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Summary. In this article we further develop field theory in Mizar [,
[2): we prove existence and uniqueness of splitting fields. We define the splitting
field of a polynomial p € F[X] as the smallest field extension of F', in which
p splits into linear factors. From this follows, that for a splitting field E of p
we have E = F(A) where A is the set of p’s roots. Splitting fields are unique,
however, only up to isomorphisms; to be more precise up to F-isomorphims i.e.
isomorphisms ¢ with | = Idr. We prove that two splitting fields of p € F[X] are
F-isomorphic using the well-known technique [4], [3] of extending isomorphisms
from Fy — F> to Fi(a) — Fz(b) for a and b being algebraic over Fy and Fs,
respectively.
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1. PRELIMINARIES

Now we state the propositions:
(1) Let us consider a ring R, a polynomial p over R, and an element g of
the carrier of PolyRing(R). If p = ¢, then —p = —q.
(2) Let us consider a ring R, a polynomial p over R, and an element a of R.
Then a - p = (alR) * p.
(3) Let us consider a ring R, and an element a of R. Then LC(a[R) = a.

(4) Let us consider a ring R, a subring S of R, a finite sequence F of elements
of R, and a finite sequence G of elements of S. If F = G, then [[ F =[] G.
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Let F be a field. Let us observe that there exists

a field which is F-homomorphic, F-monomorphic, and F-isomorphic.

Let R be a ring. Observe that every R-isomorphic ring is R-homomorphic
and R-monomorphic.

Let S be an R-homomorphic ring.

Observe that PolyRing(S) is (PolyRing(R))-homomorphic.

Let F} be a field and F5 be an Fi-isomorphic, Fi-homomorphic field. Observe
that PolyRing(F») is (PolyRing(F}))-isomorphic.

2. MORE ON POLYNOMIALS

Now we state the propositions:

(5) Let us consider a non degenerated ring R, a ring extension S of R,
a polynomial p over R, and a polynomial g over S. If p = ¢, then LCp =
LCgq.

(6) Let us consider a field F, an element p of the carrier of PolyRing(F’),
an extension E of F, and an element ¢ of the carrier of PolyRing(F).
Suppose p = ¢. Let us consider an E-extending extension U of F, and
an element a of U. Then ExtEval(q,a) = ExtEval(p, a).

(7) Let us consider a ring R, a ring extension S of R, an element p of
the carrier of PolyRing(R), and an element q of the carrier of PolyRing(.5).
Suppose p = ¢. Let us consider a ring extension 77 of S, and a ring
extension Th of R. If T1 = T, then Roots(Ts, p) = Roots(11, q).

(8) Let us consider an integral domain R, a non empty finite sequence F' of

elements of PolyRing(R), and a polynomial p over R. Suppose p = [[ F
and for every natural number ¢ such that ¢ € dom F' there exists an element
a of R such that F'(i) = rpoly(1,a). Then degp =len F.
PROOF: Define P[natural number] = for every non empty finite sequence
F' of elements of PolyRing(R) for every polynomial p over R such that
len ' = $; and p = [[ F and for every natural number 4 such that i €
dom F' there exists an element a of R such that F(i) = rpoly(1,a) holds
degp = len F'. For every natural number k, P[k]. O

(9) Let us consider a field F', a polynomial p over F', and a non zero element
a of F'. Then a - p splits in F' if and only if p splits in F.

(10) Let us consider a field F', a non constant, monic polynomial p over F,
and a non zero polynomial ¢ over F'. Suppose p * ¢ is a product of linear
polynomials of F'. Then p is a product of linear polynomials of F.
PROOF: Define P[natural number| = for every non constant, monic po-
lynomial p over F' for every non zero polynomial g over F' such that
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deg(p * q) = $1 and p x ¢ is a product of linear polynomials of F' holds p
is a product of linear polynomials of F. For every natural number ¢ such
that 1 < holds P[i]. O

(11) Let us consider a field F', a non constant polynomial p over F', and a non
zero polynomial ¢ over F. If p % ¢ splits in F', then p splits in F. The
theorem is a consequence of (10) and (9).

