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10 Unknowns — Introduction. Part II
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Summary. In our previous work [7] we prove that the set of prime numbers
is diophantine using the 26-variable polynomial proposed in [4]. In this paper,
we focus on the reduction of the number of variables to 10 and it is the smal-
lest variables number known today [5], [I0]. Using the Mizar [3], [2] system, we
formalize the first step in this direction by proving Theorem 1 [5] formulated as
follows: Let k € N. Then k is prime if and only if there exists f,4,j,m,u € N*,
r,s,t € N unknowns such that

DFTI is square A(M?—1)S?+1 is square A
((MU)? —1)T?+1 is square A
(4f? = 1)(r — mSTU)? + 4u>S?T? < 8fuST(r — mSTU)
FL|(H-C)Z+F(f+1)Q+F(k+1)(W? —1)Su— W?u?+1) (0.1)

where auxiliary variables A — I, L, M,S — W,Q € Z are simply abbreviations
defined as follows W = 100fk(k+1), U = 100*W34+1, M = 100mUW +1,
S =(M-1)s+k+1, T = (MU-1)t+W —k+1, Q = 2MW-W?3—1, L = (k+1)Q,
A=MU+1), B=W+1,C=r+W+1, D= (A>-1)C*+1, E = 2iC*’LD,
F=(A2-1)E*+1,G = A+F(F-A), H=B+2(j-1)C, I = (G*—1)H?*+1. It
is easily see that (0.1) uses 8 unknowns explicitly along with five implicit one for
each diophantine relationship: is square, inequality, and divisibility. Together
with k this gives a total of 14 variables. This work has been partially presented
in [§].
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1. THETA NOTATION

From now on A denotes a non trivial natural number, B, C, n, m, k denote
natural numbers, and e denotes a natural number.
Let 6 be a real number. We say that 6 is theta if and only if
(Def. 1) —1<60<1.
Let us observe that 0 is theta and there exists a real number which is theta.
A Theta is a theta real number. Let 6 be a Theta. Let us observe that —6
is theta.
Let u be a Theta. Let us note that 6-u is theta. Now we state the propositions:

(1) Let us consider a Theta 6. Then || < 1

(2) Let us consider a Theta 6, and real numbers A, €1, €. Suppose A = 0-¢;
and |e1] < |e2|. Then there exists a Theta 6; such that A = 6; - €.

(3) Let us consider Theta’s 01, 03, and real numbers A, 1, €9. Suppose
A=(14601-€1)-(14602-e2) and 0 < 1 < 1 and 0 < 3. Then there exists
a Theta 6 such that A=1+6-(e; +2-2).

(4) Let us consider Theta’s 01, 03, and real numbers €1, €. Suppose 0 -1 <
€9 < 0y - £1. Then there exists a Theta 6 such that eo =60 - ¢7.

(5) Let us consider a Theta 6, and real numbers \, €1, €. Suppose A = 0-¢;
and €1 < g9 and 0 < 1. Then there exists a Theta 6, such that A = 64 - e5.
The theorem is a consequence of (2).

(6) Let us consider Theta’s 61, 02, and real numbers €1, £2. Suppose 0 < €
and 0 < e9. Then there exists a Theta 6 such that 01-e1+602-e0 = 6-(£14¢€2).
The theorem is a consequence of (4).

(7) Let us consider a Theta 01, and a real number e. Suppose 0 < € < 3.

2
Then there exists a Theta 0 such that =1+065-2-¢. The theorem
is a consequence of (2).

(8) If m? < n, then there exists a Theta 6 such that () = 25 (1+6- m—z)
PROOF: Define P[natural number] = if $2 < n, then there exists a Theta
0 such that (¢') = % -(1+6- g) For every m such that P[m] holds
P[m + 1]. For every m, P[m|. O

(9) Let us consider a Theta 6, and real numbers «, £. Suppose a« = (1 + 6 - )"
and 0 < e < ﬁ Then there exists a Theta 61 such that « = 14+61-2-n-¢.
PROOF: Define P[natural number| = for every Theta 6 for every real
numbers «, € such that a = (1+6- 6)$1 and 0 < € < 2 there exists
a Theta 61 such that « =1+ 6, -2-$; - e. P[0]. If P[m], then Plm + 1].
Plim]. O

1+0 €
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2. MORE ON SOLUTIONS TO PELL’S EQUATION

In the sequel a denotes a non trivial natural number. Now we state the
propositions:

(10) If n < a, then there exists a Theta 6 such that y,(n+1) = (2-a)" - (1+
¢ - 2). The theorem is a consequence of (9) and (4).

