b·(x−a)c |)). Then

(i) f(inf[a− c, a+ c]) = 0, and

(ii) f(sup[a− c, a+ c]) = 0.

(28) Let us consider real numbers a, b, c. Suppose b > 0 and c > 0. Let us
consider a real number x. If x /∈ [a−c, a+c], then max(0, b−| b·(x−a)c |) = 0.

Proof: Define H(element of R) = (max(0, b− | b·($1−a)c |))(∈ R). Consider
h being a function from R into R such that for every element x of R,
h(x) = H(x). For every real number x, h(x) = max(0, b− | b·(x−a)c |). �

(29) Let us consider real numbers a, b, c, d. Suppose b > 0 and c > 0 and
d > 0. Let us consider a real number x. Suppose x /∈ [a − c, a + c]. Then
min(d,max(0, b− | b·(x−a)c |)) = 0. The theorem is a consequence of (28).

Let us consider real numbers a, b, c, d, a function f from R into R, and a real
number x. Now we state the propositions:
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(30) Suppose b > 0 and c > 0 and d > 0 and for every real number x,
f(x) = min(d,max(0, b−| b·(x−a)c |)). Then if x /∈ [a−c, a+c], then f(x) = 0.
The theorem is a consequence of (29).

(31) Suppose b > 0 and c > 0 and d > 0 and for every real number x,
f(x) = min(d,max(0, b − | b·(x−a)c |)). Then if x ∈ A \ [a − c, a + c], then
f(x) = 0. The theorem is a consequence of (30).

Let us consider real numbers a, b, c, d and a function f from R into R. Now
we state the propositions:

(32) Suppose b > 0 and c > 0 and d > 0 and [a−c, a+c] ⊆ A and for every real
number x, f(x) = min(d,max(0, b − | b·(x−a)c |)). Then centroid(f,A) = a.
The theorem is a consequence of (26), (31), (27), and (23).

(33) Suppose b > 0 and c > 0 and d > 0 and [a − c, a + c] ⊆ A and d < b
and for every real number x, f(x) = min(d,max(0, b − | b·(x−a)c |)). Then
centroid(f,A) = centroid(f, [a − c, a + c]). The theorem is a consequence
of (32) and (23).

(34) Let us consider real numbers a, b, c, d, and functions f , F from R into R.
Suppose b > 0 and c > 0 and d > 0 and for every real number x, f(x) =
max(0, b−| b·(x−a)c |) and for every real number x, F (x) = min(d,max(0, b−
| b·(x−a)c |)). Then centroid(f, [a− c, a+ c]) = centroid(F, [a− c, a+ c]). The
theorem is a consequence of (23) and (3).

(35) Let us consider real numbers a, b, c, d, and a function f from R into
R. Suppose b > 0 and c > 0 and d > 0 and d < b and for every real
number x, f(x) = min(d,max(0, b − | b·(x−a)c |)). Then f�[a − c, a + c] =
((AffineMap( bc , b −

a·b
c ))�[a − c, a + d−b

b
c

]+·(AffineMap(0, d))�[a + d−b
b
c

, a +
b−d
b
c

])+·(AffineMap(− bc , b+ a·b
c ))�[a+ b−d

b
c

, a+ c].

Proof: − b−db
c

> −c. b−db
c

< c. For every object x such that x ∈ dom(f�[a−

c, a+ c]) holds (f�[a− c, a+ c])(x) = (((AffineMap( bc , b−
a·b
c ))�[a− c, a+

d−b
b
c

]+·(AffineMap(0, d))�[a+ d−bb
c

, a+ b−db
c

])+·(AffineMap(− bc , b+
a·b
c ))�[a+

b−d
b
c

, a+ c])(x). �

4. Some Special Examples

Now we state the proposition:

(36) Let us consider real numbers a, b, c, d, r, s. Suppose a < b < c < d.
Then

(i) (AffineMap( rb−a ,−
a·r
b−a))(a) = 0, and

(ii) (AffineMap( rb−a ,−
a·r
b−a))(b) = r, and
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(iii) (AffineMap( s−rc−b , s−
c·(s−r)
c−b ))(b) = r, and

(iv) (AffineMap( s−rc−b , s−
c·(s−r)
c−b ))(c) = s, and

(v) (AffineMap( −sd−c ,−
d·(−s)
d−c ))(c) = s, and

(vi) (AffineMap( −sd−c ,−
d·(−s)
d−c ))(d) = 0.

