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Summary. In this article, using the Mizar system [2], [3], we deal with
Riemann’s improper integral on infinite interval [I]. As with [4], we referred to
[6], which discusses improper integrals of finite values.
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1. PROPERTIES OF EXTENDED RIEMANN INTEGRAL ON INFINITE INTERVAL

Let us consider a partial function f from R to R. Now we state the propo-
sitions:

(1) If f is divergent in —oo to 400, then f is not convergent in —oco and f
is not divergent in —oo to —oo.

(2) If f is divergent in —oco to —oo, then f is not convergent in —oo and f
is not divergent in —oo to +00.

(3) If f is divergent in 400 to 400, then f is not convergent in +o0o and f
is not divergent in 400 to —oo.

(4) If f is divergent in 400 to —oo, then f is not convergent in +o0o and f
is not divergent in +o00 to +o0.

(5) Suppose f is convergent in —oo. Then

(i) there exists a real number 7 such that f[]—oo,r[ is lower bounded,
and

(ii) there exists a real number r such that f[]—oo,r[is upper bounded.
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PRrROOF: Consider g being a real number such that for every real number
g1 such that 0 < g; there exists a real number r such that for every
real number r; such that 71 < r and r; € dom f holds |f(r1) — g| < ¢1.
Consider r being a real number such that for every real number r; such
that ;1 < r and r; € dom f holds |f(r1) — g| < 1. For every object r;
such that r € dom(f[]—oc,r[) holds —1 + g < (f[]—o0,r[)(r1). Consider
r being a real number such that for every real number r; such that r; < r
and r; € dom f holds |f(r1) — g| < 1. For every object r such that
r1 € dom(f[]—o0,r[) holds (f[]—o0,r[)(r1) < g+ 1.0
(6) Suppose f is convergent in +o0o0. Then

(i) there exists a real number r such that f[]r, +oo[ is lower bounded,
and

(ii) there exists a real number r such that f[]r, 400 is upper bounded.

PRroOF: Consider g being a real number such that for every real number
g1 such that 0 < g1 there exists a real number r such that for every
real number r; such that » < r; and r; € dom f holds |f(r1) — g] < ¢1.
Consider r being a real number such that for every real number r; such
that » < r; and r; € dom f holds |f(r1) — g| < 1. For every object 7,
such that r1 € dom(f|]r,+oc[) holds —1 4 g < (f!]r, +00[)(r1). Consider
r being a real number such that for every real number r; such that r < r;
and 71 € dom f holds |f(r1) — g| < 1. For every object r such that
r1 € dom(f[]r, +o00[) holds (f[]r,+oo[)(r1) < g+ 1.0

(7) Suppose f is divergent in —oo to +00. Then there exists a real number
r such that f[]—oo,r[ is lower bounded.
ProOOF: Consider r being a real number such that for every real number
r1 such that r; < 7 and r; € dom f holds 1 < f(r;). For every object r;
such that 71 € dom(f]]—o0,r[) holds 1 < (f[]—o0,r[)(r1). O

(8) Suppose f is divergent in —oo to —oo. Then there exists a real number
r such that f[]—oo,r[ is upper bounded.
ProOF: Consider r being a real number such that for every real number
r1 such that r; < r and r; € dom f holds f(r;) < 1. For every object r;
such that r1 € dom(f[]—oo,r[) holds (f[]—o0,7[)(r1) < 1. O

(9) Suppose f is divergent in 400 to +oo. Then there exists a real number
r such that f]r, +oo] is lower bounded.
Proo¥F: Consider r being a real number such that for every real number
r1 such that » < r; and 71 € dom f holds 1 < f(r1). For every object r
such that 71 € dom(f[]r, +o0[) holds 1 < (f[]r,+oc[)(r1). O

(10) Suppose f is divergent in 400 to —oo. Then there exists a real number
r such that f]r, +oo] is upper bounded.
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Proo¥F: Consider r being a real number such that for every real number
r1 such that » < r; and r € dom f holds f(r;) < 1. For every object r;
such that 71 € dom(f[]r, +oo[) holds (f[]r, +oo[)(r1) < 1. O
Let us consider partial functions fi, fo from R to R. Now we state the
propositions:

(11) Suppose fi is divergent in —oo to —oo and for every real number r, there
exists a real number g such that g < r and g € dom(f; + f2) and there
exists a real number r such that fo[]—o0, [ is upper bounded. Then fi+ fo
is divergent in —oo to —oo.