(11) Let us consider a non trivial natural number a, and natural numbers
y, n. Suppose y > 0 and n > 0 and (a® — 1) - y%2 + 1 is a square and
y=n (moda—1) and y < Vg(a—1) and n < a — 1. Then y = ¥4 (n).

(12) Let us consider a non trivial natural number a, and natural numbers s,
n. Then 52 (s")2 — (s2—1)-Y,(n+1)-s"—1=0 (mod2-a-s—s%—1).
PROOF: Set S = s2. Define P[natural number] = S - (s%1)2 — (S — 1) -
Vo($1+1) 5% —1=0 (mod2-a-s—s?—1). For every natural number
k such that for every n such that n < k holds P[n] holds P[k]. P[n|. O

(13) Let us consider a non trivial natural number a, and natural numbers s,
n, r. Suppose s > 0 and r > 0 and 82 - 72 — (2 = 1) - yo(n+1)-r -1 =
0 (mod2-a-s—s2—1)and s-(s")2-s" <aand s-72-7 < a. Then r = s™.
The theorem is a consequence of (12).

(14) Let us consider natural numbers a, b, ¢, d. Suppose a < b < cand 2-¢ < d
and ¢ > 0. Let us consider a finite sequence f of elements of R. Suppose
len f =b— a+ 1 and for every natural number ¢ such that i + 1 € dom f
holds f(i+1) = (,%,) -d*~ (@) Then 0 < 3. f < 2-¢%-d°~ 2
PROOF: Define P[natural number| = for every natural numbers a, b, ¢, d
such that a < b < cand 2-c¢ < dand ¢ > 0 and b — a = $; for every
finite sequence f of elements of R such that len f = b—a+1 and for every
natural number i such that i +1 € dom f holds f(i + 1) = (,5,) - de—'(ati)

g)b{»lf/a

holds 0 < 1—(9)" ' and 0 < ¥ f < 22—~ ca. ge="e_P[0]. Tf Pln),
then P[n + 1]. Pln]. O ’

(15) Let us consider natural numbers f, k, m, r, s, t, u, and integers W,
M, U, S, T, Q. Suppose f > 0 and kK > 0 and m > 0 and u > 0 and
(M2 —1)-82+1is asquare and (M -U)2 —1)-T? + 1 is a square and
W2.u2-(W2-1)-S-u—1=0 (modQ) and (4- f2—1)-(r—m-S-T-U)%+
4.u2.82.T2 <8 - f-u-S-T-(r—m-S-T-U)and W = 100- f-k-(k+1) and
U=100-u3W3+1land M =100-m-U-W+1and S = (M —1)-s+k+1
andT=(M-U—-1)-t+W—k+1land Q=2-M -W —W?2 — 1. Then

(i) M - (U +1) is a non trivial natural number, and

(ii) W is a natural number, and
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(iii) for every non trivial natural number m; and for every natural number
w such that my = M-(U+1) and w = W and r+W+1 = ¥, (w+1)
holds f = k!.

