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Poland

Summary. In our previous work [7] we prove that the set of prime numbers
is diophantine using the 26-variable polynomial proposed in [4]. In this paper,
we focus on the reduction of the number of variables to 10 and it is the smal-
lest variables number known today [5], [10]. Using the Mizar [3], [2] system, we
formalize the first step in this direction by proving Theorem 1 [5] formulated as
follows: Let k ∈ N. Then k is prime if and only if there exists f, i, j,m, u ∈ N+,
r, s, t ∈ N unknowns such that

DFI is square ∧ (M2−1)S2+1 is square ∧
((MU)2 − 1)T 2+1 is square ∧

(4f2 − 1)(r −mSTU)2 + 4u2S2T 2 < 8fuST (r −mSTU)

FL | (H − C)Z + F (f + 1)Q+ F (k + 1)((W 2 − 1)Su−W 2u2 + 1) (0.1)

where auxiliary variables A − I, L,M, S − W,Q ∈ Z are simply abbreviations
defined as follows W = 100fk(k+1), U = 100u3W 3+1, M = 100mUW +1,
S = (M−1)s+k+1, T = (MU−1)t+W−k+1, Q = 2MW−W 2−1, L = (k+1)Q,
A = M(U+1), B = W+1, C = r+W+1, D = (A2−1)C2+1, E = 2iC2LD,
F = (A2−1)E2+1, G = A+F (F−A), H = B+2(j−1)C, I = (G2−1)H2+1. It
is easily see that (0.1) uses 8 unknowns explicitly along with five implicit one for
each diophantine relationship: is square, inequality, and divisibility. Together
with k this gives a total of 14 variables. This work has been partially presented
in [8].
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1. Theta Notation

From now on A denotes a non trivial natural number, B, C, n, m, k denote
natural numbers, and e denotes a natural number.

Let θ be a real number. We say that θ is theta if and only if

(Def. 1) −1 ¬ θ ¬ 1.

Let us observe that 0 is theta and there exists a real number which is theta.
A Theta is a theta real number. Let θ be a Theta. Let us observe that −θ

is theta.
Let u be a Theta. Let us note that θ·u is theta. Now we state the propositions:

(1) Let us consider a Theta θ. Then |θ| ¬ 1.

(2) Let us consider a Theta θ, and real numbers λ, ε1, ε2. Suppose λ = θ · ε1
and |ε1| ¬ |ε2|. Then there exists a Theta θ1 such that λ = θ1 · ε2.

(3) Let us consider Theta’s θ1, θ2, and real numbers λ, ε1, ε2. Suppose
λ = (1 + θ1 · ε1) · (1 + θ2 · ε2) and 0 ¬ ε1 ¬ 1 and 0 ¬ ε2. Then there exists
a Theta θ such that λ = 1 + θ · (ε1 + 2 · ε2).

(4) Let us consider Theta’s θ1, θ2, and real numbers ε1, ε2. Suppose θ1 ·ε1 ¬
ε2 ¬ θ2 · ε1. Then there exists a Theta θ such that ε2 = θ · ε1.

(5) Let us consider a Theta θ, and real numbers λ, ε1, ε2. Suppose λ = θ · ε1
and ε1 ¬ ε2 and 0 ¬ ε1. Then there exists a Theta θ1 such that λ = θ1 ·ε2.
The theorem is a consequence of (2).

(6) Let us consider Theta’s θ1, θ2, and real numbers ε1, ε2. Suppose 0 ¬ ε1
and 0 ¬ ε2. Then there exists a Theta θ such that θ1·ε1+θ2·ε2 = θ·(ε1+ε2).
The theorem is a consequence of (4).

(7) Let us consider a Theta θ1, and a real number ε. Suppose 0 ¬ ε ¬ 12 .
Then there exists a Theta θ2 such that 1

1+θ1·ε = 1 + θ2 · 2 · ε. The theorem
is a consequence of (2).