(12) Suppose fi is divergent in +00 to —oco and for every real number r, there
exists a real number g such that r < g and g € dom(f; + f2) and there
exists a real number 7 such that fa[]r, +00] is upper bounded. Then f1+ fo
is divergent in +o0o0 to —oo.

(13) Let us consider a partial function f from R to R, and a real number d.
Suppose |—o00,d] C dom f and f is extended Riemann integrable on —oo,
d. Let us consider real numbers b, c. Suppose b < ¢ < d. Then f is right
extended Riemann integrable on b, ¢ and left extended Riemann integrable
on b, c.

(14) Let us consider a partial function f from R to R, and a real number
a. Suppose [a,+00[ C dom f and f is extended Riemann integrable on
a, +o0o. Let us consider real numbers b, c. Suppose a < b < c¢. Then f
is right extended Riemann integrable on b, ¢ and left extended Riemann
integrable on b, c.

Let us consider a partial function f from R to R, a real number a, and a real
number b. Now we state the propositions:

(15) Suppose |—00,a] C dom f and f is extended Riemann integrable on —oo,
a. Then if b < a, then f is extended Riemann integrable on —oo, b.

(16) Suppose [a,+oo] € dom f and f is extended Riemann integrable on a,
4o00. Then if a < b, then f is extended Riemann integrable on b, +oo.

Let us consider a partial function f from R to R and real numbers a, b. Now
we state the propositions:

(17) Suppose a < b and |—00,b] € dom f and f is integrable on [a,b] and
f1la,b] is bounded and f is extended Riemann integrable on —oco, a. Then

(i) f is extended Riemann integrable on —oo, b, and

(ii) (R<)/b f(x)dx = (R<)/a f(x)dx—i—/bf(w)d:c.

PROOF: For every real number ¢ such that ¢ < b holds f is integrable on
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[c,b] and f[c,b] is bounded. Consider I being a partial function from R
to R such that dom ] = ]—o0,a| and for every real number z such that

x € dom I holds I(z) = / f(x)dx and I is convergent in —oo. Reconsider

B = ]—o00,b] as a non empty subset of R. Define F(element of B) =
b

( / f(z)dz)(e R). Consider I; being a function from B into R such that

$1
for every element x of B, I}(x) = F(x). For every real number x such that
b

x € dom I; holds [;(x) = /f(:z)dx. For every real number 7, there exists

x
a real number g such that ¢ < r and g € dom I;. Consider G being a real
number such that for every real number g; such that 0 < g1 there exists

a real number r such that for every real number r; such that 1 < r and
b

r1 € dom I holds |[I(r1) — G| < g1. Set G = G+/f(x)dw. For every real

number g; such that 0 < g; there exists a real nun?ber r such that for every
real number r; such that 1 < r and 1 € dom I; holds |I1(r1) — G1| < ¢1.
O

Suppose a < b and [a,+00] C dom f and f is integrable on [a,b] and
f1la,b] is bounded and f is extended Riemann integrable on b, +00. Then

(i) f is extended Riemann integrable on a, +00, and

+00 +oo b
() (B) [ Sz = (&) [ f@do+ [ f@)do.
a b a

PROOF: For every real number ¢ such that a < ¢ holds f is integrable on
[a,c] and f[[a,c] is bounded. Consider I being a partial function from R

to R such that dom I = [b,+o00| and for every real number x such that
x

x € dom I holds I(x) = / f(z)dz and I is convergent in +o00. Reconsider
b

A = [a,+oo] as a non empty subset of R. Define F(element of A) =
$1

(/ f(x)dx)(€ R). Consider I; being a function from A into R such that
a
for every element x of A, I1(z) = F(x). For every real number x such that
€T

x € dom I; holds I;(x) = /f(x)da:. For every real number 7, there exists

a
a real number g such that r < g and g € dom I;. Consider G being a real
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number such that for every real number g; such that 0 < g1 there exists

a real number 7 such that for every real number r; such that » < ry and
b

r1 € dom I holds |I(r1) — G| < ¢1. Set G1 = G+/f(x)dx. For every real

number g; such that 0 < g; there exists a real nunfber r such that for every
real number 71 such that r < r; and r; € dom I holds |I;(r1) — G1| < ¢1
by [B, (17)]. O

(19) Let us consider a partial function f from R to R. Suppose dom f = R.
Then f is oo-extended Riemann integrable if and only if for every real
number a, f is extended Riemann integrable on a, +0o and extended
Riemann integrable on —oo, a. The theorem is a consequence of (16),
(17), (18), and (15).

