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1. PRELIMINARIES

From now on X denotes a set, a, b, ¢, k, m, n denote natural numbers, 1,
j denote integers, 7, s denote real numbers, and p, p1, p2, p3, ¢ denote prime

numbers.
Let us consider n and r. Let us observe that n—r +r is natural and n+r—r

is natural. Now we state the propositions:
(1) Let us consider natural numbers m, n. If m < n < m+2, then n = m+1.

(2) Ny =N\ {0}

Let us note that N is infinite. Now we state the propositions:

(3) Let us consider finite sequences f, g. Suppose f " g is X-valued. Then
(i) fis X-valued, and
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(i) g is X-valued.

(4) Let us consider complex-valued many sorted sets fi, f2, f3 indexed by
X. Suppose for every object x such that x € X holds fi(z) = fa(z)- f3(x).
Then f1 = fa- fs.

(5) Ifb;éOandc;éO,then%fc>r.

(6) If m < n, then m!|nl.

PROOF: Define Plnatural number] = if m < $;, then m! | $;!. If P[k], then
Plk +1]. Plk]. O

(7) If p1 | po, then p1 = po.

(8) If m and n are relatively prime, then a-n+m and n are relatively prime.

(9) Ifn|27 thenn=1orn=3o0orn=9orn=27.

2. PROBLEM 25

Now we state the proposition:
(10) Let us consider a function f. Then support(EmptyBag X+-f) = support f.
Let X be a set and f be a finite-support function.
Observe that EmptyBag X +-f is finite-support.
Let p be a prime number and n be a non zero natural number. Observe that
p-count(p™) is non zero. Now we state the propositions:

(11) Let us consider a finite-support function b.
Then dom(b - (CFS(support d))) = dom(CFS(support b)).
(12) Let us consider complex-valued functions f, g. Then support(f - g) C
support f.
Let f, g be finite-support, complex-valued functions. One can verify that
f - g is finite-support. Now we state the propositions:

(13) Let us consider complex-valued functions f, g. Suppose support f =
support g. Then support(f - g) = support f. The theorem is a consequence
of (12).

(14) Let us consider finite-support, complex-valued many sorted sets by, by
indexed by X. Suppose support by = support bg. Then [](by -b2) = (I]b1) -
(ITb2)-

PROOF: Set by = by - by. support by = support b;. support by = support bs.
Consider fy being a finite sequence of elements of C such that [[bg =[] fo
and fy = by - (CFS(support bg)). Consider fi being a finite sequence of ele-
ments of C such that [Tb; = [[ f1 and f; = b;-(CFS(support by )). Consider
f2 being a finite sequence of elements of C such that [[be =[] f2 and fo =
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by-(CFS(support b3)). dom(by-(CFS(support by))) = dom(CFS(support by)).
dom fo = dom f;. dom fy = dom fo. For every object ¢ such that ¢ €
dom fj holds fo(c) = fi(c) - fa(c). O
Let n be a non zero natural number. The functor EulerFactorization(n)
yielding a function is defined by

(Def. 1) dom it = support PPF(n) and for every natural number p such that p €
dom it there exists a non zero natural number ¢ such that ¢ = p-count(n)
and it(p) = p¢ — p°~ L.
Observe that dom(EulerFactorization(n)) is finite and EulerFactorization(n)
is P-defined. Now we state the propositions:
(15) Let us consider a non zero natural number n, and an object p. Suppose
p € dom(EulerFactorization(n)). Then p is a prime number.

(16) Let us consider a non zero natural number n, and a natural number p.
Suppose p € dom(EulerFactorization(n)). Then there exists a non zero
natural number c such that

(i) ¢ = p-count(n), and
(i) (EulerFactorization(n))(p) = p*~* - (p — 1).
Let n be a non zero natural number. Let us observe that EulerFactorization(n)

is natural-valued and EulerFactorization(n) is finite-support and EulerFactoriza-
tion(1) is empty. Now we state the propositions:
(17) Let us consider a non zero natural number n.
Then EulerFactorization(p™) = p——s(p" — p"~1).
(18) EulerFactorization(p) = p——(p — 1). The theorem is a consequence of
(17).
Let us consider a non zero natural number n. Now we state the propositions:

(19) support EulerFactorization(n) = dom(EulerFactorization(n)). The the-
orem is a consequence of (15).