(8) If m2 ¬ n, then there exists a Theta θ such that
(n
m

)
= nm

m! · (1 + θ · m2n ).
Proof: Define P[natural number] ≡ if $21 ¬ n, then there exists a Theta

θ such that
( n
$1

)
= n$1
$1!
· (1 + θ · $

2
1
n ). For every m such that P[m] holds

P[m+ 1]. For every m, P[m]. �

(9) Let us consider a Theta θ, and real numbers α, ε. Suppose α = (1 + θ · ε)n

and 0 ¬ ε ¬ 1
2·n . Then there exists a Theta θ1 such that α = 1+θ1 ·2 ·n ·ε.

Proof: Define P[natural number] ≡ for every Theta θ for every real
numbers α, ε such that α = (1 + θ · ε)$1 and 0 ¬ ε ¬ 1

2·$1 there exists
a Theta θ1 such that α = 1 + θ1 · 2 · $1 · ε. P[0]. If P[m], then P[m + 1].
P[m]. �
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2. More on Solutions to Pell’s Equation

In the sequel a denotes a non trivial natural number. Now we state the
propositions:

(10) If n ¬ a, then there exists a Theta θ such that ya(n+ 1) = (2 · a)n · (1 +
θ · na ). The theorem is a consequence of (9) and (4).

(11) Let us consider a non trivial natural number a, and natural numbers
y, n. Suppose y > 0 and n > 0 and (a2 − 1) · y2 + 1 is a square and
y ≡ n (mod a− 1) and y ¬ ya(a− 1) and n ¬ a− 1. Then y = ya(n).

(12) Let us consider a non trivial natural number a, and natural numbers s,
n. Then s2 · (sn)2− (s2− 1) · ya(n+ 1) · sn− 1 ≡ 0 (mod 2 · a · s− s2− 1).
Proof: Set S = s2. Define P[natural number] ≡ S · (s$1)2 − (S − 1) ·
ya($1 + 1) · s$1 − 1 ≡ 0 (mod 2 · a · s− s2 − 1). For every natural number
k such that for every n such that n < k holds P[n] holds P[k]. P[n]. �

(13) Let us consider a non trivial natural number a, and natural numbers s,
n, r. Suppose s > 0 and r > 0 and s2 · r2 − (s2 − 1) · ya(n + 1) · r − 1 ≡
0 (mod 2 ·a ·s−s2−1) and s · (sn)2 ·sn < a and s · r2 · r < a. Then r = sn.
The theorem is a consequence of (12).

(14) Let us consider natural numbers a, b, c, d. Suppose a ¬ b ¬ c and 2·c ¬ d
and c > 0. Let us consider a finite sequence f of elements of R. Suppose
len f = b− a+ 1 and for every natural number i such that i+ 1 ∈ dom f

holds f(i+ 1) =
( c
a+i

)
· dc−′(a+i). Then 0 <

∑
f < 2 · ca · dc−′a.

Proof: Define P[natural number] ≡ for every natural numbers a, b, c, d
such that a ¬ b ¬ c and 2 · c ¬ d and c > 0 and b − a = $1 for every
finite sequence f of elements of R such that len f = b−a+1 and for every
natural number i such that i+ 1 ∈ dom f holds f(i+ 1) =

( c
a+i

)
· dc−′(a+i)

holds 0 ¬ 1− ( cd)b+1−
′a and 0 <

∑
f ¬ 1−(

c
d
)b+1−

′a

1− c
d

·ca ·dc−′a. P[0]. If P[n],

then P[n+ 1]. P[n]. �

(15) Let us consider natural numbers f , k, m, r, s, t, u, and integers W ,
M , U , S, T , Q. Suppose f > 0 and k > 0 and m > 0 and u > 0 and
(M2 − 1) · S2 + 1 is a square and ((M · U)2 − 1) · T 2 + 1 is a square and
W 2 ·u2−(W 2−1) ·S ·u−1 ≡ 0 (modQ) and (4 ·f2−1) ·(r−m ·S ·T ·U)2+
4 ·u2 ·S2 ·T 2 < 8 ·f ·u ·S ·T ·(r−m ·S ·T ·U) and W = 100 ·f ·k ·(k+1) and
U = 100 ·u3 ·W 3+1 and M = 100 ·m ·U ·W +1 and S = (M−1) ·s+k+1
and T = (M · U − 1) · t+W − k + 1 and Q = 2 ·M ·W −W 2 − 1. Then

(i) M · (U + 1) is a non trivial natural number, and

(ii) W is a natural number, and
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(iii) for every non trivial natural number m1 and for every natural number
w such that m1 = M ·(U+1) and w = W and r+W+1 = ym1(w+1)
holds f = k!.

