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Summary. The bin packing problem is a fundamental and important opti-
mization problem in theoretical computer science [4], [6]. An instance is a sequ-
ence of items, each being of positive size at most one. The task is to place all the
items into bins so that the total size of items in each bin is at most one and the
number of bins that contain at least one item is minimum.

Approximation algorithms have been intensively studied. Algorithm NextFit
would be the simplest one. The algorithm repeatedly does the following: If the
first unprocessed item in the sequence can be placed, in terms of size, additionally
to the bin into which the algorithm has placed an item the last time, place the
item into that bin; otherwise place the item into an empty bin. Johnson [5] proved
that the number of the resulting bins by algorithm NextFit is less than twice the
number of the fewest bins that are needed to contain all items.

In this article, we formalize in Mizar [1], [2] the bin packing problem as
follows: An instance is a sequence of positive real numbers that are each at most
one. The task is to find a function that maps the indices of the sequence to
positive integers such that the sum of the subsequence for each of the inverse
images is at most one and the size of the image is minimum. We then formalize
algorithm NextFit, its feasibility, its approximation guarantee, and the tightness
of the approximation guarantee.
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1. Preliminaries

Let a be a non empty finite sequence of elements of R and i be an element
of dom a. Let us observe that the functor a(i) yields an element of R. Let h be
a non empty finite sequence of elements of N∗ and i be an element of domh. Let
us observe that the functor h(i) yields a finite sequence of elements of N. Now
we state the propositions:

(1) Let us consider a natural number n. If n is odd, then 1 ¬ n and n +
1 div 2 = n+1

2 .

(2) Let us consider a setD, and a finite sequence p. Suppose for every natural
number i such that i ∈ dom p holds p(i) ∈ D. Then p is a finite sequence
of elements of D.

(3) Let us consider objects x, y. Then {〈〈x, y〉〉}−1({y}) = {x}.
Proof: For every object v, v ∈ {x} iff v ∈ dom{〈〈x, y〉〉} and {〈〈x, y〉〉}(v) ∈
{y}. �

(4) Let us consider natural numbers a, b, and a set s. If Seg a∪ {s} = Seg b,
then a = b or a+ 1 = b. Proof: b− a ¬ 1. �

Let D be a non empty set, f be a D-valued finite sequence, and I be a set.
The functor Seq(f, I) yielding a D-valued finite sequence is defined by the term

(Def. 1) Seq(f�I).

Let a be a non empty finite sequence of elements of R, f be a function, and
s be a set. The functor SumBin(a, f, s) yielding a real number is defined by the
term

(Def. 2)
∑

Seq(a, f−1(s)).

Let us observe that there exists a non empty finite sequence of elements of
R which is positive. Let a be a finite sequence of elements of R. We say that a
is at most one if and only if

(Def. 3) for every natural number i such that 1 ¬ i ¬ len a holds a(i) ¬ 1.

Note that there exists a non empty, positive finite sequence of elements of R
which is at most one. Let us consider a finite sequence f of elements of N and
natural numbers j, b. Now we state the propositions:

(5) If b = j, then (f a 〈b〉)−1({j}) = f−1({j}) ∪ {len f + 1}.
Proof: For every object z, z ∈ (f a 〈b〉)−1({j}) iff z ∈ f−1({j})∪{len f +
1}. �

(6) If b 6= j, then (f a 〈b〉)−1({j}) = f−1({j}).
Proof: For every object z, z ∈ (f a 〈b〉)−1({j}) iff z ∈ f−1({j}). �

(7) Let us consider a non empty finite sequence a of elements of R, a set p,
and a natural number i. Suppose p ∪ {i} ⊆ dom a and for every natural
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numberm such thatm ∈ p holdsm < i. Then Seq(a�(p∪{i})) = Seq(a�p)a

〈a(i)〉.
Let us consider a non empty finite sequence a of elements of R, a finite

sequence f of elements of N, and natural numbers j, b. Now we state the pro-
positions:

(8) Suppose len f + 1 ¬ len a. Then if b = j, then SumBin(a, f a 〈b〉, {j}) =
SumBin(a, f, {j}) + a(len f + 1).
Proof: (fa〈b〉)−1({j}) = f−1({j})∪{len f+1}. For every natural number
m such that m ∈ f−1({j}) holds m < len f + 1. �

(9) Suppose len f + 1 ¬ len a. Then if b 6= j, then SumBin(a, f a 〈b〉, {j}) =
SumBin(a, f, {j}).