Let us consider real numbers a, b, c, d, r, s and a function f from R into R.
Now we state the propositions:

(37) Suppose a < b < c < d and f�[a, d] = ((AffineMap( rb−a ,−
a·r
b−a))�[a, b]+·

(AffineMap( s−rc−b , s−
c·(s−r)
c−b ))�[b, c])+·(AffineMap( −sd−c ,−

d·(−s)
d−c ))�[c, d]. Then∫

[a,d]

(idR · f)(x)dx =
∫
[a,b]

(idR · (AffineMap(
r

b− a
,− a · r
b− a

)))(x)dx+
∫
[b,c]

(idR·

(AffineMap( s−rc−b , s−
c·(s−r)
c−b )))(x)dx+

∫
[c,d]

(idR · (AffineMap(
−s
d− c

,

−d·(−s)d−c )))(x)dx.
Proof: Set f3 = AffineMap( rb−a ,−

a·r
b−a). Set f4 = AffineMap( s−rc−b , s −

c·(s−r)
c−b ). Reconsider h = f3�]−∞, b[+·f4�[b,+∞[ as a function from R in-

to R. f3(b) = r. For every object x such that x ∈ dom(h�[a, c]) holds
(h�[a, c])(x) = (f3�[a, b]+·f4�[b, c])(x). �

(38) Suppose a < b < c < d and f�[a, d] = ((AffineMap( rb−a ,−
a·r
b−a))�[a, b]+·

(AffineMap( s−rc−b , s−
c·(s−r)
c−b ))�[b, c])+·(AffineMap( −sd−c ,−

d·(−s)
d−c ))�[c, d]. Then∫

[a,d]

f(x)dx =
∫
[a,b]

(AffineMap(
r

b− a
,− a · r
b− a

))(x)dx+
∫
[b,c]

(AffineMap(
s− r
c− b
,

s− c·(s−r)c−b ))(x)dx+
∫
[c,d]

(AffineMap(
−s
d− c

,−d · (−s)
d− c

))(x)dx.

Proof: Set f3 = AffineMap( rb−a ,−
a·r
b−a). Set f4 = AffineMap( s−rc−b , s −

c·(s−r)
c−b ). Reconsider h = f3�]−∞, b[+·f4�[b,+∞[ as a function from R in-

to R. f3(b) = r. For every object x such that x ∈ dom(h�[a, c]) holds

(h�[a, c])(x) = (f3�[a, b]+·f4�[b, c])(x).
∫
[a,c]

h(x)dx=
∫
[a,b]

f3(x)dx+
∫
[b,c]

f4(x)dx.

�

Let us consider real numbers a, b, c, d, r, s, x. Now we state the propositions:

(39) Suppose a < b < c < d and r ­ 0 and s ­ 0 and (x < a or d < x). Then
(((AffineMap( rb−a ,−

a·r
b−a))�]−∞, b]+·(AffineMap( s−rc−b , s−

c·(s−r)
c−b ))�[b, c])+·

(AffineMap( −sd−c ,−
d·(−s)
d−c ))�[c,+∞[)(x) ¬ 0.
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(40) Suppose a < b < c < d and r ­ 0 and s ­ 0 and x ∈ [a, d]. Then
(((AffineMap( rb−a ,−

a·r
b−a))�]−∞, b]+·(AffineMap( s−rc−b , s−

c·(s−r)
c−b ))�[b, c])+·

(AffineMap( −sd−c ,−
d·(−s)
d−c ))�[c,+∞[)(x) ­ 0.