(20) If n > 1, then support EulerFactorization(n) is not empty.

(21) If n > 1, then EulerFactorization(n) is not empty. The theorem is a con-
sequence of (20).

Let us consider non zero natural numbers s, t. Now we state the propositions:

(22) If s and t are relatively prime, then dom(EulerFactorization(s)) misses
dom(EulerFactorization(t)).

(23) Suppose s and ¢ are relatively prime. Then EmptyBag P+ EulerFactoriza-
tion(s-t) = (EmptyBag P+ EulerFactorization(s))+(EmptyBag P+- Euler-
Factorization(t)).



90 ARTUR KORNILOWICZ

PROOF: Set n = s-t. Set N = EulerFactorization(n). Set S = EulerFactori-
zation(s). Set T = EulerFactorization(t). For every object = such that
x € P holds (B+-N)(z) = (B+-S)(x) + (B+-T)(z) by [7, (25), (58)], (22).
O

(24) Let us consider a non zero natural number n.
Then Euler n = [[(EmptyBag P+ EulerFactorization(n)).
PRrROOF: Set N = EulerFactorization(n). Define P[natural number| = for
every non zero natural number n such that support(B+- EulerFactorizatio-
n(n)) C Seg$; holds [[(B+- EulerFactorization(n)) = Euler n. P[0]. For
every natural number k such that P[k] holds P[k + 1]. For every natural
number k, P[k]. Set G = B+-N. support G = support N. [J

Let n be a non zero natural number. The functor EulerFactorization;(n)
yielding a function is defined by

(Def. 2) dom it = support PPF(n) and for every natural number p such that p €
dom it there exists a non zero natural number ¢ such that ¢ = p-count(n)
and it(p) = p°~L.

Let us observe that dom(EulerFactorization; (n)) is finite and EulerFactoriza-
tionj(n) is P-defined. Now we state the proposition:

(25) Let us consider a non zero natural number n, and an object p. Suppose
p € dom(EulerFactorization;(n)). Then p is a prime number.

Let n be a non zero natural number. Note that EulerFactorization;(n) is
natural-valued and EulerFactorization;(n) is finite-support. Now we state the
proposition:

(26) Let us consider a non zero natural number n. Then support EulerFactori-
zation) (n) = dom(EulerFactorization; (n)). The theorem is a consequence
of (25).

Let n be a non zero natural number. The functor EulerFactorizations(n)

yielding a function is defined by

(Def. 3) domit = support PPF(n) and for every natural number p such that
p € dom it holds it(p) = p — 1.
One can verify that dom(EulerFactorizations(n)) is finite and EulerFactoriza-
tiong(n) is P-defined. Now we state the proposition:
(27) Let us consider a non zero natural number n, and an object p. Suppose
p € dom(EulerFactorizationa(n)). Then p is a prime number.
Let n be a non zero natural number. Let us note that EulerFactorizations(n)
is natural-valued and EulerFactorizations(n) is finite-support.
Let us consider a non zero natural number n. Now we state the propositions:
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(28) support EulerFactorizations(n) = dom(EulerFactorizationy(n)). The the-
orem is a consequence of (27).

(29) EmptyBagP+- EulerFactorization(n) = (EmptyBag P+ EulerFactoriza-
tiony (n)) - (EmptyBag P+ EulerFactorizationg(n)).
PRrROOF: Set N = EulerFactorization(n). Set S = EulerFactorization;(n).
Set T' = EulerFactorizations(n). For every object x such that = € P holds
(B+-N)(x) = (B+-S)(z) - (B+T)(z). O

(30) Let us consider integer-valued finite sequences fi, fo. Suppose len f1 =
len fo and for every n such that 1 < n < len f; holds fi(n) | f2(n). Then
I1/1 [T fe