(10) Let us consider a non empty finite sequence a of elements of R, and
a finite sequence f of elements of N. Suppose dom f = dom a. Then
SumBin(a, f, rng f) =

∑
a.

(11) Let us consider a non empty finite sequence a of elements of R, a finite
sequence f of elements of N, and sets s, t. Suppose dom f ⊆ dom a and s

misses t. Then SumBin(a, f, s ∪ t) = SumBin(a, f, s) + SumBin(a, f, t).
Proof: Reconsider F = a as a partial function from N to R. For every set
W such that W ⊆ dom a holds

∑W
κ=0 F (κ) =

∑
Seq(a,W ) by [3, (51)]. �

(12) Let us consider a non empty, positive finite sequence a of elements of R,
a finite sequence f of elements of N, and a set s. If dom f ⊆ dom a, then
0 ¬ SumBin(a, f, s).
Proof: Reconsider s1 = Seq(a, f−1(s)) as a real-valued finite sequence.
For every natural number i such that i ∈ dom s1 holds 0 ¬ s1(i). �

(13) Let us consider a non empty finite sequence a of elements of R, a fi-
nite sequence f of elements of N, and a set s. If s misses rng f , then
SumBin(a, f, s) = 0.

2. Optimal Packing

Now we state the propositions:

(14) Let us consider a non empty, at most one finite sequence a of elements
of R. Then there exists a natural number k and there exists a non empty
finite sequence f of elements of N such that dom f = dom a and for every
natural number j such that j ∈ rng f holds SumBin(a, f, {j}) ¬ 1 and
k = rng f .
Proof: Set k1 = len a. Set f1 = idseq(k1). For every natural number j
such that j ∈ rng f1 holds SumBin(a, f1, {j}) ¬ 1. There exists a non
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empty finite sequence f of elements of N such that dom f = dom a and for
every natural number j such that j ∈ rng f holds SumBin(a, f, {j}) ¬ 1
and k1 = rng f . �

(15) Let us consider a non empty finite sequence a of elements of R, and
a finite sequence f of elements of N. Suppose dom f = dom a and for
every natural number j such that j ∈ rng f holds SumBin(a, f, {j}) ¬ 1.
Then there exists a finite sequence f2 of elements of N such that

(i) dom f2 = dom a, and

(ii) for every natural number j such that j ∈ rng f2 holds

SumBin(a, f2, {j}) ¬ 1, and

(iii) there exists a natural number k such that rng f2 = Seg k, and

(iv) rng f = rng f2 .

Proof: Reconsider g3 = Sgm0 rng f as a finite 0-sequence of N. Reconsider
g2 = XFS2FS(g3) as a one-to-one function. Reconsider g = g2

−1 as a one-
to-one function. Reconsider f3 = g · f as a finite sequence. Consider k0
being a natural number such that dom g2 = Seg k0. For every natural
number j such that j ∈ rng f3 holds SumBin(a, f3, {j}) ¬ 1. �

Let a be a non empty, at most one finite sequence of elements of R. The
functor Opt(a) yielding an element of N is defined by

(Def. 4) there exists a non empty finite sequence g of elements of N such that
dom g = dom a and for every natural number j such that j ∈ rng g holds
SumBin(a, g, {j}) ¬ 1 and it = rng g and for every non empty finite
sequence f of elements of N such that dom f = dom a and for every natural
number j such that j ∈ rng f holds SumBin(a, f, {j}) ¬ 1 holds it ¬
rng f .

Now we state the propositions:

(16) Let us consider a non empty finite sequence a of elements of R, a finite
sequence f of elements of N, a natural number k, and a real-valued finite
sequence R1. Suppose dom f = dom a and rng f = Seg k and lenR1 = k

and for every natural number j such that j ∈ domR1 holds R1(j) =
SumBin(a, f, {j}). Then

∑
R1 = SumBin(a, f, rng f).