ProOF: Reconsider Wo = W — k as a natural number. Reconsider Mgz =
M -U as a non trivial natural number. Reconsider M| = M —1 as a natural
number. SetR—r—mSTU(W f)(%—f)<i
r < YM(M1) and r < YM(Mg — 1). S = yM(k + 1). T = YMS(WQ + 1).
R<3-u-S-T.m-U+3-u> g5. Consider 61 being a Theta such that
Y, (w+1) = (2-mq)”-(1+6;- —) Reconsider I = 1 as a Theta. Consider

f> being a Theta such that 6 - m1 — (2‘/1;4')1 =0 - —. u = Wk. Consider

65 being a Theta such that ¥ (k+1) = (2 - M)* (1 +0s- 1\k4> Consider 0,4
being a Theta such that ¥z, (Wg + 1) (2 Ms)"™2 (1 + 04 15 12 )- Consider
05 being a Theta such that =1+05-2- Cons1der ) being

1+n9

a Theta such that " W2 =1+ 94 2. W2 Con51der 05 being a Theta
4

such that (1 + 65 - ( )) (140 3)=14+05-(2- & +2-3).

Consider 6 being a Theta such that (1+65-(2- 42 +2- 1)) (1+6}-(2-
%)) = 1+0g-(2- & +2 5 4+2-(2- 1 wa )) Consider 7 being a Theta such that
O (24 +2- 47 +2:(2-12)) = 0755 Set I = () ULV, ..., (1) UV1O).
Set Is = I1[k. Consider Iy being a ﬁnlte sequence such that I; = I3 ™ Io.
For every natural number ¢ such that i + 1 € dom I3 holds I3(i + 1) =
(01 U000 < Iy < 2WO-UW 0. Set Up = gypr-Is. tng Uy C N
Reconsider Z = ) U, as an element of N. For every natural number i
such that i + 1 € dom I holds Iz(i + 1) = (k‘j_/l) WD) 0 < <
2-Wk.UW="E_|6;] < 1 and 13k < 1. |67 (Z-38)| < 1-1Z - 3%|. Consider
fs being a Theta such that (1 + 1 - %)W =1+6-2-W. % Consider gy
being a Theta such that 67 - (14 6g-2-W - %) =0y -2

Consider i3 being a finite sequence of elements of R, x being an element
of R such that Is = (x) ™ i3. For every natural number i such that i +1 €
domiz holds is(i + 1) = (,}Y,,) - UV EHD 0 < iz < 2. WhHL.
UW-"(k+1) " Consider 619 being a Theta such that I - (ﬁ - (Xd3)) =
O10 - (2- WHHL. %) Reconsider 615 = (71) as a Theta. Consider 611 being

k

a Theta such that 010'(2'Wk+1'%)+99' Ur 10k 01 (2. Wkt L 7+ Uk]'\bo'k).

Consider 615 being a Theta such that (VZ) =W (146, W) C0n81der 613

being a Theta such that 1 = 1460;5-2-£ W‘ Con81der 014 being a Theta
1+

/13'W
such that 1 —140p4-2-(2- Wkt L 4 Ubl0ky
1+912-911-(2-W’€+1-%+7Ukl'\/1[0'k) 1 ( U M )
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Consider 605 being a Theta such that (14614 (2- (% wht. L4 %)))
2 0. 2
(L4613 (2- 5N =1+4015- (2 (2- Wk L 4 TRy Lo (2. )y O

Let us consider natural numbers f, k. Suppose f = k! and k > 0.
Then there exist natural numbers m, r, s, t, © and there exist natural
numbers W, U, S, T, () and there exists a non trivial natural number
M such that m > 0 and v > 0 and r + W + 1 = Y41 (W + 1) and
(M? —1)-52+1is asquare and (M -U)2 —1)-T? +1 is a square and
W2.u2—-(W?2-1)-S-u—1=0(modQ) and (4-f2—1)-(r—m-S-T-U)%+
4-u2.82.7T2 <8 -f-u-S-T-(r—m-S-T-U)and W = 100- f-k-(k+1) and
U=100-u3W3+1land M =100-m-U-W+1and S = (M —1)-s+k+1
andT=(M-U—-1)-t+W—-k+landQ=2-M -W-W?2 1.
PROOF: Set W = 100- f k- (k-+1). Set u = W*. Set U = 100-u3 - W3 +1.
Set I} = <(V([)/)U01W,...,(VV[[;)UW10>. Set I3 = Ii|k. Reconsider Wy =
W — k as a natural number. Consider I being a finite sequence such that
I = I3~ Iy. For every natural number ¢ such that ¢ + 1 € dom I35 holds
I3(i+1) = (;},) UV O+ 0 < S I3 < 2.WO-UW =0 Set Uy = sy - I.
rng Us C N. Reconsider Z = > Us as an element of N. Set m = Z. Set
M =100-m-U-W+1. Set m; = M - (U +1). Reconsider M3 = M -U as
a non trivial natural number. Set S = Y (k4 1). Set T = Y (Wa + 1).
Reconsider © = ¥,,,, (W + 1) — (W 4 1) as a natural number. Consider s
being an integer such that (M —1)-s=95— (k+1).

