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Summary. The article concerns about formalizing multivariable formal
power series and polynomials [3] in one variable in terms of “bag” (as described
in detail in [9]), the same notion as multiset over a finite set, in the Mizar system
1, [2]. Polynomial rings and ring of formal power series, both in one variable,
have been formalized in [6], [5] respectively, and elements of these rings are re-
presented by infinite sequences of scalars. On the other hand, formalization of
a multivariate polynomial requires extra techniques of using “bag” to represent
monomials of variables, and polynomials are formalized as a function from bags
of variables to the scalar ring. This means the way of construction of the rings
are different between single variable and multi variables case (which implies some
tedious constructions, e.g. in the case of ten variables in [§], or generally in the
problem of prime representing polynomial [7]). Introducing bag-based construc-
tion to one variable polynomial ring provides straight way to apply mathematical
induction to polynomial rings with respect to the number of variables. Another
consequence from the article, a polynomial ring is a subring of an algebra [4] over
the same scalar ring, namely a corresponding formal power series. A sketch of
actual formalization of the article is consists of the following four steps:

1. translation between Bags 1 (the set of all bags of a singleton) and N;

2. formalization of a bag-based formal power series in multivariable case over
a commutative ring denoted by Formal-Series(n, R);

3. formalization of a polynomial ring in one variable by restricting one variable
case denoted by Polynom-Ring(1, R). A formal proof of the fact that
polynomial rings are a subring of Formal-Series(n, R), that is R-Algebra,
is included as well;

4. formalization of a ring isomorphism to the existing polynomial ring in one
variable given by sequence: Polynom-Ring(1, R) — Polynom-Ring R.
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2 YASUSHIGE WATASE
1. PRELIMINARIES

From now on o, o1, 02 denote objects, n denotes an ordinal number, R, L
denote non degenerated commutative rings, and b denotes a bag of 1.
Let us consider a sequence f of R. Now we state the propositions:
(1) Support f = 0 if and only if f = 0.R.
(2) If Support f is finite, then f is a finite-Support sequence of R. The
theorem is a consequence of (1).
(3) If f is a finite-Support sequence of R, then Support f is finite.
Let us consider a bag b of 1. Now we state the propositions:
(4) TRANSLATION BAGS 1 NOTATION TO NAT:
(i) domb = {0}, and
(ii) rngb = {b(0)}.
(5) b=1+—b(0).
PROOF: For every o such that o € domb holds b(0) = (1 — b(0))(0). O
Let us consider bags b1, by of 1. Now we state the propositions:
(6) bi+by=1+— bl(O) + bQ(O)
PRrROOF: dom(b; +b2) = {0}. For every object x such that € dom(b; +b2)
holds (b1 + b2)(x) = (1 — b1(0) + b2(0))(x). O
(7) by —"ba =1+ b1(0) =" b2(0).
PRrROOF: dom(b; —'b2) = {0}. For every object z such that 2z € dom(by—'b2)
holds (b; —' b2)(z) = (1 —— b1(0) =" b2(0))(z). O
(8) b1(0) < b2(0) if and only if by | be.
PROOF: If b1(0) < b2(0), then by | by. O
(9) Let us consider an ordinal number n. Then BagOrder n linearly orders
Bagsn.
The functor NBagl yielding a function from N into Bags1 is defined by
(Def. 1) for every element m of N, it(m) =1 +—— m.
The functor BagN1 yielding a function from Bags 1 into N is defined by
(Def. 2) for every element b of Bags1, it(b) = b(0).
Now we state the propositions:
(10) (BagN1) - (NBagl) = idy.
PROOF: For every o such that o € dom((BagN1)-(NBagl)) holds ((BagN1)-
(NBagl))(o) = (idn)(0). O
(11) (NBagl) - (BagN1) = idpags1-
PROOF: For every o such that o € dom((NBagl)-(BagN1)) holds ((NBagl)-
(BagN1))(0) = (idBags1)(0). U
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One can check that NBagl is one-to-one and onto and BagN1 is one-to-one
and onto. Now we state the proposition:

(12) Let us consider bags by, by of 1. Then
(i) b € rngdivisors by iff b2(0) < b1(0), and
(ii) by € rng divisors by iff b ’ b1.
The theorem is a consequence of (9) and (8).
Let us consider a bag b of 1. Now we state the propositions:
(13) rngdivisorsb = {z, where x is a bag of 1 : x(0) < b(0)}. The theorem is
a consequence of (12).
(14) rng(NBagl [Zyg)41) = {z, where = is a bag of 1 : 2(0) < b(0)}.
PROOF: For every o such that o € rng(NBagl [Zy(g)4.1) holds o € {x, where
x is a bag of 1 : £(0) < b(0)}. For every o such that o € {z, where x is
a bag of 1: x(0) < b(0)} holds o € rng(NBagl [Zyg)41).- U
(15) lendivisorsb = b(0) + 1. The theorem is a consequence of (14) and (13).

2. NATURAL NUMBER VS. BAG OF SINGLETON

Let n be an ordinal number. Let us consider L. The functor Formal-Series(n,
L) yielding a strict, non empty algebra structure over L is defined by
(Def. 3) for every set x, z € the carrier of it iff x is a series of n, L and for every
elements x, y of it and for every series p, ¢ of n, L such that x = p and
y = ¢q holds x + y = p 4+ q and for every elements x, y of it and for every
series p, ¢ of n, L such that x = p and y = ¢ holds = - y = p * ¢ and for
every element a of L and for every element x of it and for every series p of
n, L such that z =p holds a- 2 =a-p and 0z = 0,L and 14 = 1_(n, L).
Let us observe that Formal-Series(n, L) is Abelian, add-associative, right ze-
roed, right complementable, commutative, and associative and Formal-Series(n,
L) is well unital and right distributive.
Now we state the proposition:
(16) Let us consider an ordinal number n, L, an element a of L, and series p,
gofn, L. Thena-(p+q)=a-p+a-q.
PROOF: For every element i of Bagsn, (a-(p+¢q))(i) = (a-p+a-q)(i). O
Let us consider an ordinal number n, L, elements a, b of L, and a series p of
n, L. Now we state the propositions:
(17) (a+b)-p=a-p+b-p.
PROOF: For every element ¢ of Bagsn, ((a+b)-p)(i) = (a-p+b-p)(i). O

(18) (a-b)-p=a-(b-p).
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(19) Let us consider an ordinal number n, L, and a series p of n, L. Then
lr-p=p.

Let n be an ordinal number. Let us consider L. One can verify that Formal-Ser-
ies(n, L) is vector distributive, scalar distributive, scalar associative, and scalar
unital. Now we state the proposition:

(20) Let us consider an ordinal number n, and L. Then Formal-Series(n, L)
is mix-associative.
PROOF: For every element a of L and for every elements x, y of Formal-Ser-
ies(n,L), a-(z-y)=(a-z) -y. O

Let n be an ordinal number. Let us consider L. Let us observe that Formal-Ser-
ies(n, L) is mix-associative.

3. CONSTRUCTING R-ALGEBRA OF MULTIVARIATE FORMAL POWER SERIES

Now we state the proposition:

(21) Polynom-Ring(n, R) is a subring of Formal-Series(n, R).
PRrROOF: Set P» = Polynom-Ring(n, R). Set F» = Formal-Series(n, R).
If o € the carrier of P,, then o € the carrier of F5. The addition of
P, = (the addition of Fy) [ (the carrier of P»). The multiplication of
P, = (the multiplication of Fy) [ (the carrier of P»). O

Let us consider R. Now we state the propositions:

(22) (01R) - (NBagl) = 0.R.
PROOF: For every o such that o € dom((0;R) - (NBagl)) holds ((01R) -
(NBagl))(o) = (0.R)(0). O

(23) (01R+- (EmptyBagl,1R)) - (NBagl) = 0.R +- (0, 1R).
PRrROOF: For every o such that o € dom(0.R +- (0,1g)) holds ((01R +-
(EmptyBag1,1g)) - (NBagl))(0o) = (0.R +- (0,1g))(0). O