2. IMPROPER INTEGRAL ON INFINITE INTERVAL

Let f be a partial function from R to R and b be a real number. We say that
f is improper integrable on |—oo, b] if and only if

(Def. 1) for every real number a such that a < b holds f is integrable on [a, b] and
f1[a,b] is bounded and there exists a partial function I; from R to R such

that dom I; = ]|—o0, b] and for every real number x such that z € dom I3
b

holds I (x) = /f(:c)dx and (I is convergent in —oo or divergent in —oo
x

to +o00 or I; is divergent in —oo to —o0).

Let a be a real number. We say that f is improper integrable on [a, +o0] if
and only if

(Def. 2) for every real number b such that a < b holds f is integrable on [a, b] and
f1[a,b] is bounded and there exists a partial function I; from R to R such
that dom I1 = [a,4o0o[ and for every real number z such that z € dom Iy

€T
holds I (x) = /f(:c)dx and (I is convergent in 400 or divergent in +oo

a
to +o00 or I; is divergent in +00 to —o0).

Let b be a real number. Assume f is improper integrable on |—oo, b]. The

b
functor / f(x)dz yielding an extended real is defined by

(Def. 3) there exists a partial function /; from R to R such that dom I} = ]—o0, b]
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and for every real number z such that x € dom I; holds I3 ( / f(z

and (I is convergent in —oo and it = lim_, I or Ij is dlvergent in —oo
to 400 and it = 400 or I; is divergent in —oo to —oo and it = —00).

Let a be a real number. Assume f is improper integrable on [a, +00[. The
+oo

functor / f(z)dz yielding an extended real is defined by

(Def. 4) there exists a partial function ; from R to R such that dom I; = [a, +-00]
and for every real number = such that € dom I; holds I (= / flx

and (I is convergent in +o00 and it = lim; I3 or Ij is dlvergent in 400
to +oo and it = +oo or I; is divergent in +00 to —oo and it = —00).
Now we state the propositions:

(20) Let us consider a partial function f from R to R, and a real number b.
Suppose f is extended Riemann integrable on —oo, b. Then f is improper
integrable on |—o0, b].

(21) Let us consider a partial function f from R to R, and a real number a.
Suppose f is extended Riemann integrable on a, +o0o. Then f is improper
integrable on [a, +o0].

(22) Let us consider a partial function f from R to R, and a real number b.
Suppose f is improper integrable on |—oo, b]. Then

(i) f is extended Riemann integrable on —oo, b and

/bf(a:)dx = (R<)/b f(x)dx, or

b
(ii) f is not extended Riemann integrable on —oo, b and / f(z)dz =

—0o0
400, or

b
(iii) f is not extended Riemann integrable on —oo, b and / f(x)dx =

—0o0
—0Q.

The theorem is a consequence of (1) and (2).

(23) Let us consider a partial function f from R to R, and a real number b.
Suppose there exists a partial function I; from R to R such that dom I; =
]—00,b] and for every real number x such that z € dom I; holds I (z) =
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b

/f(x)da: and [; is divergent in —oo to +00 or divergent in —oo to —oo.

xX
Then f is not extended Riemann integrable on —oo, b. The theorem is
a consequence of (1) and (2).

(24) Let us consider partial functions f, I; from R to R, and a real number
b. Suppose f is improper integrable on |—oo, b] and dom I = |—o0, b] and

b
for every real number = such that z € domI; holds I1(x) = /f(:v)d:c
x

b
and I is convergent in —oo. Then /f(:n)d:z: = lim [;. The theorem is
—o0

—00
a consequence of (22).

Let us consider a partial function f from R to R and real numbers b, c. Now
we state the propositions:

(25) Suppose b < ¢ and |—o0,¢] C dom f and f is improper integrable on
]—00, ¢]. Then

(i) f is improper integrable on |—oo, b], and
b

(ii) if /Cf(m)da; = (R<)/C f(z)dz, then /bf(x)dm = (R<)/ f(z)dz,

and

c b
(iii) if /f(x)dx = +o00, then /f(x)dx = +o00, and

(iv) if /cf(:c)dm = —00, then /bf(:c)dm = —00.