Proof: Define P[natural number] ≡ for every real-valued finite sequ-
ence r1 such that r1 = R1� Seg $1 holds

∑
r1 = SumBin(a, f,Seg $1).

For every real-valued finite sequence r1 such that r1 = R1� Seg 1 holds∑
r1 = SumBin(a, f,Seg 1). For every element i of N such that 1 ¬ i < k

and P[i] holds P[i+ 1]. For every element i of N such that 1 ¬ i ¬ k holds
P[i]. �
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(17) Let us consider a non empty finite sequence a of elements of R, and
a finite sequence f of elements of N. Suppose dom f = dom a and for
every natural number j such that j ∈ rng f holds SumBin(a, f, {j}) ¬ 1.
Then d

∑
ae ¬ rng f .

Proof: Consider f2 being a finite sequence of elements of N such that
dom f2 = dom a and for every natural number j such that j ∈ rng f2 holds
SumBin(a, f2, {j}) ¬ 1 and there exists a natural number k such that
rng f2 = Seg k and rng f = rng f2 . Consider i being a natural number such
that rng f2 = Seg i. Define N (natural number) = SumBin(a, f2, {$1}).

There exists a finite sequence p such that len p = i and for every
natural number j such that j ∈ dom p holds p(j) = N (j). Consider R1
being a finite sequence such that lenR1 = i and for every natural number j
such that j ∈ domR1 holds R1(j) = SumBin(a, f2, {j}). For every natural
number j such that j ∈ domR1 holds R1(j) ∈ R. R1 is a finite sequence
of elements of R.

Reconsider R2 = i 7→ 1 as a real-valued, i-element finite sequence.
For every natural number j such that j ∈ Seg i holds R1(j) ¬ R2(j).∑
R1 = SumBin(a, f2, rng f2).

∑
a ¬ rng f . �

(18) Let us consider a non empty, at most one finite sequence a of elements
of R. Then d

∑
ae ¬ Opt(a). The theorem is a consequence of (17).

3. Online Algorithms

Let a be a non empty finite sequence of elements of R and A be a function
from R × N∗ into N. The functor OnlinePackingHistory(a,A) yielding a non
empty finite sequence of elements of N∗ is defined by

(Def. 5) len it = len a and it(1) = 〈1〉 and for every natural number i such that
1 ¬ i < len a there exists an element d1 of R and there exists a finite
sequence d2 of elements of N such that d1 = a(i + 1) and d2 = it(i) and
it(i+ 1) = d2

a 〈A(d1, d2)〉.
Now we state the propositions:

(19) Let us consider a non empty finite sequence a of elements of R, and
a function A from R×N∗ into N. Then (OnlinePackingHistory(a,A))(1) =
{〈〈1, 1〉〉}.

(20) Let us consider a non empty finite sequence a of elements of R, a function
A from R × N∗ into N, and a non empty finite sequence h of elements of
N∗. Suppose h = OnlinePackingHistory(a,A).
Then SumBin(a, h(1), {h(1)(1)}) = a(1). The theorem is a consequence of
(3).
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Let us consider a non empty finite sequence a of elements of R, a function
A from R × N∗ into N, a non empty finite sequence h of elements of N∗, and
a natural number i. Now we state the propositions:

(21) If h = OnlinePackingHistory(a,A), then if 1 ¬ i ¬ len a, then h(i) is
a finite sequence of elements of N.

(22) If h = OnlinePackingHistory(a,A), then if 1 ¬ i ¬ len a, then lenh(i) =
i.
Proof: Define P[natural number] ≡ lenh($1) = $1. For every element i
of N such that 1 ¬ i < len a and P[i] holds P[i + 1]. For every element i
of N such that 1 ¬ i ¬ len a holds P[i]. For every natural number i such
that 1 ¬ i ¬ len a holds P[i]. �

(23) If h = OnlinePackingHistory(a,A), then if 1 ¬ i < len a, then h(i+ 1) =
h(i)a 〈A(a(i+1), h(i))〉 and h(i+1)(i+1) = A(a(i+1), h(i)). The theorem
is a consequence of (22).