Proof: Reconsider W2 = W − k as a natural number. Reconsider M3 =
M ·U as a non trivial natural number. Reconsider M1 = M−1 as a natural
number. Set R = r − m · S · T · U . ( u

r
S·T −m·U

− f) · ( u
r
S·T −m·U

− f) < 1
4 .

r < yM (M1) and r < yM (M3 − 1). S = yM (k + 1). T = yM3(W2 + 1).
R < 3 · u · S · T . m · U + 3 · u > r

S·T . Consider θ1 being a Theta such that
ym1(w+1) = (2 ·m1)w ·(1+θ1 · wm1 ). Reconsider I = 1 as a Theta. Consider
θ2 being a Theta such that θ1 · wm1 −

W+1
(2·m1)W

= θ2 · 1M . u = W k. Consider

θ3 being a Theta such that yM (k+1) = (2 ·M)k · (1+θ3 · kM ). Consider θ4
being a Theta such that yM3(W2+1) = (2 ·M3)W2 · (1+θ4 · W2M3 ). Consider
θ′3 being a Theta such that 1

1+θ3· kM
= 1 + θ′3 · 2 · kM . Consider θ′4 being

a Theta such that 1
1+θ4·

W2
M3

= 1 + θ′4 · 2 · W2M3 . Consider θ5 being a Theta

such that (1 + θ′3 · (2 · kM )) · (1 + θ2 · 1M ) = 1 + θ5 · (2 · kM + 2 · 1M ).

Consider θ6 being a Theta such that (1+θ5 ·(2 · kM +2 · 1M )) ·(1+θ′4 ·(2 ·
W2
M3

)) = 1+θ6·(2· kM +2· 1M +2·(2·W2M3 )). Consider θ7 being a Theta such that

θ6 ·(2· kM +2· 1M +2·(2·W2M3 )) = θ7 · 5·kM . Set I1 = 〈
(W
0

)
U01W , . . . ,

(W
W

)
UW 10〉.

Set I3 = I1�k. Consider I2 being a finite sequence such that I1 = I3
a I2.

For every natural number i such that i + 1 ∈ dom I3 holds I3(i + 1) =(W
0+i

)
·UW−′(0+i). 0 <

∑
I3 < 2·W 0·UW−′0. Set U2 = 1

UW2+1
·I3. rngU2 ⊆ N.

Reconsider Z =
∑
U2 as an element of N. For every natural number i

such that i + 1 ∈ dom I2 holds I2(i + 1) =
( W
k+i

)
· UW−′(k+i). 0 <

∑
I2 <

2 ·W k ·UW−′k. |θ7| ¬ 1 and |5·kM | ¬ 1. |θ7 · (Z · 5·kM )| ¬ 1 · |Z · 5·kM |. Consider

θ8 being a Theta such that (1 + I · 1U )W = 1 + θ8 · 2 ·W · 1U . Consider θ9
being a Theta such that θ7 · (1 + θ8 · 2 ·W · 1U ) = θ9 · 2.

Consider i3 being a finite sequence of elements of R, x being an element
of R such that I2 = 〈x〉 a i3. For every natural number i such that i+ 1 ∈
dom i3 holds i3(i + 1) =

( W
k+1+i

)
· UW−′(k+1+i). 0 <

∑
i3 < 2 · W k+1 ·

UW−
′(k+1). Consider θ10 being a Theta such that I · ( 1

UW2
· (
∑
i3)) =

θ10 · (2 ·W k+1 · 1U ). Reconsider θ12 = 1
(Wk ) as a Theta. Consider θ11 being

a Theta such that θ10·(2·W k+1· 1U )+θ9·U
k·10·k
M = θ11·(2·W k+1· 1U +Uk·10·k

M ).