The theorem is a consequence of (22).

(26) Suppose b < ¢ and |—o0,c] C dom f and f[[b,c| is bounded and f is
improper integrable on |—o0o, b] and f is integrable on [b, c|. Then

(i) f is improper integrable on |—o0, ¢|, and

/Cf(m)dx = /bf(w)d:r%— /Cf(:c)dx, and
—00 —o0 b
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b c
(iii) if /f(a:)dm = +o00, then /f(a:)dm = +o00, and

(iv) if /bf(x)da: = —00, then /Cf(x)da: = —00.

The theorem is a consequence of (22).
(27) Let us consider a partial function f from R to R, and a real number b.
Suppose f is improper integrable on [b, +oo[. Then

(i) f is extended Riemann integrable on b, +o00 and

oo +00
/f(x)dac = (R>)/ f(z)dz, or
b b

+o00
(ii) f is not extended Riemann integrable on b, +oc and / f(x)dx =
b

400, or
+oo
(iii) f is not extended Riemann integrable on b, +oo and / f(x)dx =
b

—00.
The theorem is a consequence of (3) and (4).

(28) Let us consider a partial function f from R to R, and a real number b.
Suppose there exists a partial function I; from R to R such that dom I; =
[b, +00[ and for every real number x such that = € domI; holds I;(x) =

xr
/f(x)dx and [ is divergent in +oo to +00 or divergent in +00 to —oo.
b

Then f is not extended Riemann integrable on b, +0co0. The theorem is
a consequence of (3) and (4).

(29) Let us consider partial functions f, I; from R to R, and a real number
b. Suppose f is improper integrable on [b, +o0o[ and dom I = [b, +o0[ and
xX

for every real number z such that z € domI; holds I1(x) = /f(w)da:
b

+oo
and Iy is convergent in +o00. Then /f(x)da; = Em I;. The theorem is
o0
b

a consequence of (27).

Let us consider a partial function f from R to R and real numbers b, c. Now
we state the propositions:
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(30) Suppose b > ¢ and [¢, +oo[ C dom f and f is improper integrable on |[c,
oo[. Then

(i) f is improper integrable on [b, +oo], and

+o0 +oo +oo +o0
(ii) if / flz)de = (R) / f(x)de, then / f(x)de = (R”) / f(x)da
c c b b
and

(iii) if /f(x)dx = +o00, then /f(x)dm = +o00, and

+00 +00
(iv) if [ f(x)dx = —o0, then [ f(z)dz = —o0.
/ !

The theorem is a consequence of (27).
(31) Suppose b > ¢ and [¢,+oo] C dom f and f[[c,b] is bounded and f is
improper integrable on [b, +oo[ and f is integrable on [c, b]. Then

(i) f is improper integrable on [c, +oo[, and

+o00 +00 +oo +oo b
(i) if /f(x)dx = (R>)/ f(z)dx, then /f(x)d:v: /f(x)d:c—i—/f(x)dx
b b c b c
and

(iii) if /f(x)dac = +o00, then /f(x)dac = +o00, and

+oo +oo
(iv) if [ f(z)dx = —o0, then [ f(z)dz = —o0.
! /

The theorem is a consequence of (27).

Let f be a partial function from R to R. We say that f is improper integrable
on R if and only if

(Def. 5) there exists a real number r such that f is improper integrable on |—o0, r]
T

and f is improper integrable on [r, +00[ and it is not true that / flx)dx =

—00

—oo and /f )dx = +o0 and it is not true that /f )dx = 400 and

/f
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Now we state the propositions:

(32) Let us consider a partial function f from R to R. Suppose f is improper
b

integrable on R. Then there exists a real number b such that / f(x)dx =

b

+o00 400 b +00
(R) / f(z)dx and / f(x)dz = (R>) / f(@)dz or / f()dz+ / f(x)dz
—c0 b b —o0 b

= +o00 or /f(x)d:z: + /f(x)d:z: = —00. The theorem is a consequence of

—0o0
(22) and (27).
(33) Let us consider a partial function f from R to R, and a real number

b. Suppose dom f = R and f is improper integrable on |—oo, b] and f
b

is improper integrable on [b, +o00[ and it is not true that / f(x)dx =

—0o0

b
—o0 and /f )dx = +o0 and it is not true that /f )dx = +oo and

/f = —o00. Let us consider a real number b;. Suppose b; < b.