(12) Let us consider a field F', and polynomials p, ¢ over F. If p splits in F
and ¢ splits in F', then p * ¢ splits in F.

(13) Let us consider a ring R, an R-homomorphic ring S, a homomorphism h
from R to S, and an element a of R. Then (PolyHom(h))(a[R) = h(a)[S.

(14) Let us consider a field Fy, an Fj-isomorphic, Fj-homomorphic field Fj,
an isomorphism h between F; and F5, and elements p, ¢ of the carrier of
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PolyRing(F}). Then p | ¢ if and only if (PolyHom(h))(p) | (PolyHom(h))(q).

(15) Let us consider a field F, an extension F of F', an Fralgebraic element a
of F, and an irreducible element p of the carrier of PolyRing(F'). Suppose
ExtEval(p,a) = 0. Then MinPoly(a, F') = NormPoly p.

(16) Let us consider a field Fj, an Fj-monomorphic, Fj-homomorphic field
F5, a monomorphism h of F; and F5, and an element p of the carrier of
PolyRing(F}). Then NormPoly(PolyHom(h))(p) =
(PolyHom(h))(NormPoly p).

Let Fi be a field, F5 be an Fj-isomorphic, Fi-homomorphic field, A be an iso-
morphism between F; and F>, and p be a constant element of the carrier of
PolyRing(F1). One can check that (PolyHom(h))(p) is constant as an element
of the carrier of PolyRing(F3).

Let p be a non constant element of the carrier of PolyRing(F7). Note that
(PolyHom(h))(p) is non constant as an element of the carrier of PolyRing(F3).

Let p be an irreducible element of the carrier of PolyRing(F7). Let us note
that (PolyHom(h))(p) is irreducible as an element of the carrier of PolyRing(F?).

Now we state the propositions:

(17) Let us consider a field F}, a non constant element p of the carrier of
PolyRing(F}), an Fj-isomorphic field F», and an isomorphism A between
Fy and F5. Then p splits in F} if and only if (PolyHom(h))(p) splits in F.

(18) Let us consider a field F', an element p of the carrier of PolyRing(F),
an extension F of F, and an E-extending extension U of F.
Then Roots(E, p) C Roots(U, p).

(19) Let us consider a field F, a non constant element p of the carrier of
PolyRing(F'), an extension E of F', and an extension U of E. If p splits in
E, then p splits in U. The theorem is a consequence of (2).
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3. MORE ON PRODUCTS OF LINEAR POLYNOMIALS

Now we state the propositions:

(20) Let us consider a field F', and a non empty finite sequence G of elements
of the carrier of PolyRing(F"). Suppose for every natural number i such
that ¢ € dom G there exists an element a of F' such that G(i) = rpoly(1, a).
Then G is a factorization of [] G.

(21) Let us consider a field F', and non empty finite sequences G, Ga of
elements of PolyRing(F'). Suppose for every natural number i such that
i € dom G there exists an element a of F' such that Gi(i) = rpoly(1,a)
and for every natural number ¢ such that ¢ € dom G2 there exists an ele-
ment a of F' such that G3(i) = rpoly(1,a) and [[G1 = [[G2. Let us
consider an element a of F. Then there exists a natural number ¢ such
that ¢ € dom G; and G (i) = rpoly(1,a) if and only if there exists a natu-
ral number ¢ such that ¢ € dom Gy and Ga(¢) = rpoly(1,a). The theorem
is a consequence of (20).

(22) Let us consider a field F, an extension E of F', and a non empty fi-
nite sequence G of elements of PolyRing(F"). Suppose for every natural
number ¢ such that ¢ € dom GG; there exists an element a of F' such that
G1(i) = rpoly(1, a).

Let us consider a non empty finite sequence G5 of elements of PolyRing
(E). Suppose for every natural number i such that ¢ € dom Gy there exists
an element a of E such that G2(i) = rpoly(1, a). Suppose [ G1 =[] Ga.