(24) If h = OnlinePackingHistory(a,A), then if 1 ¬ i < len a, then rng h(i+
1) = rng h(i) ∪ {h(i+ 1)(i+ 1)}. The theorem is a consequence of (23).

(25) Let us consider a non empty, positive finite sequence a of elements of R,
a function A from R × N∗ into N, and a non empty finite sequence h of
elements of N∗. Suppose h = OnlinePackingHistory(a,A). Let us consider
natural numbers i, l. Suppose 1 ¬ i < len a. Then SumBin(a, h(i), {l}) ¬
SumBin(a, h(i+ 1), {l}). The theorem is a consequence of (21), (22), (23),
(8), and (6).

Let a be a non empty finite sequence of elements of R and A be a function
from R×N∗ into N. The functor OnlinePacking(a,A) yielding a non empty finite
sequence of elements of N is defined by the term

(Def. 6) (OnlinePackingHistory(a,A))(len OnlinePackingHistory(a,A)).

Now we state the proposition:

(26) Let us consider a non empty finite sequence a of elements of R, a function
A from R×N∗ into N, a non empty finite sequence h of elements of N∗, and
a non empty finite sequence f of elements of N. Then dom(OnlinePacking(a,
A)) = dom a. The theorem is a consequence of (22).

4. Feasibility of Algorithm NextFit

Let a be a non empty finite sequence of elements of R. The functor NextFit(a)
yielding a function from R× N∗ into N is defined by

(Def. 7) for every real number s and for every finite sequence f of elements of
N, if s + SumBin(a, f, {f(len f)}) ¬ 1, then it(s, f) = f(len f) and if
s+ SumBin(a, f, {f(len f)}) > 1, then it(s, f) = f(len f) + 1.
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Now we state the propositions:

(27) Let us consider a non empty finite sequence a of elements of R, and a non
empty finite sequence h of elements of N∗.
Suppose h = OnlinePackingHistory(a,NextFit(a)). Let us consider a na-
tural number i. Suppose 1 ¬ i ¬ len a. Then there exists a natural number
k such that

(i) rng h(i) = Seg k, and

(ii) h(i)(i) = k.

Proof: Define R[natural number] ≡ there exists a natural number k such
that rng h($1) = Seg k and h($1)($1) = k. For every element i of N such
that 1 ¬ i < len a and R[i] holds R[i + 1]. For every element i of N
such that 1 ¬ i ¬ len a holds R[i]. For every natural number i such that
1 ¬ i ¬ len a holds R[i]. �

(28) Let us consider a non empty, positive, at most one finite sequence a of
elements of R, and a non empty finite sequence h of elements of N∗. Sup-
pose h = OnlinePackingHistory(a,NextFit(a)). Let us consider a natural
number i. Suppose 1 ¬ i ¬ len a. Then SumBin(a, h(i), {h(i)(i)}) ¬ 1.
Proof: Define T [natural number] ≡ SumBin(a, h($1), {h($1)($1)}) ¬ 1.
SumBin(a, h(1), {h(1)(1)}) ¬ 1. For every element i of N such that 1 ¬ i <
len a and T [i] holds T [i+1]. For every element i of N such that 1 ¬ i ¬ len a
holds T [i]. For every natural number i such that 1 ¬ i ¬ len a holds T [i].
�

(29) Let us consider a non empty, positive, at most one finite sequence
a of elements of R, and a non empty finite sequence h of elements of
N∗. Suppose h = OnlinePackingHistory(a,NextFit(a)). Let us consider
natural numbers i, j. Suppose 1 ¬ i ¬ len a and j ∈ rng h(i). Then
SumBin(a, h(i), {j}) ¬ 1.
Proof: Define P[natural number] ≡ for every natural number j such that
j ∈ rng h($1) holds SumBin(a, h($1), {j}) ¬ 1. For every natural number j
such that j ∈ rng h(1) holds SumBin(a, h(1), {j}) ¬ 1. For every element
i0 of N such that 1 ¬ i0 < len a and P[i0] holds P[i0 + 1].