Consider t being an integer such that (Ms —1) -t =T — (Wy + 1).
For every natural number ¢ such that i + 1 € dom Is holds Ir(i + 1) =
(JK@) WD) 0 < S Iy < 22WE.UW ", Consider 6, being a Theta such
that Yo, (W +1) = (2-m)"V - (1+6, - mml) Reconsider I =1 as a Theta.
Consider 3 being a Theta such that ¥a;(k +1) = (2- M)* - (1 + 65 - ).
Consider 0, being a Theta such that ¥z, (Wa+1) = (2 M3)"2 -(1+04-%).

. . 1 k .
Consider 04 being a Theta such that o 14652 57. Consider
0 being a Theta such that 1+0;% =140, -2- % Consider 65 being
a Theta such that 6, - mml — (2Yi/n‘f)lw =0y - ﬁ Consider 65 being a Theta

such that (1+64-(2- &) (1+06- 1) =1+605- (2 & +2- ). Consider
06 being a Theta such that (1405 (2 4= +2-37)) - (L + 6} - (2 %)) =
1466 (2- % +2-H+2-(2- %)) Consider 67 being a Theta such that
Os- (245 +2- 37 +2-(2- 1) =67 55

Consider u; being a finite sequence of elements of N, y being an ele-
ment of N such that Uz = (y) ~ u;. Consider g being a Theta such that
(1+1- %)W =1+6s-2-W- % Consider 6y being a Theta such that
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O7-(140g-2-W- %) = fy-2. Consider i3 being a finite sequence of elements
of R, z being an element of R such that Iy = (x) ™ i3. For every natural
number ¢ such that ¢+ 1 € domis holds i3(i + 1) = (k:‘l/“) LW ()
0< iz < 2-Wktt. gW="(k+1)_ Consider 6y being a Theta such that

I (g - (Xd3)) = 610 - (2- WHHL. L), Reconsider 615 = ﬁ as a Theta.
k
Consider 011 being a Theta such that 619 - (2- WH+. )—H9 UE10k 10 k—

911 (2- WhtL. —|— Ukj'éo'k) Consider 65 being a Theta such that (k) =
(1 +05- W) Consider 013 being a Theta such that e 14613-

13W

E~ Consider 614 being a Theta such that 1 _
W H & 1+912-911.(2.Wk+1%+%)

14+614-2-(2- Wh+l. % + %) Consider #15 being a Theta such that
(1401 (2-(2-Wht. L URI0kY)) (1 4 gy (2. B2)) = 14655 - (2
(2-Whtt. L UBIOky 4 9. (2. E2)) Set R=r—m-S-T-U. R#0.0

Let us consider a non trivial natural number A, natural numbers C, B,
and e. Suppose 0 < B. Suppose C' = Y4(B). Then there exist natural
numbers ¢, j and there exist natural numbers D, E, F', G, H, I such that
D-F-Tisasquareand F | H—C and B< C and D = (A2 -1)-C?+1
and E =2-(i+1)-D-(e+1)-C2and F = (A2 -1)-E2 +1 and
G=A+F - (F-A)and H=B+2-j-Cand [ = (G%2—-1)-H?+1.
PROOF: Set # = x4(B). Set D = z2. There exist natural numbers ¢, i
such that 2- D - (e+1)-C2-(i+1) = Ya(q) by [I, (14)], [6, (4)]. Consider
q, i being natural numbers such that 2- D - (e +1)-C?- (i + 1) = Ya(q).
Set F' = (x4(q))2. Reconsider G = A+ F-(F — A) as a non trivial natural
number. Set H = Yg(B). H = B (mod2- C). Consider j being an integer
such that H - B=2-C-j. 0