(31) Let us consider a non zero natural number n.
Then [](EmptyBag P+ EulerFactorization (n)) | n.
PRrROOF: Set by = PPF(n). Set F; = EulerFactorization;(n). Set by =
B+-Fy. Consider fy being a finite sequence of elements of C such that
[Tbo = [1fo and fo = by - (CFS(support bg)). Consider f; being a fi-
nite sequence of elements of C such that [[by = [[f1 and f1 = b1 -
(CFS(support by)). support by = support Fi. support F; = dom F;. dom fj
= dom(CFS(support by)). dom f; = dom(CFS(support by)). For every na-
tural number x such that 1 < z <len f; holds fi(z) | fo(x). [T f1 | I fo-
]

Let f be a real-valued function and r be a real number. We say that f <r
if and only if
(Def. 4) for every object x such that x € dom f holds f(z) < 7.
Now we state the propositions:
(32) Let us consider a real-valued function f, and real numbers 7, ro. If
f <71 <rg, then f < ro.
(33) Let us consider real-valued functions f, g. If rngg C rng f and f < n,
then g < n.
Let us consider extended real-valued finite sequences f, g. Now we state the
propositions:
(34) If f ™ g is increasing, then f is increasing and g is increasing.
(35) If f~ g is positive yielding, then f is positive yielding and g is positive
yielding.
(36) Let us consider a natural-valued finite sequence f. If f < n and f is in-
creasing and positive yielding, then [] f | n!. The theorem is a consequence
of (3), (34), (35), and (6).
Let f be a natural-valued finite sequence. Note that sort, f is natural-valued
and sortq f is natural-valued. Let f be an integer-valued finite sequence. One
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can check that sort, f is integer-valued and sortq f is integer-valued. Let f be
a rational-valued finite sequence. One can verify that sort, f is rational-valued
and sortq f is rational-valued. Now we state the proposition:

(37) Let us consider binary relations P, R. Suppose rng R C rng P and P is
positive yielding. Then R is positive yielding.
Let f be a positive yielding, real-valued finite sequence. Let us observe
that sort, f is positive yielding and every function which is P-defined is also
N-defined. Now we state the propositions:

(38) Let us consider a real-valued, finite-support function f. Suppose f < n.
Let us consider a real-valued finite sequence F'. Suppose F' = (EmptyBag P
+-f) - (CFS(support(EmptyBagP+-f))). Then F' < n.

(39) Let us consider a natural-valued, finite-support function f, and a real-
valued finite sequence F'.

Suppose F' = (EmptyBag P+- f) - (CFS(support(EmptyBagP+-f))). Then
F is positive yielding. The theorem is a consequence of (11).
Let us consider a natural-valued, finite-support, P-defined function f and
a real-valued finite sequence F'. Now we state the propositions:

(40) Suppose f is increasing. Then suppose F' = (EmptyBag P+- f)-(CFS(sup-
port(EmptyBagP+-f))). Then sort, F' is one-to-one. The theorem is a con-
sequence of (10) and (11).

(41) Suppose f is increasing. Then suppose F' = (EmptyBag P+ f)-(CEFS(sup-
port(EmptyBagP+-f))). Then sort, F is increasing. The theorem is a con-
sequence of (11) and (10).

(42) Let us consider a natural-valued, finite-support, P-defined function f.
Suppose f < n and f is increasing. Then [[(EmptyBagP+:f) | n!. The
theorem is a consequence of (38), (39), (41), (33), and (36).

(43) Let us consider a non zero natural number n. Then EulerFactorizationa(n)
< n — 1. The theorem is a consequence of (27).

Let n be a non zero natural number. Let us note that EulerFactorizations(n)
is increasing and EulerFactorizations(n) is positive yielding.
Let us consider a non zero natural number n. Now we state the propositions:

(44) TI(EmptyBagP+- EulerFactorizations(n)) | (n — 1)!.

(45) Eulern | n!. The theorem is a consequence of (24), (31), (43), (42), (10),
(26), (28), (29), and (14).