For every element i of N such that 1 ¬ i ¬ len a holds P[i]. For
every natural numbers i, j such that 1 ¬ i ¬ len a and j ∈ rng h(i) holds
SumBin(a, h(i), {j}) ¬ 1. �

(30) Let us consider a non empty, positive, at most one finite sequence a of
elements of R, and a non empty finite sequence f of elements of N. Suppose
f = OnlinePacking(a,NextFit(a)). Let us consider a natural number j. If
j ∈ rng f , then SumBin(a, f, {j}) ¬ 1. The theorem is a consequence of
(29).
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5. Approximation Guarantee of Algorithm NextFit

Let us consider a non empty, positive, at most one finite sequence a of
elements of R, a non empty finite sequence h of elements of N∗, and natural
numbers i, k. Now we state the propositions:

(31) If h = OnlinePackingHistory(a,NextFit(a)), then if 1 ¬ i ¬ len a and
rng h(i) = Seg k, then h(i)(i) = k. The theorem is a consequence of (27).

(32) Suppose h = OnlinePackingHistory(a,NextFit(a)). Then suppose 1 ¬
i < len a and rng h(i) = Seg k and rng h(i + 1) = Seg(k + 1). Then
SumBin(a, h(i+ 1), {k}) + SumBin(a, h(i+ 1), {k+ 1}) > 1. The theorem
is a consequence of (21), (22), (23), (31), (24), (6), (8), and (12).

(33) Let us consider a non empty, positive, at most one finite sequence a
of elements of R, and a non empty finite sequence h of elements of N∗.
Suppose h = OnlinePackingHistory(a,NextFit(a)). Let us consider natu-
ral numbers i, l, k. Suppose 1 ¬ i ¬ len a and rng h(i) = Seg k and 2 ¬ k

and 1 ¬ l < k. Then SumBin(a, h(i), {l}) + SumBin(a, h(i), {l + 1}) > 1.
Proof: Define N [natural number] ≡ for every natural number l for every
natural number k such that rng h($1) = Seg k and 2 ¬ k and 1 ¬ l < k

holds SumBin(a, h($1), {l}) + SumBin(a, h($1), {l+ 1}) > 1. For every na-
tural number l and for every natural number k such that rng h(1) = Seg k
and 2 ¬ k and 1 ¬ l < k holds SumBin(a, h(1), {l})+SumBin(a, h(1), {l+
1}) > 1.

For every element i0 of N such that 1 ¬ i0 < len a and N [i0] holds
N [i0+ 1]. For every element i of N such that 1 ¬ i ¬ len a holds N [i]. For
every natural numbers i, l, k such that 1 ¬ i ¬ len a and rng h(i) = Seg k
and 2 ¬ k and 1 ¬ l < k holds SumBin(a, h(i), {l}) + SumBin(a, h(i), {l+
1}) > 1. �

(34) Let us consider a non empty, positive, at most one finite sequence a of
elements of R, and a non empty finite sequence h of elements of N∗. Sup-
pose h = OnlinePackingHistory(a,NextFit(a)). Let us consider natural
numbers i, j, k. Suppose 1 ¬ i ¬ len a and rng h(i) = Seg k and 2 ¬ k and
1 ¬ j ¬ k div 2. Then SumBin(a, h(i), {2·j−1})+SumBin(a, h(i), {2·j}) >
1. The theorem is a consequence of (33).

(35) Let us consider a non empty, positive, at most one finite sequence a of
elements of R, a non empty finite sequence h of elements of N∗, and a finite
sequence f of elements of N. Suppose f = OnlinePacking(a,NextFit(a)).
Then there exists a natural number k such that rng f = Seg k. The theorem
is a consequence of (27).

(36) Let us consider a non empty, positive, at most one finite sequence a of
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elements of R, a non empty finite sequence f of elements of N, and a natural
number k. Suppose f = OnlinePacking(a,NextFit(a)) and rng f = Seg k.
Let us consider a natural number j. Suppose 1 ¬ j ¬ k div 2. Then
SumBin(a, f, {2 · j−1}) + SumBin(a, f, {2 · j}) > 1. The theorem is a con-
sequence of (34).

Let us consider a non empty, positive, at most one finite sequence a of
elements of R, a non empty finite sequence f of elements of N, and a natural
number k. Now we state the propositions:

(37) If f = OnlinePacking(a,NextFit(a)) and k = rng f , then k div 2 <
∑
a.