(24) (01R+-(1+~——1,1g)) - (NBagl) =0.R+- (1,1R).
PROOF: For every o such that o € dom(0.R+-(1,1g)) holds ((0;R+-(1 —
1,1g)) - (NBagl))(o) = (0.R +- (1,1g))(0). O

(25) Let us consider a bag b of 1. Then

(i) SgmX(BagOrder 1, rngdivisorsb) = XFS2FS(NBagl [Zyg)11), and
(ii) divisorsb = XFS2FS(NBagl [Zy(0)41)-

PROOF: Set F' = NBagl [Zy()+1. For every natural numbers n, m such
that n, m € dom(XFS2FS(F)) and n < m holds (XFS2FS(F')),, #
(XFS2FS(F)) p, and ((XFS2FS(F)) p, (XFS2FS(F)),,,) € BagOrder 1.
Reconsider S = rngdivisorsb as a non empty, finite subset of Bags1. For
every bagpof 1, pe Siff p|b. O



ON BAG OF 1. PART 1 5

4. CONSTRUCTING ISOMORPHISM FROM FORMAL-SERIES(1, R) TO
FORMAL-SERIES R

Let us consider R. The functor BSFSeries(R) yielding a function from Formal-

Series(1, R) into Formal-Series R is defined by
(Def. 4) for every object = such that = € the carrier of Formal-Series(1, R) there
exists a series z1 of 1, R such that 1 = x and it(x) = z; - (NBagl).

Let us observe that BSFSeries(R) is one-to-one and onto. Now we state the
propositions:

(26) Let us consider a ring R, and series f, g of 1, R. Then (f+g¢)-(NBagl) =
f - (NBagl) + ¢ - (NBagl).
PRrROOF: For every o such that o € N holds ((f + g) - (NBagl))(o) =
(f - (NBagl) + g - (NBagl))(o). O

(27) Let us consider elements f, g of Formal-Series(1, R). Then (BSFSeries(R))
(f + g) = (BSFSeries(R))(f) + (BSFSeries(R))(g). The theorem is a con-
sequence of (26).

(28) Let us consider series f, g of 1, R. Then (fxg)-(NBagl) = f-(NBagl) *
g - (NBagl).
PRrROOF: For every o such that o € N holds ((f * g) - (NBagl))(o) = (f -
(NBagl) * g - (NBagl))(o). O

(29) Let us consider elements f, g of Formal-Series(1, R). Then (BSFSeries(R))
(f - g) = (BSFSeries(R))(f) - (BSFSeries(R))(g). The theorem is a conse-
quence of (28).

(30) (BSFSeries(R))(1rormal-Series(1,r)) = LFormal-Series 8- The theorem is a con-
sequence of (23).

Let us consider R. Let us note that BSFSeries(R) is additive, multiplicative,
and unity-preserving. Now we state the proposition:

(31) (i) BSFSeries(R) inherits ring isomorphism, and
(ii) Formal-Series R is (Formal-Series(1, R))-isomorphic.

Let us consider R. One can verify that Formal-Series R is (Formal-Series(1,
R))-homomorphic, (Formal-Series(1, R))-monomorphic, and (Formal-Series(1,
R))-isomorphic.

The functor SBFSeries(R) yielding a function from Formal-Series R into
Formal-Series(1, R) is defined by

(Def. 5) for every object x such that x € the carrier of Formal-Series R there
exists a sequence x; of R such that z; = z and it(z) = z;1 - (BagN1).

Now we state the proposition:
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(32) (BSFSeries(R))~! = SBFSeries(R).
PRrROOF: For every o such that o € dom((SBFSeries(R)) - (BSFSeries(R)))
holds ((SBFSeries(R)) - (BSFSeries(R)))(0) = (idgom(BSFSeries(R)))(0)- U
Let us consider R. One can check that SBFSeries(R) is one-to-one and onto.
Now we state the proposition:
(33) SBFSeries(R) inherits ring homomorphism.
PROOF: Set P = BSFSeries(R). Set F; = Formal-Series(1, R). Set Fy =
Formal-Series R. For every elements x, y of Fy, (P~!)(z+y) = (P~ !)(z)+
(P~H)(y) and (P~)(z - y) = (P7)(z) - (P71)(y) and (P7)(1p,) = 1.
U
Let us consider R. One can check that SBFSeries(R) is additive, multiplica-
tive, and unity-preserving. Now we state the proposition:
(34) (i) SBFSeries(R) inherits ring isomorphism, and
(ii) Formal-Series(1, R) is (Formal-Series R)-isomorphic.
Let us consider R. Let us observe that Formal-Series(1, R) is (Formal-Series R)-
homomorphic, (Formal-Series R)-monomorphic, and (Formal-Series R)-isomorphic.