Let us consider a non trivial natural number A, natural numbers C, B,

and a natural number e. Suppose 0 < B. Let us consider natural numbers i,
Jj,and integers D, E, F', G, H, I. Suppose D-F-I is a square and F' | H—C
and B Cand D= (A2-1)-C?2+1land E=2-(i+1)-D-(e+1)-C?
and F = (A2 -1)-E?+1andG=A+F-(F—-A)and H=B+2-j-C
and I = (G2 —1)- H2 + 1. Then C = y4(B).

PRrROOF: Consider d being a natural number such that d2 = D. Consider
f being a natural number such that f2 = F. Consider i3 being a natural
number such that i92 = I. Consider 4; being a natural number such that
d =x4(i1) and C = ¥ 4(i1). Consider nj being a natural number such that
f =x4(n1) and E = Y4(ny). Consider j; being a natural number such
that is = xg(j1) and H =Yg (j1)- Ya(j1) = j1 (mod 2 - C). O
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DIOPHANTINE REPRESENTATION OF SOLUTIONS TO PELL’S EQUATION:
Let us consider a non trivial natural number A, natural numbers C, B,
and e. Suppose 0 < B. Then C' = Y4(B) if and only if there exist natural
numbers ¢, j and there exist integers D, F, F', G, H, I such that D-F -1
is a square and F | H —C and B < C and D = (42 —1)-C? + 1 and
E=2-(i+1)-D-(e4+1)-C? and F = (A2—1)-E?2+1and G = A+F-(F—A)
and H = B+2-5-C and I = (G%Z—1)-H?+1. The theorem is a consequence
of (17) and (18).

Let us consider a non trivial natural number A, a natural number C,
and positive natural numbers B, L. Then C' = ¥ 4(B) if and only if there
exist positive natural numbers 7, j and there exist integers D, E, F, G,
H, I such that D - F -1 is a square and F' | H — C and B < C and
D=(A%2-1)-C?4+1and E=2-i-C?-L-Dand F = (A2-1)-E?+1 and
G=A+F - (F-A)and H=B+2-(j—1)-Cand I = (G®*—1)- H?+ 1.
The theorem is a consequence of (17) and (18).

3. PRIME DIOPHANTINE REPRESENTATION

Now we state the propositions:

(21)

Let us consider a natural number k, and a positive natural number L.
Suppose k > 0. Then k + 1 is prime if and only if there exist positive
natural numbers f, i, j, m, u and there exist natural numbers r, s, ¢ and
there exist integers A, B, C, D, E, F, G, H, I, W, U, M, S, T, (Q such
that D-F-I is asquare and F' | H—C and (M?—1)-S? 41 is a square and
((M-U)2-1)-T?+1 is a square and W2-u2—(W?2—1)-S-u—1 = 0 (mod Q)
and (4-f2—-1)-(r—-m-S-T-U)?+4-u2-52.T2 < 8- f-u-S-T-(r—m-S-T-U)
and k+1| f+land A= M- -(U+1)and B=W+1and C =r+W+1 and
D=(A2-1)-C?+1and E=2-i-C2-L-Dand F = (A2—1)-E%+1 and
G=A+F-(F-A)and H=B+2-(j—1)-Cand I = (G®—1)-H?+1 and
W =100-f-k-(k+1)and U = 100-u>-W3+1 and M = 100-m-U-W +1
and S=M—-1)-s+k+1landT =M -U—-1)-t+W —k+1 and
Q=2-M-W-W2—-1.

