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On Primary Ideals. Part I
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Summary.We formalize in the Mizar System [3], [4], definitions and basic
propositions about primary ideals of a commutative ring along with Chapter 4 of
[1] and Chapter III of [8]. Additionally other necessary basic ideal operations such
as compatibilities taking radical and intersection of finite number of ideals are
formalized as well in order to prove theorems relating primary ideals. These basic
operations are mainly quoted from Chapter 1 of [1] and compiled as preliminaries
in the first half of the article.
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From now on R denotes a commutative ring, A denotes a non degenerated,
commutative ring, I, J , p denote ideals of A, q denotes a prime ideal of A, and
M , M1, M2 denote ideals of A/p.

Let us consider A and p. We introduce the notation πA→A/p as a synonym
of the canonical homomorphism of p into quotient field.

Now we state the proposition:

(1) Let us consider ideals a, b of A, and a prime ideal q of A. If a ∩ b ⊆ q,
then a ⊆ q or b ⊆ q.

Let us consider A. Let a be a non empty finite sequence of elements of
IdealsA and i be an element of dom a. Let us observe that the functor a(i) yields
a non empty subset of A. One can check that a(i) is closed under addition, left
and right ideal as a subset of A and

⋂
rng a is closed under addition, left and

right ideal as a subset of A.
Now we state the proposition:

(2) [1, p.8, Prop. 1.11 ii)]:
Let us consider a non empty finite sequence a of elements of IdealsA, and
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a prime ideal q of A. Suppose
⋂

rng a ⊆ q. Then there exists an object i
such that

(i) i ∈ dom a, and

(ii) a(i) ⊆ q.

Proof: Define P[natural number] ≡ for every non empty finite sequence
a of elements of IdealsA for every prime ideal q of A such that len a = $1
holds if

⋂
rng a ⊆ q, then there exists an object i such that i ∈ dom a

and a(i) ⊆ q. For every non zero natural number n such that P[n] holds
P[n+ 1]. For every non zero natural number i, P[i]. �

Let us consider A. Let I be an ideal of A. The functor %I yielding a function
from 2(the carrier of A) into 2(the carrier of A) is defined by

(Def. 1) for every subset x of A, it(x) = x% I.

Now we state the propositions:

(3) Let us consider a proper ideal I of A, and a non empty finite sequence
F of elements of IdealsA. Then

(i) rng(%I) · F 6= ∅, and

(ii) rngF 6= ∅, and

(iii)
⋂

rng(%I) · F ⊆ the carrier of A.

(4) [1, p.8, Ex.1.12. iv)]:
Let us consider a proper ideal I of A, and a non empty finite sequence F
of elements of IdealsA. Then (%I)(

⋂
rngF ) =

⋂
rng(%I) · F .

Proof: rng(%I) · F 6= ∅. For every object x such that x ∈ (%I)(
⋂

rngF )
holds x ∈

⋂
rng(%I) · F .

⋂
rng(%I) · F ⊆ (%I)(

⋂
rngF ). �

(5) I ∗ ΩA = I.

(6) Let us consider finite sequences f , g of elements of 2α. Suppose len f 
len g > 0 and I len f = f(len f) and f(1) = I and for every natural number
i such that i, i + 1 ∈ dom f holds f(i + 1) = I ∗ f/i and I len g = g(len g)
and g(1) = I and for every natural number i such that i, i + 1 ∈ dom g

holds g(i+ 1) = I ∗ g/i. Then f� dom g = g, where α is the carrier of A.
Proof: Set f1 = f� dom g. For every natural number i such that i, i+1 ∈
dom f1 holds f1(i+ 1) = I ∗ f1/i. f1 = g. �

(7) Let us consider a natural number n. If n > 0, then In+1 = I ∗ In. The
theorem is a consequence of (6).

(8) [1, p.9, Ex.1.13 ii)]:
√
I =
√√

I.

Proof: For every object o such that o ∈
√√

I holds o ∈
√
I. �
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(9) [1, p.9, Ex.1.13 iii)]:√
I ∩ J =

√
I ∩
√
J .

Proof: For every object o such that o ∈
√
I ∩ J holds o ∈

√
I ∩
√
J .√

I ∩
√
J ⊆
√
I ∩ J . �

(10) [1, p.9, Ex.1.13 iv)]:√
I = ΩA if and only if I = ΩA.
Proof: If

√
I = ΩA, then I = ΩA by [7, (2)], [2, (19)]. �

(11) [1, p.9, Ex.1.13 v)]:
√
I + J =

√√
I +
√
J .

Proof: For every object o such that o ∈
√
I + J holds o ∈

√√
I +
√
J .√√

I +
√
J ⊆
√
I + J . �

(12) [1, p.9, Ex.1.13 vi)]:
Let us consider a prime ideal q of A, and a non zero natural number n.
Then

√
qn = q.