400 b1 400
Then /f(x)dw + /f(m)dx = /f(m)dx + /f(:c)dm. The theorem is
b1

—0o0 b —00
a consequence of (22), (27), and (31).

(34) Let us consider a partial function f from R to R, and a real number

b. Suppose dom f = R and f is improper integrable on |—oc, b] and f
b

is improper integrable on [b, +oo[ and it is not true that / f(z)dz =

—00

—o0 and /f )dx = +o0 and it is not true that /f )dx = +oo and

/ f(x = —o0. Let us consider a real number bs. Suppose b < bo.

400 b +o00
Then /f(m)daf + /f(af)da: = /f(af)da: + /f(a;)dx The theorem is
—00 b —00 ba
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a consequence of (27), (30), (31), and (22).

(35) Let us consider a partial function f from R to R. Suppose dom f = R
and f is improper integrable on R. Let us consider real numbers by, bs.

by +o00 b 400
Then /f(m)da: + /f(x)da: = /f(x)da: + /f(x)dac The theorem is
—00 bl —00 b2

a consequence of (33) and (34).

Let f be a partial function from R to R. Assume dom f = R and f is
“+oo

improper integrable on R. The functor / f(x)dx yielding an extended real is

— 00

defined by

(Def. 6) there exists a real number ¢ such that f is improper integrable on |—oo,
c “+o0o
c] and f is improper integrable on [¢, +00] and it = /f(a:)d:v+ /f(x)d:z.
—0oQ &

Now we state the proposition:

(36) Let us consider a partial function f from R to R, and a real number b.
Suppose dom f = R and f is improper integrable on R. Then

(i) f is improper integrable on |—oo, b], and

(ii) f is improper integrable on [b, +o00[, and

+oo b +oo
(iii) /f(ac)dw: /f(w)dm+ /f(x)dac
—00 —00 b

The theorem is a consequence of (25), (31), (35), (26), and (30).

3. LINEARITY OF IMPROPER INTEGRAL ON INFINITE INTERVAL

Let us consider a partial function f from R to R, a real number b, and
a partial function I; from R to R. Now we state the propositions:

b

(37) Suppose f is improper integrable on |—oo, b] and /f(:c)dx = +o00.
—00

Then suppose dom I; = |—o00,b] and for every real number z such that

b
x € dom I; holds I (x) = /f(:r)dx Then I is divergent in —oo to +oc.
xT

b
(38) Suppose f is improper integrable on |—oo, b] and /f(a:)da: = —o0.

—0o0
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Then suppose dom I} = |— oo ,b] and for every real number z such that
x € dom I; holds I ( / f(x)dx. Then I; is divergent in —oo to —

Let us consider a partial functlon f from R to R, a real number a, and
a partial function I; from R to R. Now we state the propositions:
+o00
(39) Suppose f is improper integrable on [a, +oo[ and /f(m)dz: = +oo0.

Then suppose dom I} = [a +oo[ and for every real nu?nber x such that
x € dom I; holds I ( / f(x)dz. Then I; is divergent in +oo to 400.
400
(40) Suppose f is improper integrable on [a, +oo[ and /f(:c)dx = —o0.
Then suppose dom ] = [a +oo[ and for every real nu(;nber z such that
x € dom I; holds I ( / f(x)dx. Then I; is divergent in +o00 to —

(41) Let us consider a partlal function f from R to R, and real numbers b, r.
Suppose |—o00,b] C dom f and f is improper integrable on |—oo, b]. Then

(i) r- f is improper integrable on |—oo, b], and

(i) [t f)@)do=r- /b f(2)da

—0o0

PROOF: For every real number d such that d < b holds r - f is integrable
on [d,b] and (7 - f)[[d,b] is bounded. (J

(42) Let us consider a partial function f from R to R, and real numbers a, 7.
Suppose [a, +oo[ C dom f and f is improper integrable on [a, +00[. Then

(i) r- f is improper integrable on [a, +oo[, and

+o0 +o0
(ii) /(7’ - f)(x)dx =71 /f(x)dx

PROOF: For every real number d such that a < d holds r - f is integrable
on [a,d] and (r - f)[[a,d] is bounded. (J

(43) Let us consider a partial function f from R to R, and a real number b.
Suppose |—o0,b] C dom f and f is improper integrable on |—o0, b]. Then

(i) —f is improper integrable on ]|—o0, b], and
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m>/«nWMx=—iﬂmm

—0o0

The theorem is a consequence of (41).
(44) Let us consider a partial function f from R to R, and a real number a.
Suppose [a, +oo[ C dom f and f is improper integrable on [a, +oo[. Then
(i) —f is improper integrable on [a, +oo[, and

400
(i) [N /f

a
The theorem is a consequence of (42).