(46) Let us consider an odd natural number n. Then n | 2% — 1. The theorem
is a consequence of (45).
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3. PROBLEM &6

Now we state the proposition:

(47) Suppose p1, p2, p3 are mutually different. Then

(i) p1 > 2 and py > 3 and p3 > 5, or
(ii) p1 > 2 and py > 5 and p3 > 3, or
(iii) p1 > 3 and p2 > 2 and p3 > 5, or
(iv) p1 > 3 and p2 > 5 and p3 > 2, or
(v) p1 > 5 and py > 2 and p3 > 3, or
(vi) p1 > 5 and py > 3 and p3 > 2.

Let n be a natural number. We say that n satisfies Sierpinski Problem 86 if
and only if

(Def. 5) there exist prime numbers p1, p2, p3 such that p;, pa2, ps are mutually

different and n? — 1 = py - po - p3.
Now we state the propositions:

(48) If n satisfies Sierpinski Problem 86, then n > 6. The theorem is a con-
sequence of (47).

(49) Let us consider prime numbers a, b, c. f n? — 1 =a-b-c, then n — 1 is
prime or n + 1 is prime.
(50) Suppose n satisfies Sierpinski Problem 86. Then
(i) n— 1 is prime and there exist prime numbers z, y such that x # y
andn+1=x-y, or
(ii) m + 1 is prime and there exist prime numbers x, y such that x # y
andn—1=z-y.
The theorem is a consequence of (49).

(51) If n satisfies Sierpinski Problem 86, then n is even. The theorem is a con-
sequence of (50) and (48).

142 -1=3-5-13.
162—-1=3-5-17.
202 -1=3-7-19.
222 -1=3.7-23.
322 -1=3-11-31.
14 satisfies Sierpinski Problem 86. The theorem is a consequence of (52).
16 satisfies Sierpinski Problem 86. The theorem is a consequence of (53).

20 satisfies Sierpinski Problem 86. The theorem is a consequence of (54).
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(60) 22 satisfies Sierpinski Problem 86. The theorem is a consequence of (55).
(61) 32 satisfies Sierpinski Problem 86. The theorem is a consequence of (56).

(62) If n satisfies Sierpinski Problem 86 and n < 32,
then n € {14, 16, 20, 22, 32}. The theorem is a consequence of (48).

4. PROBLEM 184

Now we state the propositions:
(63) 3%* =1 (mod8).
(64) 813"+ 1. The theorem is a consequence of (63).

(65) If n # 0 and 2™ — 3" = 1, then m = 2 and n = 1. The theorem is
a consequence of (64).

5. PROBLEM 185

Now we state the propositions:

(66) 3%k =1 (mod4).

(67) If 2" mod 4 =2, then n = 1.

(68) If2"™ —2" =2, then m =2 and n=1.
(69)

69) If nis odd and 3" — 2™ =1, then n = m = 1. The theorem is a conse-

quence of (66) and (67).

(70) If n is even and 3™ — 2™ = 1, then n = 2 and m = 3. The theorem is
a consequence of (68).

(71) If 3" —2m =1, then n =m =1 or n = 2 and m = 3. The theorem is
a consequence of (69) and (70).

6. PROBLEM 88

Let us consider n. We say that n has unique prime divisor if and only if

(Def. 6) there exists a prime number p such that p | n and for every prime number
r such that r # p holds r 1 n.

Assume n has unique prime divisor. The only divisor of n yielding a prime
number is defined by

(Def. 7) it | n and for every prime number r such that r # it holds r { n.
Now we state the proposition:

(72) If n has unique prime divisor and p | n, then the only divisor of n = p.
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Let us observe that every natural number which is prime has unique prime
divisor. Now we state the proposition:
(73) The only divisor of p = p.
One can check that every natural number which is zero does not have unique
prime divisor. Now we state the proposition:
(74) 1 does not have unique prime divisor.

Let p be a prime number. Let us observe that p° does not have unique prime
divisor. Let k be a non zero natural number. One can verify that p* has unique
prime divisor. Now we state the propositions:

(75) If p1 # pa, then p; - p2 does not have unique prime divisor.
(76) If n has unique prime divisor, then there exists a non zero natural number
k such that n = (the only divisor of n)*.

(77) If n > 7, then there exists a natural number m and there exist prime
numbers p, g such that p # ¢ and (m =norm =n+1or m = n + 2)
and p | m and ¢ | m.