Proof: Define P[natural number] ≡
√

q$1 = q. For every non zero natural
number n such that P[n] holds P[n+1]. For every non zero natural number
i, P[i]. �

(13) [1, p.9, Prop1.16]:
If
√
I and

√
J are co-prime, then I and J are co-prime. The theorem is

a consequence of (11) and (10).

(14) Let us consider elements x, y of the carrier of A/p. Suppose x, y ∈
(πA→A/p)◦I. Then x+ y ∈ (πA→A/p)◦I.

(15) Let us consider elements a, x of the carrier ofA/p. Suppose x ∈ (πA→A/p)◦I.
Then a · x ∈ (πA→A/p)◦I.

(16) (πA→A/p)◦I is an ideal of A/p. The theorem is a consequence of (14) and
(15).

(17) Let us consider elements x, y of the carrier of A. Suppose x, y ∈
(πA→A/p)−1(M1). Then x+ y ∈ (πA→A/p)−1(M1).

(18) Let us consider elements r, x of the carrier of A.
Suppose x ∈ (πA→A/p)−1(M1). Then r · x ∈ (πA→A/p)−1(M1).

(19) (πA→A/p)−1(M1) is an ideal of A. The theorem is a consequence of (17)
and (18).

(20) p ⊆ (πA→A/p)−1(M1).
Proof: For every object x such that x ∈ p holds x ∈ (πA→A/p)−1(M1) by
[5, (13)]. �

(21) (πA→A/p)◦((πA→A/p)−1(M1)) = M1.
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(22) If p ⊆ I, then (πA→A/p)−1((πA→A/p)◦I) = I.
Proof: (πA→A/p)−1((πA→A/p)◦I) ⊆ I. �

(23) If I ⊆ J , then (πA→A/p)◦I ⊆ (πA→A/p)◦J .

(24) If M1 ⊆M2, then (πA→A/p)−1(M1) ⊆ (πA→A/p)−1(M2).

(25) (πA→A/p)−1(ΩA/p
) = ΩA.

(26) If M is proper, then (πA→A/p)−1(M) is proper. The theorem is a conse-
quence of (21).

(27) If p ⊆ I and I is maximal, then (πA→A/p)◦I is maximal. The theorem is
a consequence of (16), (25), (22), (26), (19), and (24).

Let us consider A and p. The functor Ψp yielding a function from IdealsA/p
into Ideals(A, p) is defined by

(Def. 2) for every element x of IdealsA/p, it(x) = (πA→A/p)−1(x).

Let J be a proper ideal of A. Observe that A/J is non degenerated and
commutative.

[1, p.2, Prop. 1.1]:
Let us consider A. Let p be an ideal of A. Let us note that Ψp is one-to-one

and ⊆-monotone.
[1, p.50, Chapter 4]:
Let A be a well unital, non empty double loop structure and S be a subset

of A. We say that S is quasi-primary if and only if

(Def. 3) for every elements x, y of A such that x · y ∈ S holds x ∈ S or y ∈
√
S.

We say that S is primary if and only if

(Def. 4) S is proper and quasi-primary.

Let K be a well unital, non empty double loop structure. Let us note that
every subset of K which is primary is also proper and quasi-primary and every
subset of K which is proper and quasi-primary is also primary.

Now we state the proposition:

(28) Let us consider an ideal q of A. If q is prime, then q is primary.
Proof: For every elements x, y of A such that x · y ∈ q holds x ∈ q or
y ∈ √q. �

Let us consider A. One can verify that every ideal of A which is prime is
also primary.

Let A be a non degenerated, commutative ring. Let us observe that there
exists a proper ideal of A which is primary.

Now we state the propositions:

(29) I is primary if and only if I 6= ΩA and for every elements x, y of A such
that x · y ∈ I and x /∈ I holds y ∈

√
I.
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(30) I 6= ΩA and for every elements x, y of A such that x · y ∈ I and x /∈ I
holds y ∈

√
I if and only if A/I is not degenerated and for every element

z of A/I such that z is zero-divisible holds z is nilpotent.
Proof: If I 6= ΩA and for every elements x, y of A such that x · y ∈ I and
x /∈ I holds y ∈

√
I, then A/I is not degenerated and for every element

z of A/I such that z is zero-divisible holds z is nilpotent. If A/I is not

degenerated and for every element z of A/I such that z is zero-divisible
holds z is nilpotent, then I 6= ΩA and for every elements x1, y1 of A such
that x1 · y1 ∈ I and x1 /∈ I holds y1 ∈

√
I by [6, (2)]. �

(31) I is primary if and only if A/I is not degenerated and for every element

x of A/I such that x is zero-divisible holds x is nilpotent. The theorem is
a consequence of (29) and (30).