(45) Let us consider partial functions f, g from R to R, and a real number
b. Suppose |—00,b] C dom f and |—o00,b] C domg and f is improper
integrable on |—o0, b] and g is improper integrable on |—oo, b] and it is

b b

not true that /f(a:)d:c = +oo and /g(az)dm = —oo and it is not true

b
that /f(x)dac = —o0 and /g(x)dm = +00. Then

(i) f + g is improper integrable on |—oco, b, and

<>ﬂwg m—/fmwi<m.

PROOF: For every real number d such that d < b holds f + g is integrable
on [d,b] and (f + g)[d, b] is bounded. [J

(46) Let us consider partial functions f, g from R to R, and a real number
a. Suppose [a,+oo[ € dom f and [a,+oo[ € domg and f is improper

integrable on [a —|—oo[ and g is improper integrable on [a, +oo[ and it is
+00

not true that /f Jdr = 400 and / (r)dxr = —oo and it is not true

a

that /f(x)dm = —oo and /g(x)dm = +00. Then

(i) f -+ g is improper integrable on [a, +00], and
+00 +oo

(if) /(f—l—g dx—/f dx+/()d.

a a
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PROOF: For every real number d such that a < d holds f 4+ g is integrable

on [a,d] and (f + g)[[a,d] is bounded. OJ
(47) Let us consider partial functions f, g from R to R, and a real number
b. Suppose |—00,b] C dom f and |—o00,b] C domg and f is improper
integrable on |—o0, b] and g is improper integrable on |—oo, b] and it is

b b

not true that /f )dx = 400 and / x)dxr = 400 and it is not true

that /f(a;)dac = —o0 and /g = —00. Then
(i) f — g is improper integrable on |—oco, b], and
b b b
() [~ 9)@)de = [f@dz~ [gayia

The theorem is a consequence of (43) and (45).
(48) Let us consider partial functions f, g from R to R, and a real number
a. Suppose [a,+o0o] C dom f and [a,+oo] € domg and f is improper

integrable on [a, +00o] and ¢ is improper integrable on [a, +00[ and it is
+00

not true that /f(x)dx = +oo and /g(az)d:n = +oo and it is not true

+oo +oo
that /f(:r)dx = —o0 and /g(x)dfv = —o00. Then

(i) f — g is improper integrable on [a, +0o[, and

+o0 400
(ii) /(f 9)( da:—/f dx—/()dx.

The theorem is a consequence of (44) and (46).

Let us consider a partial function f from R to R and a real number r. Now
we state the propositions:

(49) Suppose dom f =R and f is improper integrable on R. Then

(i) r- f is improper integrable on R, and

+o0 +oo
() [ f@de=r- [f@)de

The theorem is a consequence of (36), (41), and (42).
(50) Suppose dom f =R and f is improper integrable on R. Then



IMPROPER INTEGRAL. PART II 293

(i) —f is improper integrable on R, and
+00
@) [-5) / e
—o0
The theorem is a consequence of (49).
Let us consider partial functions f, g from R to R. Now we state the propo-
sitions:

(51) Suppose dom f = R and domg = R and f is improper integrable on

R and ¢ is improper integrable on R and it is not true that / f(x)dx =

—00

+o0
+oo and /g(az)d:c = —oo and it is not true that /f(a:)d:c = —oo and

—0o0

/g(m)dw = +o00. Then

(i) f+ g is improper integrable on R, and

“+o00

() [U+9) dx—/f dx+/g

—00

The theorem is a consequence of (25), (26), (31), (30), (36), (45), and (46).

(52) Suppose dom f = R and domg = R and f is improper integrable on
+oo

R and g is improper integrable on R and it is not true that / f(x)dx =

—0o0

+oo and /g(:c)d:r = 400 and it is not true that /f(:c)d:r = —oo0 and

—00 —00
+oo

/g(aj)dm = —o00. Then

—00

(i) f — g is improper integrable on R, and

oo +00
(ii) /(f 9)( dw—/f dx—/()dq:.

The theorem is a consequence of (50) and (51).
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