Proor: Consider k such that n=6-korn=6-k+1lorn=6-k+2or
n=6-k+3orn=6-k+4orn==6-k+5. nhas unique prime divisor.
n + 1 has unique prime divisor. n 4+ 2 has unique prime divisor. [

7. PROBLEM 105

Let us consider n. We say that n has more than two different prime divisors
if and only if
(Def. 8) there exist prime numbers q;, g2, g3 such that qi, g2, g3 are mutually
different and ¢; | n and ¢ | n and g3 | n.

Let n be a non zero natural number. We say that n satisfies Sierpinski
Problem 105 if and only if

(Def. 9) n — 1 has more than two different prime divisors and n + 1 has more
than two different prime divisors.

Now we state the proposition:

(78) If n has unique prime divisor, then n has no more than two different
prime divisors.
Note that every natural number which is zero has more than two different
prime divisors. Now we state the proposition:

(79) If n > 0 and n has more than two different prime divisors, then n > 30.
The theorem is a consequence of (47).
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Let us note that every natural number which is prime does not have more
than two different prime divisors. Let us consider p; and ps. Observe that pq - ps
does not have more than two different prime divisors.

Let us consider p and n. Let us note that p” does not have more than two
different prime divisors. Let us consider p, g, m and n. Note that p™ - ¢" does
not have more than two different prime divisors. Now we state the propositions:

(80) 131 satisfies Sierpinski Problem 105.
(81) There exists no prime number p such that p < 130 and p satisfies Sier-
pinski Problem 105. The theorem is a consequence of (79).

8. PROBLEM 111

Now we state the propositions:
(82) 1+3+32+33+31=11%
(83)
(84) 1+ p+p?+p®+p*is a square if and only if p = 3.
(85)

m | p* if and only if m € {1, p, p?,p?,p*}.

The set of positive divisors of p* = {1, p, p?, p?, p*}. The theorem is a con-
sequence of (83).
(86) {p, where p is a prime number : 1+ p + p? + p® + p? is a square} = {3}.
The theorem is a consequence of (84).

9. PROBLEM 137

Let D be a non empty set. Let us observe that every sequence of D is total.
Let f be a (C x D)-valued many sorted set indexed by N and n be a natural
number. Note that (f(n))1 is complex. Let f be a (D x C)-valued many sorted
set indexed by N. Note that (f(n))z2 is complex.

Let f be an (R x D)-valued many sorted set indexed by N. Note that (f(n))1
is real. Let f be a (D x R)-valued many sorted set indexed by N. Note that
(f(n))2 is real. Let f be a (Q x D)-valued many sorted set indexed by N. Note
that (f(n))1 is rational. Let f be a (D x Q)-valued many sorted set indexed by
N. Note that (f(n))2 is rational.

Let f be a (Z x D)-valued many sorted set indexed by N. Note that (f(n))1
is integer. Let f be a (D x Z)-valued many sorted set indexed by N. Note that
(f(n))z2 is integer. Let f be an (N x D)-valued many sorted set indexed by N.
Note that (f(n))1 is natural. Let f be a (D x N)-valued many sorted set indexed
by N. Note that (f(n))s is natural.
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Let a, b, x1, x2, 3, Y1, Y2, Y3 be complex numbers. The functor recSeqCart(a,
b, 1, %2, x3,Y1, Y2, y3) yielding a (C x C)-valued many sorted set indexed by N
is defined by

(Def. 10) it(0) = (a, b) and for every natural number n, it(n+1) = (x1-((it(n))1)+
z2 - ((it(n))z) + =3, y1 - ((it(n))1) + y2 - ((it(n))2) + ys)-

Let a, b, z1, 22, x3, Y1, Y2, y3 be real numbers. Let us observe that recSeqCart
(a,b,z1,22,23,Y1,Y2,y3) is (R x R)-valued. Let a, b, x1, z2, x3, y1, Y2, y3 be ra-
tional numbers. Let us observe that recSeqCart(a, b, z1, 2, T3, y1, Y2, y3) is (Q X
Q)-valued.