(41) Let us consider real numbers a, b, c, d, r, s. Suppose a < b < c < d and
r ­ 0 and s ­ 0 and r = s. Let us consider a real number x. Then (r ·
TrapezoidalFS(a, b, c, d))(x) = max+((((AffineMap( rb−a ,−

a·r
b−a))�]−∞, b]+·

(AffineMap( s−rc−b , s−
c·(s−r)
c−b ))�[b, c])+·

(AffineMap( −sd−c ,−
d·(−s)
d−c ))�[c,+∞[)(x)).

Proof: Set T = TrapezoidalFS(a, b, c, d). For every real number x, (r ·
T )(x) = max+((((AffineMap( rb−a ,−

a·r
b−a))�]−∞, b]+·(AffineMap( s−rc−b , s −

c·(s−r)
c−b ))�[b, c])+·(AffineMap( −sd−c ,−

d·(−s)
d−c ))�[c,+∞[)(x)). �

(42) Let us consider real numbers a, b, c, d. Suppose c ¬ d. Then

(i)
∫
[c,d]

(idR · (AffineMap(a, b)))(x)dx = (d−c) ·(a · (d · d+ d · c+ c · c)
3

+

b · (d+ c)
2

), and

(ii)
∫
[c,d]

(AffineMap(a, b))(x)dx = (d− c) · (a · (d+ c)
2

+ b).

(43) Let us consider real numbers a, b, c, d, r, s, and a function f from R into
R. Suppose a < b < c < d and f�[a, d] = ((AffineMap( rb−a ,−

a·r
b−a))�[a, b]+·

(AffineMap( s−rc−b , s−
c·(s−r)
c−b ))�[b, c])+·(AffineMap( −sd−c ,−

d·(−s)
d−c ))�[c, d].

Then centroid(f, [a, d]) =
(

(b− a) · (
r
b−a ·(b·b+b·a+a·a)

3 +
(− a·r
b−a )·(b+a)
2 )+

(c− b) · (
s−r
c−b ·(c·c+c·b+b·b)

3 +
(s− c·(s−r)

c−b )·(c+b)
2 ) + (d− c) · (

−s
d−c ·(d·d+d·c+c·c)

3 +
(− d·(−s)

d−c )·(d+c)
2 )

)
/

(
(b− a) · (

r
b−a ·(b+a)
2 +− a·rb−a) + (c− b) · (

s−r
c−b ·(c+b)
2 + (s−

c·(s−r)
c−b )) + (d− c) · (

−s
d−c ·(d+c)
2 +−d·(−s)d−c )

)
. The theorem is a consequence

of (37), (38), and (42).

(44) Let us consider real numbers b, c, d. Suppose b < c. Then (AffineMap(d ·
1
c−b , d · (−

b
c−b))) + (AffineMap(d · (− 1

c−b), d ·
c
c−b)) = AffineMap(0, d).

(45) Let us consider real numbers a, b, c, p, q. Suppose a < b < c. Then
(AffineMap(p, q))�[a, b]+·(AffineMap(p, q))�[b, c] = (AffineMap(p, q))�[a, c].
Proof: Set f = AffineMap(p, q). For every object x such that
x ∈ dom(f�[a, c]) holds (f�[a, c])(x) = (f�[a, b]+·f�[b, c])(x). �

Let us consider real numbers a, b, c and a real number x. Now we state the
propositions:
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(46) If a < b < c, then if x ∈ [a, b], then (TriangularFS(a, b, c))(x) =
(AffineMap( 1b−a ,−

a
b−a))(x).

Proof: For every real number x such that x ∈ [a, b] holds (TriangularFS(a,
b, c))(x) = (AffineMap( 1b−a ,−

a
b−a))(x). �

(47) If a < b < c, then if x ∈ [b, c], then (TriangularFS(a, b, c))(x) =
(AffineMap(− 1

c−b ,
c
c−b))(x).