Let us consider an element a of E. Then there exists a natural number
i such that ¢ € dom G; and G1(i) = rpoly(1,a) if and only if there exists
a natural number ¢ such that ¢ € dom Gy and G2(i) = rpoly(1,a). The
theorem is a consequence of (4) and (21).

(23) Let us consider a field F, a product of linear polynomials p of F', and
an element a of F. Then LCa-p = a.

(24) Let us consider a field F, and an extension E of F. Then every product
of linear polynomials of F' is a product of linear polynomials of F.

(25) Let us consider a field F, an extension E of F, a non zero element a of
F', a non zero element b of E/, a product of linear polynomials p of F', and
a product of linear polynomials ¢ of E. If a-p = b - g, then a = b and
p = q. The theorem is a consequence of (5) and (2).

(26) Let us consider a field F', an extension E of F', and a non empty finite
sequence G of elements of the carrier of PolyRing(E). Suppose for every
natural number ¢ such that ¢ € dom G there exists an element a of F' such
that G(i) = rpoly(1,a). Then [] G is a product of linear polynomials of F'.
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PROOF: Define P[natural number] = for every non empty finite sequence
G of elements of PolyRing(E) such that len G = $; and for every natural
number ¢ such that ¢ € dom G there exists an element a of F' such that
G (i) = rpoly(1,a) holds J] G is a product of linear polynomials of F. For
every natural number k, P[k]. Consider n being a natural number such
that lenG = n. O

4. EXISTENCE OF SPLITTING FIELDS

Let us consider a field F', a non constant element p of the carrier of PolyRing
(F), an extension U of F, and a U-extending extension E of F. Now we
state the propositions:
(27) If p splits in E, then p splits in U iff Roots(E, p) C the carrier of U.
(28) If p splits in E, then p splits in U iff Roots(E,p) C Roots(U, p). The
theorem is a consequence of (27).
(29) If p splits in E, then p splits in U iff Roots(E,p) = Roots(U, p). The
theorem is a consequence of (28) and (18).
(30) Let us consider a field F', a non constant element p of the carrier of
PolyRing(F'), and an extension E of F. If p splits in F, then p splits in
FAdj(F,Roots(E,p)). The theorem is a consequence of (27).

Let F be a field and p be a non constant element of the carrier of PolyRing(F').
A splitting field of p is an extension of F' defined by
(Def. 1) p splits in it and for every extension E of F such that p splits in F and
FE is a subfield of it holds F =~ it.

Let us consider a field F' and a non constant element p of the carrier of
PolyRing(F'). Now we state the propositions:

(31) There exists an extension E of F' such that F is a splitting field of p.

(32) There exists an extension E of F such that FAdj(F,Roots(E,p)) is
a splitting field of p. The theorem is a consequence of (30), (18), and
(28).

(33) Let us consider a field F', a non constant element p of the carrier of
PolyRing(F'), and an extension E of F. Suppose p splits in E. Then
FAdj(F,Roots(E, p)) is a splitting field of p. The theorem is a consequence
of (30), (18), and (28).

(34) Let us consider a field F', a non constant element p of the carrier of
PolyRing(F'), and a splitting field E of p. Then E ~ FAdj(F, Roots(E, p)).
The theorem is a consequence of (33).
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Let F be a field and p be a non constant element of the carrier of PolyRing(F).
Let us observe that there exists a splitting field of p which is strict and every
splitting field of p is F-finite.

5. FIXING AND EXTENDING AUTOMORPHISMS

Let R be a ring. Let us observe that there exists a function from R into R
which is isomorphism.

A homomorphism of R is an additive, multiplicative, unity-preserving func-
tion from R into R.

A monomorphism of R is a monomorphic function from R into R.

An automorphism of R is an isomorphism function from R into R. Let R,
Sy be rings, S1 be a ring extension of R, and h be a function from S into Ss.
We say that h is R-fixing if and only if

(Def. 2) for every element a of R, h(a) = a.

Now we state the propositions:

(35) Let us consider rings R, Sy, a ring extension S of R, and a function h
from S7 into Ss. Then h is R-fixing if and only if A[R = idg.