Consider θ′13 being a Theta such that
(W
k

)
= Wk

k! ·(1+θ′13 · k
2

W ). Consider θ13
being a Theta such that 1

1+θ′13·
k2
W

= 1+θ13·2· k
2

W . Consider θ14 being a Theta

such that 1
1+θ12·θ11·(2·Wk+1· 1U+

Uk·10·k
M

)
= 1 + θ14 · 2 · (2 ·W k+1 · 1U + Uk·10·k

M ).



Prime representing polynomial with 10 unknowns – ... 249

Consider θ15 being a Theta such that (1+θ14 ·(2 ·(2 ·W k+1 · 1U + Uk·10·k
M ))) ·

(1 + θ13 · (2 · k
2

W )) = 1 + θ15 · (2 · (2 ·W k+1 · 1U + Uk·10·k
M ) + 2 · (2 · k2W )). �

(16) Let us consider natural numbers f , k. Suppose f = k! and k > 0.
Then there exist natural numbers m, r, s, t, u and there exist natural
numbers W , U , S, T , Q and there exists a non trivial natural number
M such that m > 0 and u > 0 and r + W + 1 = yM ·(U+1)(W + 1) and
(M2 − 1) · S2 + 1 is a square and ((M · U)2 − 1) · T 2 + 1 is a square and
W 2 ·u2−(W 2−1) ·S ·u−1 ≡ 0 (modQ) and (4 ·f2−1) ·(r−m ·S ·T ·U)2+
4 ·u2 ·S2 ·T 2 < 8 ·f ·u ·S ·T ·(r−m ·S ·T ·U) and W = 100 ·f ·k ·(k+1) and
U = 100 ·u3 ·W 3+1 and M = 100 ·m ·U ·W +1 and S = (M−1) ·s+k+1
and T = (M · U − 1) · t+W − k + 1 and Q = 2 ·M ·W −W 2 − 1.

Proof: Set W = 100 ·f ·k · (k+1). Set u = W k. Set U = 100 ·u3 ·W 3+1.
Set I1 = 〈

(W
0

)
U01W , . . . ,

(W
W

)
UW 10〉. Set I3 = I1�k. Reconsider W2 =

W − k as a natural number. Consider I2 being a finite sequence such that
I1 = I3

a I2. For every natural number i such that i + 1 ∈ dom I3 holds
I3(i+1) =

(W
0+i

)
·UW−′(0+i). 0 <

∑
I3 < 2·W 0 ·UW−′0. Set U2 = 1

UW2+1
·I3.

rngU2 ⊆ N. Reconsider Z =
∑
U2 as an element of N. Set m = Z. Set

M = 100 ·m ·U ·W + 1. Set m1 = M · (U + 1). Reconsider M3 = M ·U as
a non trivial natural number. Set S = yM (k + 1). Set T = yM3(W2 + 1).
Reconsider r = ym1(W + 1) − (W + 1) as a natural number. Consider s
being an integer such that (M − 1) · s = S − (k + 1).

Consider t being an integer such that (M3 − 1) · t = T − (W2 + 1).
For every natural number i such that i + 1 ∈ dom I2 holds I2(i + 1) =( W
k+i

)
·UW−′(k+i). 0 <

∑
I2 < 2·W k ·UW−′k. Consider θ1 being a Theta such

that ym1(W + 1) = (2 ·m1)W · (1 + θ1 · Wm1 ). Reconsider I = 1 as a Theta.