(48) If a < b < c, then if x /∈ ]a, c[, then (TriangularFS(a, b, c))(x) =
(AffineMap(0, 0))(x).
Proof: For every real number x such that x /∈ ]a, c[ holds
(TriangularFS(a, b, c))(x) = (AffineMap(0, 0))(x). �

References

[1] Didier Dubois and Henri Prade. Operations on fuzzy numbers. International Journal of
Systems Science, 9(6):613–626, 1978. doi:10.1080/00207727808941724.

[2] Didier Dubois and Henri Prade. Fuzzy Sets and Systems: Theory and Applications. Aca-
demic Press, New York, 1980.

[3] Ronald E. Giachetti and Robert E. Young. A parametric representation of fuzzy num-
bers and their arithmetic operators. Fuzzy Sets and Systems, 91(2):185–202, 1997.
doi:10.1016/S0165-0114(97)00140-1.

[4] Eikou Gonda, Hitoshi Miyata, and Masaaki Ohkita. Self-turning of fuzzy rules with
different types of MSFs (in Japanese). Journal of Japan Society for Fuzzy Theory and
Intelligent Informatics, 16(6):540–550, 2004. doi:10.3156/jsoft.16.540.

[5] Adam Grabowski. The formal construction of fuzzy numbers. Formalized Mathematics,
22(4):321–327, 2014. doi:10.2478/forma-2014-0032.

[6] Adam Grabowski. Fuzzy implications in the Mizar system. In 30th IEEE International
Conference on Fuzzy Systems, FUZZ-IEEE 2021, Luxembourg, July 11–14, 2021, pages
1–6. IEEE, 2021. doi:10.1109/FUZZ45933.2021.9494593.

[7] Adam Grabowski. On the computer certification of fuzzy numbers. In M. Ganzha,
L. Maciaszek, and M. Paprzycki, editors, 2013 Federated Conference on Computer Science
and Information Systems (FedCSIS), Federated Conference on Computer Science and
Information Systems, pages 51–54, 2013.

[8] Adam Grabowski and Takashi Mitsuishi. Initial comparison of formal approaches to
fuzzy and rough sets. In Leszek Rutkowski, Marcin Korytkowski, Rafal Scherer, Ryszard
Tadeusiewicz, Lotfi A. Zadeh, and Jacek M. Zurada, editors, Artificial Intelligence and
Soft Computing – 14th International Conference, ICAISC 2015, Zakopane, Poland, June
14-18, 2015, Proceedings, Part I, volume 9119 of Lecture Notes in Computer Science,
pages 160–171. Springer, 2015. doi:10.1007/978-3-319-19324-3 15.

[9] Adam Grabowski and Christoph Schwarzweller. On duplication in mathematical repo-
sitories. In Serge Autexier, Jacques Calmet, David Delahaye, Patrick D. F. Ion, Lau-
rence Rideau, Renaud Rioboo, and Alan P. Sexton, editors, Intelligent Computer Mathe-
matics, 10th International Conference, AISC 2010, 17th Symposium, Calculemus 2010,
and 9th International Conference, MKM 2010, Paris, France, July 5–10, 2010. Proce-
edings, volume 6167 of Lecture Notes in Computer Science, pages 300–314. Springer,
2010. doi:10.1007/978-3-642-14128-7 26.

[10] Adam Grabowski and Christoph Schwarzweller. Translating mathematical vernacular
into knowledge repositories. In Michael Kohlhase, editor, Mathematical Knowledge Ma-
nagement, volume 3863 of Lecture Notes in Computer Science, pages 49–64. Springer,
2006. doi:10.1007/11618027 4. 4th International Conference on Mathematical Knowledge
Management, Bremen, Germany, MKM 2005, July 15–17, 2005, Revised Selected Papers.