The theorem is a consequence of (35), (26), (2), (36), (12), (16), and (10).

(38) Suppose f = OnlinePacking(a,NextFit(a)) and k = rng f . Then k ¬
2 · d
∑
ae − 1.

Proof: k div 2 < d
∑
ae. k−1

2 ¬ k div 2 by [8, (4), (5)]. �

(39) If f = OnlinePacking(a,NextFit(a)) and k = rng f , then k ¬ 2 ·
(Opt(a))− 1. The theorem is a consequence of (38) and (18).

6. Tightness of Approximation Guarantee of Algorithm NextFit

Now we state the propositions:

(40) Let us consider a natural number n, a real number ε, a non empty,
positive, at most one finite sequence a of elements of R, and a non empty
finite sequence f of elements of N. Suppose n is odd and len a = n and
ε = 1

n+1 and for every natural number i such that i ∈ Seg n holds if i
is odd, then a(i) = 2 · ε and if i is even, then a(i) = 1 − ε and f =
OnlinePacking(a,NextFit(a)). Then n = rng f .
Proof: 1 ¬ n. Set h = OnlinePackingHistory(a,NextFit(a)). Define
N [natural number] ≡ if $1 is odd, then SumBin(a, h($1), {h($1)($1)}) =
2 · ε and if $1 is even, then SumBin(a, h($1), {h($1)($1)}) = 1 − ε and
h($1)($1) = $1 and rng h($1) = Seg $1. N [1]. For every element i of N
such that 1 ¬ i < len a and N [i] holds N [i+ 1]. For every element i of N
such that 1 ¬ i ¬ len a holds N [i]. �

(41) Let us consider a natural number n, a real number ε, and a non empty,
positive, at most one finite sequence a of elements of R. Suppose n is
odd and len a = n and ε = 1

n+1 and for every natural number i such that
i ∈ Seg n holds if i is odd, then a(i) = 2·ε and if i is even, then a(i) = 1−ε.
Then

∑
a = n+1

2 + 1
n+1 −

1
2 .

Proof: 1 ¬ n. n + 1 div 2 = n+1
2 . Define N [natural number] ≡ if $1 is

odd, then
∑

(a�$1) = 2 · ε · ($1 + 1 div 2) + (1− ε) · (($1 + 1 div 2)− 1) and
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if $1 is even, then
∑

(a�$1) = 2 · ε · ($1 div 2) + (1− ε) · ($1 div 2). For every
element i of N such that 1 ¬ i < len a and N [i] holds N [i+ 1]. For every
element i of N such that 1 ¬ i ¬ len a holds N [i]. �

(42) Let us consider a natural number n, a real number ε, a non empty,
positive, at most one finite sequence a of elements of R, and a non empty
finite sequence f of elements of N. Suppose n is odd and len a = n and
ε = 1

n+1 and for every natural number i such that i ∈ Seg n holds if i is
odd, then a(i) = 2 ·ε and if i is even, then a(i) = 1−ε and dom f = dom a

and for every natural number i such that i ∈ Seg n holds if i is odd, then
f(i) = 1 and if i is even, then f(i) = (i div 2)+1. Let us consider a natural
number j. If j ∈ rng f , then SumBin(a, f, {j}) ¬ 1.
Proof: 1 ¬ n. n+ 1 div 2 = n+1

2 . Set n1 = n+ 1 div 2. 1 + 1 ¬ n+ 1. For
every object y, y ∈ Seg n1 iff there exists an object x such that x ∈ dom f

and y = f(x). �

(43) Let us consider a natural number n, a real number ε, and a non empty,
positive, at most one finite sequence a of elements of R. Suppose n is
odd and len a = n and ε = 1

n+1 and for every natural number i such that
i ∈ Seg n holds if i is odd, then a(i) = 2·ε and if i is even, then a(i) = 1−ε.
Then n = 2 · (Opt(a))− 1.
Proof: 1 ¬ n. n+1 div 2 = n+1