Consider θ3 being a Theta such that yM (k + 1) = (2 ·M)k · (1 + θ3 · kM ).
Consider θ4 being a Theta such that yM3(W2+1) = (2 ·M3)W2 ·(1+θ4·W2M3 ).
Consider θ′3 being a Theta such that 1

1+θ3· kM
= 1 + θ′3 · 2 · kM . Consider

θ′4 being a Theta such that 1
1+θ4·

W2
M3

= 1 + θ′4 · 2 · W2M3 . Consider θ2 being

a Theta such that θ1 · Wm1 −
W+1
(2·m1)W

= θ2 · 1M . Consider θ5 being a Theta

such that (1 + θ′3 · (2 · kM )) · (1 + θ2 · 1M ) = 1 + θ5 · (2 · kM + 2 · 1M ). Consider
θ6 being a Theta such that (1 + θ5 · (2 · kM + 2 · 1M )) · (1 + θ′4 · (2 · W2M3 )) =
1 + θ6 · (2 · kM + 2 · 1M + 2 · (2 · W2M3 )). Consider θ7 being a Theta such that
θ6 · (2 · kM + 2 · 1M + 2 · (2 · W2M3 )) = θ7 · 5·kM .

Consider u1 being a finite sequence of elements of N, y being an ele-
ment of N such that U2 = 〈y〉 a u1. Consider θ8 being a Theta such that
(1 + I · 1U )W = 1 + θ8 · 2 · W · 1U . Consider θ9 being a Theta such that



250 karol pąk

θ7 ·(1+θ8 ·2 ·W · 1U ) = θ9 ·2. Consider i3 being a finite sequence of elements
of R, x being an element of R such that I2 = 〈x〉 a i3. For every natural
number i such that i+ 1 ∈ dom i3 holds i3(i+ 1) =

( W
k+1+i

)
·UW−′(k+1+i).

0 <
∑
i3 < 2 ·W k+1 · UW−′(k+1). Consider θ10 being a Theta such that

I · ( 1
UW2
· (
∑
i3)) = θ10 · (2 ·W k+1 · 1U ). Reconsider θ12 = 1

(Wk ) as a Theta.

Consider θ11 being a Theta such that θ10 · (2 ·W k+1 · 1U )+θ9 · U
k·10·k
M =

θ11 · (2 ·W k+1 · 1U + Uk·10·k
M ). Consider θ′13 being a Theta such that

(W
k

)
=

Wk

k! ·(1+θ′13 · k
2

W ). Consider θ13 being a Theta such that 1
1+θ′13·

k2
W

= 1+θ13 ·

2 · k2W . Consider θ14 being a Theta such that 1
1+θ12·θ11·(2·Wk+1· 1U+

Uk·10·k
M

)
=

1 + θ14 · 2 · (2 ·W k+1 · 1U + Uk·10·k
M ). Consider θ15 being a Theta such that

(1 + θ14 · (2 · (2 ·W k+1 · 1U + Uk·10·k
M ))) · (1 + θ13 · (2 · k

2

W )) = 1 + θ15 · (2 ·
(2 ·W k+1 · 1U + Uk·10·k

M ) + 2 · (2 · k2W )). Set R = r −m · S · T · U . R 6= 0. �

(17) Let us consider a non trivial natural number A, natural numbers C, B,
and e. Suppose 0 < B. Suppose C = yA(B). Then there exist natural
numbers i, j and there exist natural numbers D, E, F , G, H, I such that
D ·F · I is a square and F | H −C and B ¬ C and D = (A2 − 1) ·C2 + 1
and E = 2 · (i + 1) · D · (e + 1) · C2 and F = (A2 − 1) · E2 + 1 and
G = A+ F · (F −A) and H = B + 2 · j · C and I = (G2 − 1) ·H2 + 1.
Proof: Set x = xA(B). Set D = x2. There exist natural numbers q, i
such that 2 ·D · (e+ 1) ·C2 · (i+ 1) = yA(q) by [1, (14)], [6, (4)]. Consider
q, i being natural numbers such that 2 ·D · (e+ 1) · C2 · (i+ 1) = yA(q).
Set F = (xA(q))2. Reconsider G = A+F · (F −A) as a non trivial natural
number. Set H = yG(B). H ≡ B (mod 2 ·C). Consider j being an integer
such that H −B = 2 · C · j. �

(18) Let us consider a non trivial natural number A, natural numbers C, B,
and a natural number e. Suppose 0 < B. Let us consider natural numbers i,
j, and integers D, E, F , G, H, I. Suppose D·F ·I is a square and F | H−C
and B ¬ C and D = (A2 − 1) ·C2 + 1 and E = 2 · (i+ 1) ·D · (e+ 1) ·C2
and F = (A2 − 1) ·E2 + 1 and G = A+F · (F −A) and H = B + 2 · j ·C
and I = (G2 − 1) ·H2 + 1. Then C = yA(B).
Proof: Consider d being a natural number such that d2 = D. Consider
f being a natural number such that f2 = F . Consider i2 being a natural
number such that i22 = I. Consider i1 being a natural number such that
d = xA(i1) and C = yA(i1). Consider n1 being a natural number such that
f = xA(n1) and E = yA(n1). Consider j1 being a natural number such
that i2 = xG(j1) and H = yG(j1). yG(j1) ≡ j1 (mod 2 · C). �
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(19) Diophantine Representation of Solutions to Pell’s Equation:
Let us consider a non trivial natural number A, natural numbers C, B,
and e. Suppose 0 < B. Then C = yA(B) if and only if there exist natural
numbers i, j and there exist integers D, E, F , G, H, I such that D ·F · I
is a square and F | H − C and B ¬ C and D = (A2 − 1) · C2 + 1 and
E = 2·(i+1)·D·(e+1)·C2 and F = (A2−1)·E2+1 and G = A+F ·(F−A)
and H = B+2·j ·C and I = (G2−1)·H2+1. The theorem is a consequence
of (17) and (18).

(20) Let us consider a non trivial natural number A, a natural number C,
and positive natural numbers B, L. Then C = yA(B) if and only if there
exist positive natural numbers i, j and there exist integers D, E, F , G,
H, I such that D · F · I is a square and F | H − C and B ¬ C and
D = (A2−1) ·C2+1 and E = 2 · i ·C2 ·L ·D and F = (A2−1) ·E2+1 and
G = A+F · (F −A) and H = B+ 2 · (j− 1) ·C and I = (G2− 1) ·H2+ 1.
The theorem is a consequence of (17) and (18).

3. Prime Diophantine Representation

Now we state the propositions:

(21) Let us consider a natural number k, and a positive natural number L.
Suppose k > 0. Then k + 1 is prime if and only if there exist positive
natural numbers f , i, j, m, u and there exist natural numbers r, s, t and
there exist integers A, B, C, D, E, F , G, H, I, W , U , M , S, T , Q such
that D ·F ·I is a square and F | H−C and (M2−1) ·S2+1 is a square and
((M ·U)2−1)·T 2+1 is a square and W 2 ·u2−(W 2−1)·S ·u−1 ≡ 0 (modQ)
and (4·f2−1)·(r−m·S ·T ·U)2+4·u2 ·S2 ·T 2 < 8·f ·u·S ·T ·(r−m·S ·T ·U)
and k+1 | f+1 and A = M ·(U+1) and B = W+1 and C = r+W+1 and
D = (A2−1) ·C2+1 and E = 2 · i ·C2 ·L ·D and F = (A2−1) ·E2+1 and
G = A+F ·(F−A) and H = B+2 ·(j−1) ·C and I = (G2−1) ·H2+1 and
W = 100 ·f ·k ·(k+1) and U = 100 ·u3 ·W 3+1 and M = 100 ·m ·U ·W +1
and S = (M − 1) · s + k + 1 and T = (M · U − 1) · t + W − k + 1 and
Q = 2 ·M ·W −W 2 − 1.
Proof: If k + 1 is prime, then there exist positive natural numbers f , i,
j, m, u and there exist natural numbers r, s, t and there exist integers A,
B, C, D, E, F , G, H, I, W , U , M , S, T , Q such that D ·F · I is a square
and F | H−C and (M2−1) ·S2+1 is a square and ((M ·U)2−1) ·T 2+1
is a square and W 2 ·u2− (W 2− 1) ·S ·u− 1 ≡ 0 (modQ) and (4 · f2− 1) ·
(r−m · S · T ·U)2 + 4 · u2 · S2 · T 2 < 8 · f · u · S · T · (r−m · S · T ·U) and
k+ 1 | f + 1 and A = M · (U + 1) and B = W + 1 and C = r+W + 1 and
D = (A2−1) ·C2+1 and E = 2 · i ·C2 ·L ·D and F = (A2−1) ·E2+1 and
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G = A+F ·(F−A) and H = B+2 ·(j−1) ·C and I = (G2−1) ·H2+1 and
W = 100 ·f ·k ·(k+1) and U = 100 ·u3 ·W 3+1 and M = 100 ·m ·U ·W +1
and S = (M − 1) · s + k + 1 and T = (M · U − 1) · t + W − k + 1 and
Q = 2 ·M ·W −W 2 − 1. C = yA(B). f = k!. �

(22) Let us consider integers a, b, A, B. Suppose a and b are relatively prime.
Then a | A and b | B if and only if a · b | a ·B + b ·A.

(23) Diophantine Representation of Prime Numbers with 8 Expli-
cite Unknowns:
Let us consider a natural number k. Suppose k > 0. Then k + 1 is pri-
me if and only if there exist positive natural numbers f , i, j, m, u and
there exist natural numbers r, s, t and there exist integers A, B, C, D,
E, F , G, H, I, L, W , U , M , S, T , Q such that D · F · I is a square and
(M2 − 1) · S2 + 1 is a square and ((M · U)2 − 1) · T 2 + 1 is a square and
(4·f2−1)·(r−m·S ·T ·U)2+4·u2 ·S2 ·T 2 < 8·f ·u·S ·T ·(r−m·S ·T ·U) and
F ·L | (H−C)·L+F ·(f+1)·Q+F ·(k+1)·((W 2−1)·S ·u−W 2 ·u2+1) and
A = M ·(U+1) and B = W+1 and C = r+W+1 and D = (A2−1)·C2+1
and E = 2 · i ·C2 ·L ·D and F = (A2−1) ·E2+ 1 and G = A+F · (F −A)
and H = B+2 ·(j−1) ·C and I = (G2−1) ·H2+1 and L = (k+1) ·Q and
W = 100 ·f ·k ·(k+1) and U = 100 ·u3 ·W 3+1 and M = 100 ·m ·U ·W +1
and S = (M − 1) · s + k + 1 and T = (M · U − 1) · t + W − k + 1 and
Q = 2 ·M ·W −W 2 − 1.
Proof: If k+1 is prime, then there exist positive natural numbers f , i, j,
m, u and there exist natural numbers r, s, t and there exist integers A, B,
C, D, E, F , G, H, I, L, W , U , M , S, T , Q such that D ·F · I is a square
and (M2−1) ·S2+1 is a square and ((M ·U)2−1) ·T 2+1 is a square and
(4·f2−1)·(r−m·S ·T ·U)2+4·u2 ·S2 ·T 2 < 8·f ·u·S ·T ·(r−m·S ·T ·U) and
F ·L | (H−C)·L+F ·(f+1)·Q+F ·(k+1)·((W 2−1)·S ·u−W 2 ·u2+1) and
A = M ·(U+1) and B = W+1 and C = r+W+1 and D = (A2−1)·C2+1
and E = 2 · i ·C2 ·L ·D and F = (A2−1) ·E2+ 1 and G = A+F · (F −A)
and H = B+2 ·(j−1) ·C and I = (G2−1) ·H2+1 and L = (k+1) ·Q and
W = 100 ·f ·k ·(k+1) and U = 100 ·u3 ·W 3+1 and M = 100 ·m ·U ·W +1
and S = (M − 1) · s + k + 1 and T = (M · U − 1) · t + W − k + 1 and
Q = 2 ·M ·W −W 2 − 1 by [9, (22)], (16).

F | H−C and Q·(k+1) | (f+1)·Q+(k+1)·((W 2−1)·S ·u−W 2·u2+1).
Q | (W 2 − 1) · S · u−W 2 · u2 + 1 and k+ 1 | f + 1. C = yA(B). f = k!. �
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