[11] Adam Grabowski, Artur Korniłowicz, and Adam Naumowicz. Mizar in a nutshell. Journal
of Formalized Reasoning, 3(2):153–245, 2010.

http://dx.doi.org/10.1080/00207727808941724
https://www.sciencedirect.com/science/article/pii/S0165011497001401
https://www.sciencedirect.com/science/article/pii/S0165011497001401
http://dx.doi.org/10.1016/S0165-0114(97)00140-1
https://cir.nii.ac.jp/crid/1390001205185848192
https://cir.nii.ac.jp/crid/1390001205185848192
http://dx.doi.org/10.3156/jsoft.16.540
http://dx.doi.org/10.2478/forma-2014-0032
https://doi.org/10.1109/FUZZ45933.2021.9494593
http://dx.doi.org/10.1109/FUZZ45933.2021.9494593
https://doi.org/10.1007/978-3-319-19324-3_15
https://doi.org/10.1007/978-3-319-19324-3_15
http://dx.doi.org/10.1007/978-3-319-19324-3_15
http://dx.doi.org/10.1007/978-3-642-14128-7_26
http://dx.doi.org/10.1007/11618027_4


308 takashi mitsuishi

[12] Tetsuro Katafuchi, Kiyoji Asai, and Hiroshi Fujita. Investigation of deffuzification in
fuzzy inference: Proposal of a new defuzzification method (in Japanese). Medical Imaging
and Information Sciences, 18(1):19–30, 2001. doi:10.11318/mii1984.18.19.

[13] Ebrahim H. Mamdani. Application of fuzzy algorithms for control of simple dynamic
plant. IEE Proceedings, 121:1585–1588, 1974.

[14] Takashi Mitsuishi. Some properties of membership functions composed of triangle func-
tions and piecewise linear functions. Formalized Mathematics, 29(2):103–115, 2021.
doi:10.2478/forma-2021-0011.

[15] Takashi Mitsuishi. Definition of centroid method as defuzzification. Formalized Mathe-
matics, 30(2):125–134, 2022. doi:10.2478/forma-2022-0010.

[16] Takashi Mitsuishi. Isosceles triangular and isosceles trapezoidal membership functions
using centroid method. Formalized Mathematics, 31(1):59–66, 2023. doi:10.2478/forma-
2023-0006.

[17] Takashi Mitsuishi, Takanori Terashima, Nami Shimada, Toshimichi Homma, and Yasunari
Shidama. Approximate reasoning using LR fuzzy number as input for sensorless fuzzy
control. In 2016 IEEE Symposium on Sensorless Control for Electrical Drives (SLED),
pages 1–5, 2016. doi:10.1109/SLED.2016.7518804.

[18] Masaharu Mizumoto. Improvement of fuzzy control (IV)-case by product-sum-gravity
method. In Proc. 6th Fuzzy System Symposium, 1990, pages 9–13, 1990.

[19] Timothy J. Ross. Fuzzy Logic with Engineering Applications. John Wiley and Sons Ltd,
2010.

[20] Luciano Stefanini and Laerte Sorini. Fuzzy arithmetic with parametric LR fuzzy numbers.
In Proceedings of the Joint 2009 International Fuzzy Systems Association World Congress
and 2009 European Society of Fuzzy Logic and Technology Conference, pages 600–605,
2009.

[21] Werner Van Leekwijck and Etienne E. Kerre. Defuzzification: Criteria and classification.
Fuzzy Sets and Systems, 108(2):159–178, 1999.

[22] Lotfi Zadeh. Fuzzy sets. Information and Control, 8(3):338–353, 1965. doi:10.1016/S0019-
9958(65)90241-X.

Accepted December 18, 2023

http://dx.doi.org/10.11318/mii1984.18.19
https://ci.nii.ac.jp/naid/20000916707/
https://ci.nii.ac.jp/naid/20000916707/
http://dx.doi.org/10.2478/forma-2021-0011
http://dx.doi.org/10.2478/forma-2022-0010
http://dx.doi.org/10.2478/forma-2023-0006
http://dx.doi.org/10.2478/forma-2023-0006
http://dx.doi.org/10.1109/SLED.2016.7518804
http://dx.doi.org/10.1016/S0019-9958(65)90241-X
http://dx.doi.org/10.1016/S0019-9958(65)90241-X

	=0pt Symmetrical Piecewise Linear Functions Composed by Absolute Value Function  By Takashi Mitsuishi  