[1, p.50, Prop. 4.1]:
Let us consider A. Let Q be a primary ideal of A. Note that

√
Q is prime.

Let I be a primary ideal of A. One can verify that every element of A/I
which is zero-divisible is also nilpotent.

Let P , Q be ideals of A. We say that Q is P -primary if and only if

(Def. 5)
√
Q = P .

The functor PrimaryIdeals(A) yielding a family of subsets of the carrier of
A is defined by the term

(Def. 6) the set of all I where I is a primary ideal of A.

Note that PrimaryIdeals(A) is non empty.
Let us consider q. The functor PrimaryIdeals(A, q) yielding a non empty

subset of PrimaryIdeals(A) is defined by the term

(Def. 7) {I, where I is a primary ideal of A : I is q-primary}.

Let us consider a proper ideal p of A. Now we state the propositions:

(32) (πA→A/p)◦
√

p = nilrad(A/p).

Proof: For every object x such that x ∈ nilrad(A/p) holds x ∈ (πA→A/p)◦
√

p.

(πA→A/p)◦
√

p ⊆ nilrad(A/p). �

(33) If
√

p is maximal, then A/p is local.

Proof: Set m =
√

p. (πA→A/p)◦m = nilrad(A/p). For every objects m1,

m2 such that m1, m2 ∈ m-Spectrum(A/p) holds m1 = m2. �

(34) [1, p.51, Prop. 4.2]:
Let us consider a proper ideal p of A. If

√
p is maximal, then p is primary.

Proof: Set m =
√

p. (πA→A/p)◦m is maximal. A/p is local. For every

element x of A/p such that x is zero-divisible holds x is nilpotent. �
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(35) [1, p.51, Prop. 4.2] case of M is maximal Ideal:
Let us consider a maximal ideal M of A, and a non zero natural number n.
Then Mn ∈ PrimaryIdeals(A,M). The theorem is a consequence of (12)
and (34).

(36) Let us consider ideals q1, q2 of A. Suppose q1, q2 ∈ PrimaryIdeals(A, q).
Then q1 ∩ q2 ∈ PrimaryIdeals(A, q). The theorem is a consequence of (9)
and (29).

(37) [1, p.51, Lemma 4.3]:
Let us consider a prime ideal q of A, and a non empty finite sequence F
of elements of PrimaryIdeals(A, q). Then

⋂
rngF ∈ PrimaryIdeals(A, q).

Proof:
⋂

rngF ∈ PrimaryIdeals(A, q). �

(38) Let us consider a proper ideal I of A, and an element x of
√
I. Then

there exists a natural number m such that

(i) m ∈ {n, where n is an element of N : xn /∈ I}, and

(ii) xm+1 ∈ I.

Proof: Consider x1 being an element of A such that x1 = x and there
exists an element n of N such that x1n ∈ I. Consider n1 being an element
of N such that x1n1 ∈ I. n1 /∈ {n, where n is an element of N : xn /∈ I}.
0 ∈ {n, where n is an element of N : xn /∈ I}. {n, where n is an element
of N : xn /∈ I} = N. �

(39) Let us consider proper ideals I, J of A. Suppose I ⊆ J ⊆
√
I and for

every elements x, y of A such that x · y ∈ I and x /∈ I holds y ∈ J . Then

(i) I is primary, and

(ii)
√
I = J , and

(iii) J is prime.

Proof:
√
I ⊆ J . �

(40) Let us consider a proper ideal Q of A. Suppose for every elements x, y
of A such that x · y ∈ Q and y /∈

√
Q holds x ∈ Q. Then

(i) Q is primary, and

(ii)
√
Q is prime.

The theorem is a consequence of (39).

(41) [1, p.51, Lemma 4.4 i)]:
Let us consider an ideal p of A, and an element x of A. Suppose x ∈ p.
Then p % {x}–ideal = ΩA.
Proof: Set I = {x}–ideal. If x ∈ p, then p % I = ΩA. �
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(42) [1, p.51, Lemma 4.4 ii)]:
Let us consider an ideal p of A, and an element x of A. Suppose p ∈
PrimaryIdeals(A, q). If x /∈ p, then p % {x}–ideal ∈ PrimaryIdeals(A, q).
Proof: Set I = {x}–ideal. Consider q1 being a primary ideal of A such
that q1 = p and q1 is q-primary. If x /∈ p, then p%I ∈ PrimaryIdeals(A, q).
�

(43) [1, p.51, Lemma 4.4 iii)]:
Let us consider an ideal p of A, and an element x of A. Suppose p ∈
PrimaryIdeals(A, q). If x /∈ q, then p % {x}–ideal = p.
Proof: Set I = {x}–ideal. Consider Q being a primary ideal of A such
that Q = p and Q is q-primary. If x /∈ q, then p % I = p. �
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