PRrROOF: If k + 1 is prime, then there exist positive natural numbers f, i,
j, m, u and there exist natural numbers 7, s, t and there exist integers A,
B,C,D,E,F,G,H, I, W, U, M, S, T, Q such that D- F - I is a square
and F' | H—C and (M2 —1)-5%+1is asquare and ((M-U)2—1)-T2+1
is a square and W2-u2 — (W2 —-1)-S-u—1=0 (modQ) and (4- f2—1)-
(r-m-S-T-U)2+4-u2-82.72<8 - f-u-S-T-(r—m-S-T-U) and
E+1|f+land A=M-(U+1)and B=W +1land C =r+W +1and
D=(A%2-1)-C?4+1and E=2-i-C?-L-Dand F = (4A2-1)-E?+1 and
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G=A+F-(F-A)and H=B+2-(j—1)-Cand I = (G®-1)-H2+1 and
W =100-f-k-(k+1)and U = 100-u> - W3+1 and M = 100-m-U-W +1
and S=(M—-1)-s+k+land T= (M -U—-1)-t+W —k+1 and
Q=2-M-W-W2-1.C=y4(B). f=k.O

Let us consider integers a, b, A, B. Suppose a and b are relatively prime.
Thena| Aand b | Bifand onlyifa-b|a-B+b- A.

D10PHANTINE REPRESENTATION OF PRIME NUMBERS WITH 8 EXPLI-
CITE UNKNOWNS:
Let us consider a natural number k. Suppose k£ > 0. Then k + 1 is pri-
me if and only if there exist positive natural numbers f, i, j, m, v and
there exist natural numbers r, s, t and there exist integers A, B, C, D,
E. F, G, H, I, L, W,U, M, S, T, Q such that D - F - I is a square and
(M? —1)-52+1is asquare and (M -U)2 —1)-T? +1 is a square and
(4-f2-1)-(r-m-S-T-U)2+4-u%-52.T?2 < 8- f-u-S-T-(r—m-S-T-U) and
F-L|(H-C)-L+F-(f+1)-Q+F-(k+1)-(W2?2-1)-S-u—W?2-u2+1) and
A=M-(U+1)and B=W+land C =r+W+1land D = (42-1).C2+1
and E=2-i-C%2.L-Dand F = (A2-1)-E?2+1and G = A+ F-(F - A)
and H=B+2-(j—1)-Cand I = (G2—1)-H?+1and L = (k+1)-Q and
W =100-f-k-(k+1)and U = 100-u*-W3+1 and M = 100-m-U-W +1
and S=M—-1)-s+k+1landT =M -U—-1)-t+W —k+1 and
Q=2-M-W-W2-1.
Proor: If k+1 is prime, then there exist positive natural numbers f, ¢, 7,
m, u and there exist natural numbers r, s, t and there exist integers A, B,
C,D,E,F,G,H, I, LW, U, M, S, T, @ such that D - F'- I is a square
and (M2 —1)-S%2+1is asquare and ((M-U)?—1)-T?+1 is a square and
(4-f2-1)-(r-m-S-T-U)2+4-u2-52.T%2 < 8- f-u-S-T-(r—m-S-T-U) and
F-L|(H-C)-L+F-(f+1)-Q+F-(k+1)-(W?-1)-S-u—W?2-u2+1) and
A=M-(U+1)and B=W+1landC =r+W+1land D = (A2-1)-C%+1
and E=2-i-C%2.L-Dand F = (A2—-1)-E?2+1and G=A+F-(F - A)
and H =B+2-(j—1)-Cand I = (G2—1)-H?+1and L = (k+1)-Q and
W =100-f-k-(k+1)and U = 100-u>-W3+1 and M = 100-m-U-W +1
and S=M—-1)-s+k+1landT =M -U—-1)-t+W —k+1 and
Q=2-M-W—-W?2—-1by[9 (22)], (16).

F|H-Cand Q-(k+1) | (f+1)-Q+(k+1)-(W2-1)-S-u—W?2-u2+1).

QlW2-1)-S-u—W2-u2+1landk+1|f+1.C=Y4(B). f=kl.O
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