Let a, b, x1, x2, 3, Y1, Y2, Y3 be integers. Let us observe that recSeqCart(a, b,
X1, %2, %3, Y1,Y2,Yy3) is (Z x Z)-valued. Let a, b, x1, x2, T3, Y1, Y2, Y3 be natural
numbers. Let us observe that recSeqCart(a, b, x1, z2, 23,91, y2,y3) is (N x N)-
valued. Let us consider real numbers a, b, a1, as, as, by, ba, bg and a natural
number n. Now we state the propositions:

(87) Suppose a >0 and b > 0 and a3 > 0 and b3 > 0 and (a; > 0 and as > 0
or a; > 0 and ag > 0) and (by > 0 and ba > 0 or by > 0 and be > 0). Then

(1) ((recSeqCart(a, bv ai, az, as, b17 b27 b3))(n))1 > Oa and

(11) ((reCSeqCart(a, b7 ai, az, as, bla b27 b3))(n))2 > 0.
PROOF: Set f = recSeqCart(a,b,a,as,as, by, b, bs). Define P[natural
number| = (f($1))1 > 0 and (f($1))2 > 0. P[0]. If P[k], then Pk + 1].
Plk]. O

(88) Suppose a > 0 and b >0 and a; > 0 and az > 0 and a3 > 0 and b; > 0
and by > 0 and b3 > 0. Then

(i) ((recSeqCart(a,b, a1, az,as,by, b, b3))(n))1 > 0, and
(ii) ((recSeqCart(a,b,a1,as,as,bi,ba,b3))(n))2 > 0.
PRrROOF: Set f = recSeqCart(a,b, a1, as,as, by, be,bs). Define Plnatural
number| = (f($1))1 > 0 and (f($1))2 > 0. P[0]. If P[k], then Pk + 1].
Plk]. O
(89) Let us consider real numbers a, b, a1, az, as, b1, by, bs. Suppose a > 0

and b >0and a1 > 1 and a9 > 0 and ag > 0 and b; > 0 and by > 1 and
bg > 0. Let us consider natural numbers m, n. Suppose m > n. Then

(i) ((recSeqCart(a,b,a1,as,as,bi,ba,b3))(m))1 > ((recSeqCart(a, b, ai,
ag, as, by, ba,b3))(n))1, and

(ii) ((recSeqCart(a,b,ai,as,as,br,ba,b3))(m))2 > ((recSeqCart(a, b, a1,
az,as, by, b2, b3))(n))2.
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PRrROOF: Set f = recSeqCart(a,b, a1, as,as, by, be,bs). Define Plnatural
number] = if $; > n, then (f($1))1 > (f(n))1 and (f(31))2 > (f(n))2. If
P[k], then Pk + 1]. P[k]. O

(90) Let us consider real numbers a, b, aj, az, as, b1, by, bs. Suppose a > 0
and b > 0 and a1 > 1 and as > 0 and a3 > 0 and b; > 0 and by > 1
and bg > 0. Then recSeqCart(a, b, a1, az, as, by, by, b3) is one-to-one. The
theorem is a consequence of (89).

(91) {(=, y), where z, y are positive natural numbers : 3-22 —7-3y2+1 =0}
is infinite.
PROOF: Define R(complex number, complex number) = 3-$2 — 7. $2 + 1.
Set A = {(z, y), where z,y are positive natural numbers : R(z,y) = 0}.
Define G(real number, real number) = 55 - $; + 84 - $5 + 0. Define H(real
number, real number) = 36 - $; + 55 - $2 + 0. Define P|[object, element
of N x Njelement of N x N] = $3 = (G(($2)1, (32)2), H((32)1, ($2)2)).
Set f = recSeqCart(3,2,55,84,0,36,55,0). Define A [natural number] =
f(81) € A. If Na], then Na + 1]. Na]. rng f C A. f is one-to-one. [J