5. CONSTRUCTING ISOMORPHISM FROM POLYNOM-RING(1, R) TO
PoLyNOM-RING R

Now we state the propositions:

(35) Polynom-Ring R is a subring of Formal-Series R.

(36) Let us consider sequences f1, g1 of R. Then (f; + ¢1) - (BagN1l) = f -
(BagN1) + g1 - (BagN1).
PROOF: For every o such that o € dom((f1 + ¢1) - (BagN1)) holds ((f1 +
1) - (BagN1))(0) = (f1 - (BagN1) + g1 - (BagN1))(o). [

(37) Let us consider a sequence f of the carrier of R. Then f = f - (BagN1) -
(NBagl). The theorem is a consequence of (10).

(38) Let us consider a series f of 1, R. Then f = f - (NBagl) - (BagN1). The
theorem is a consequence of (11).

(39) Let us consider a sequence f of R.
Then (NBagl)°(Support f) = Support f - (BagN1).
PROOF: For every o, o € (NBagl)°®(Support f) iff o € Support f - (BagN1).
([l

(40) Let us consider a subset B of N. Then B = (NBagl)°B.

(41) Let us consider a sequence f of R. Then Support f = Support f - (BagN1).
The theorem is a consequence of (40) and (39).
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(42) Let us consider a series f of 1, R. Then (BagN1)°(Support f) = Support f-
(NBagl).
PROOF: For every o, o € (BagN1)°(Support f) iff o € Support f-(NBagl).
g

(43) Let us consider a subset B of Bags1. Then B = (BagN1)°B.

(44) Let us consider a series f of 1, R. Then Support f = Support f - (NBagl).
The theorem is a consequence of (43) and (42).

Let us consider R. The functor BSPoly(R) yielding a function from Polynom-
Ring(1, R) into Polynom-Ring R is defined by the term
(Def. 6) BSFSeries(R)[Qpolynom-Ring(1,R)-
Now we state the proposition:
(45) BSPoly(R) is one-to-one and onto.
ProoF: BSPoly(R) is onto. [J
Let us consider R. Let us observe that BSPoly(R) is one-to-one and onto.
Let us consider elements p, ¢ of Polynom-Ring(1, R) and elements f, g of
Formal-Series(1, R). Now we state the propositions:
(46) Ifp=fandg=g,thenp+qg=f+g.
(47) Ifp=fandg=g,thenp-q=f-g.
Let us consider elements f, g of Polynom-Ring(1, R). Now we state the
propositions:
(48) (BSPoly(R))(f +g) = (BSPoly(R
is a consequence of (35), (27), and

(
(49)  (BSPoly(R))(f - g) = (BSPoly(R))
a consequence of (35), (29), and (4

(50) (BSPOIY(R))(1Polynom—ng(1 R)) Ip Polynom-Ring R- The theorem is a con-
sequence of (35) and (30).
Let us consider R. Note that BSPoly(R) is additive, multiplicative, and
unity-preserving. Now we state the proposition:

(51) (i) BSPoly(R) inherits ring isomorphism, and

))(f) + (BSPoly(R))(g). The theorem
46).

(f) - (BSPoly(R))(g). The theorem is
7).

(ii) Polynom-Ring R is (Polynom-Ring(1, R))-isomorphic.
Let us consider R. Let us observe that Polynom-Ring R is (Polynom-Ring(1,
R))-homomorphic, (Polynom-Ring(1, R))-monomorphic, and (Polynom-Ring(1,
R))-isomorphic.
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