2 . There exists a non empty finite sequence
g of elements of N such that dom g = dom a and for every natural number
j such that j ∈ rng g holds SumBin(a, g, {j}) ¬ 1 and n+ 1 div 2 = rng g
and for every non empty finite sequence f of elements of N such that
dom f = dom a and for every natural number j such that j ∈ rng f holds
SumBin(a, f, {j}) ¬ 1 holds n+ 1 div 2 ¬ rng f . �

(44) Let us consider a natural number n. Suppose n is odd. Then there exists
a non empty, positive, at most one finite sequence a of elements of R such
that

(i) len a = n, and

(ii) for every non empty finite sequence f of elements of N such that
f = OnlinePacking(a,NextFit(a)) holds

n = rng f and n = 2 · (Opt(a))− 1.

Proof: 1 ¬ n. Set ε = 1
n+1 . Define P[natural number, object] ≡ if $1 is

odd, then $2 = 2 · ε and if $1 is even, then $2 = 1 − ε. For every natural
number i such that i ∈ Seg n there exists an object x such that P[i, x].
Consider a0 being a finite sequence such that dom a0 = Seg n and for every
natural number i such that i ∈ Seg n holds P[i, a0(i)]. For every natural
number i such that i ∈ dom a0 holds a0(i) ∈ R. a0 is positive by (1), [7,
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(22)]. For every natural number i such that 1 ¬ i ¬ len a0 holds a0(i) ¬ 1.
�

Acknowledgement: We are very grateful to Prof. Yasunari Shidama for
his encouraging support. We thank also Dr. Hiroyuki Okazaki for helpful discus-
sions.

References

[1] Grzegorz Bancerek, Czesław Byliński, Adam Grabowski, Artur Korniłowicz, Roman Ma-
tuszewski, Adam Naumowicz, Karol Pąk, and Josef Urban. Mizar: State-of-the-art and
beyond. In Manfred Kerber, Jacques Carette, Cezary Kaliszyk, Florian Rabe, and Vol-
ker Sorge, editors, Intelligent Computer Mathematics, volume 9150 of Lecture Notes in
Computer Science, pages 261–279. Springer International Publishing, 2015. ISBN 978-3-
319-20614-1. doi:10.1007/978-3-319-20615-8 17.

[2] Grzegorz Bancerek, Czesław Byliński, Adam Grabowski, Artur Korniłowicz, Roman Ma-
tuszewski, Adam Naumowicz, and Karol Pąk. The role of the Mizar Mathematical Library
for interactive proof development in Mizar. Journal of Automated Reasoning, 61(1):9–32,
2018. doi:10.1007/s10817-017-9440-6.

[3] Noboru Endou. Double series and sums. Formalized Mathematics, 22(1):57–68, 2014.
doi:10.2478/forma-2014-0006.

[4] Michael R. Garey and David S. Johnson. Computers and Intractability: A Guide to the
Theory of NP-Completeness. W. H. Freeman & Co., New York, NY, USA, 1979. ISBN
0716710447.

[5] David S. Johnson. Near-optimal Bin Packing Algorithms. PhD thesis. Massachusetts
Institute of Technology, 1973.

[6] B. Korte and J. Vygen. Combinatorial Optimization: Theory and Algorithms. Springer
Publishing Company, Incorporated, 5th edition, 2012. ISBN 3642244874, 9783642244872.

[7] Robert Milewski. Natural numbers. Formalized Mathematics, 7(1):19–22, 1998.
[8] Christoph Schwarzweller. Proth numbers. Formalized Mathematics, 22(2):111–118, 2014.

doi:10.2478/forma-2014-0013.

Accepted June 30, 2021

http://dx.doi.org/10.1007/978-3-319-20615-8_17
http://dx.doi.org/10.1007/978-3-319-20615-8_17
http://dx.doi.org/10.1007/978-3-319-20615-8_17
https://doi.org/10.1007/s10817-017-9440-6
https://doi.org/10.1007/s10817-017-9440-6
http://dx.doi.org/10.1007/s10817-017-9440-6
http://dx.doi.org/10.2478/forma-2014-0006
http://fm.mizar.org/1998-7/pdf7-1/nat_2.pdf
http://dx.doi.org/10.2478/forma-2014-0013