10. PROBLEM 138

One can check that there exists a set which is infinite and natural-membered.
Now we state the propositions:
(92) Ifi|p,theni=1ori=—1lori=pori=—p.
(93) {(x, y), where z,y are integers : 2- 23 +x -y — 7 = 0} = {(1, 5), (7,
—97), (-1, —9), (-7, —99) }.
PROOF: Set A = {(x, y), where x,y are integers : 2 - 23 + 2 -y — 7 = 0}.
Set B = {(1, 5),(7, =97),(—1, =9), (=7, —99)}. A C B by [10} (2)], (92).
O
(94) Let us consider a complex number r. If 7 0, then 2'(%)3—#%'(7“—%)—7 =
0.
(95) If n? < 98, then n < 4.
(96) {(z, y), where z, y are positive rational numbers : 2- 23 +2-y—7 =0}
is infinite.
PROOF: Define R(rational number, rational number) = 2 - $1°4+8,-$,— 7.
Set A = {(z, y), where z,y are positive rational numbers : R(z,y) = 0}.
Define G(natural number) = % Define H(natural number) = $; — %.
Define F(natural number) = (G($1), H($1)). Set D = N\ {0,1,2,3,4}.
Consider f being a many sorted set indexed by D such that for every
element d of D, f(d) = F(d). rng f C A. f is one-to-one. [J
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11. PROBLEM 139

Now we state the proposition:

(97) {(z, y), where z, y are positive natural numbers : (x — 1)% + (z +1)%2 =
y? + 1} is infinite.
PROOF: Define R(natural number, natural number) = ($; — 1)% + ($1 +
1)2 — ($2 4+ 1). Set A = {(z, y), where z,y are positive natural numbers :
R(x,y) = 0}. Define G(natural number, natural number) = 3-$; +2-$540.
Define H(natural number, natural number) = 4 - $; + 3 - $5 + 0. Define
Plobject, element of N x N,element of N x N] = $3 = (G(($2)1, ($2)2),
H(($2)1, ($2)2))- Set f = recSeqCart(2, 3, 3,2,0,4, 3,0). Define A'[natural
number] = f($1) € A. If Na], then Ma+1]. Na]. rng f C A. f is one-to-
one. Define R[natural number, natural number] = ($; — 1)2 + ($; +1)% =
$2+1. Set B = {{z, y), where x, y are positive natural numbers : R[z,y]}.
A=B.0O

12. PROBLEM 140

Let a be a rational number and n be a natural number. Let us observe that

n

a" is rational. Let ¢ be an integer. One can verify that a’ is rational. Now we

state the propositions:
(98) If n > 1, then 3" — 3= —2 > 0.
(99) If n> 1, then 3" + 317" —4 > 0.
(100) Let us consider complex numbers z, y. Suppose x = ?’n_?’i# and
Y= M%. Thenz-(x+1)=4-y-(y+1).
(101) If m < n, then 3™ — 317™ < 37 — 3l=n,
(102) There exist no positive natural numbers z, y such that = - (z + 1) =
4-y-(y+1).
(103) {(z, y), where z, y are positive rational numbers : z-(x+1) = 4-y-(y+1)}
is infinite.
PROOF: Define R(complex number, complex number) = $; - ($; +1) — 4 -
$2 - (32 4+ 1). Set A = {{x, y), where x,y are positive rational numbers :

R(z,y) = 0}. Define G(natural number) = w. Define H(natural

number) = w. Define F(natural number) = (G($1), H($1)). Set
D = N\{0,1}. Consider f being a many sorted set indexed by D such that
for every element d of D, f(d) = F(d). rng f C A. f is one-to-one. Define
R [complex number, complex number] = $; - ($; +1) =4 -85 - ($3+ 1). Set
B = {{x, y), where x,y are positive rational numbers : R[z,y]}. A = B.
]
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13. PROBLEM 141

Now we state the propositions:

(104) If m#0and p™ |a-b, then p|aorp]|b.
(105) If a and b are relatively prime and p" | a - b, then p" | a or p™ | b.

(106) If n # 0, then there exist no positive natural numbers z, y such that

x-(x+1)=p?>"-y-(y+1). The theorem is a consequence of (105).

14. PROBLEM 142

Now we state the proposition:

(107) Let us consider natural numbers k, x, y. Suppose 22 — 2 - y2 = k. Let

1]

[9]

(10]

(11]
(12]

us consider natural numbers ¢, u. If t = x — 2 -y and v = x — y, then
t2 —2.u%2 = —k.
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