(36) Let us consider a field F', an extension E; of F, an E;-homomorphic
extension Fy of F, and a homomorphism A from F; to Es. Then h is
F-fixing if and only if h is a linear transformation from VecSp(E1, F') to
VecSp(Es, F).

(37) Let us consider a field F', an extension E of F', an E-extending extension
FE, of F, an F-extending extension F5 of F', and a function h from Ej into
FEs. If h is E-fixing, then h is F-fixing.

Let R be a ring, Sq, Ss be ring extensions of R, and h be a function from
S1 into S3. We say that h is R-homomorphism if and only if

(Def. 3) h is R-fixing, additive, multiplicative, and unity-preserving.
We say that h is R-monomorphism if and only if
(Def. 4) h is R-fixing and monomorphic.
We say that h is R-isomorphism if and only if
(Def. 5) h is R-fixing and isomorphism.
Let S be a ring extension of R. Observe that there exists an automorphism
of S which is R-fixing.
Now we state the propositions:
(38) Let us consider a ring R, a ring extension S of R, an element p of the car-
rier of PolyRing(R), an R-fixing monomorphism h of S, and an element a
of S. Then a € Roots(S,p) if and only if h(a) € Roots(S, p).
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(39) Let us consider an integral domain R, a domain ring extension S of R,
a non zero element p of the carrier of PolyRing(R), and an R-fixing mo-
nomorphism h of S. Then h| Roots(S, p) is a permutation of Roots(S, p).
The theorem is a consequence of (38).

Let R1, Ro, S3 be rings, S1 be a ring extension of Ry, h; be a function from
Ry into Ro, and hs be a function from Sp into S3. We say that hso is hi-extending
if and only if
(Def. 6) for every element a of Ry, ha(a) = hi(a).
Now we state the proposition:

(40) Let us consider rings Rj, R, Sa, a ring extension S of Rj, a function
h1 from Rp into Ro, and a function ho from S; into S. Then hy is hi-
extending if and only if ho[Ry = hy.

Let R be a ring and S be a ring extension of R. Let us note that every auto-
morphism of S which is R-fixing is also (idg)-extending and every automorphism
of S which is (idg)-extending is also R-fixing.

Now we state the proposition:

(41) Let us consider fields Fy, F», an extension E; of Fj, an extension Eb
of Fy, an Ej-extending extension K of Fj, an FEs-extending extension
K5 of Fy, a function hy from F} into F5, a function ho from FEj into Es,
and a function h3 from K; into Ks. Suppose ho is hi-extending and hg is
ho-extending. Then hg is hi-extending.
Let F be a field and Fy, FEs be extensions of F. We say that F1 and E5 are
isomorphic over F' if and only if

(Def. 7) there exists a function ¢ from E; into Fs such that i is F-isomorphism.
Now we state the propositions:

(42) Let us consider a field F', and an extension E of F'. Then E and E are
isomorphic over F.

(43) Let us consider a field F', and extensions E1, Fy of F. If F; and Es are
isomorphic over F', then Fy and FE; are isomorphic over F.
ProoOF: Consider f being a function from FE; into Es such that f is F-
isomorphism. Reconsider ¢ = f~! as a function from FEj into Ej. g is
additive. ¢ is multiplicative. (]

(44) Let us consider a field F', and extensions F;, Eo, E3 of F. Suppose E;
and F5 are isomorphic over F' and Es and F3 are isomorphic over F'. Then
FE1 and Ej3 are isomorphic over F.
ProOF: Consider f being a function from F; into FEs such that f is F-
isomorphism. Consider g being a function from Fs, into E3 such that g is
F-isomorphism. dom(g - f) = the carrier of Ej. Reconsider h = g - f as
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a function from Fj into E3. h is F-fixing. O
(45) Let us consider a field F', an F-finite extension E; of F', and an extension
FE» of F'. Suppose E7 and FEs are isomorphic over F'. Then
(i) Ey is F-finite, and
(ii) deg(Er, F) = deg(Es, F).

The theorem is a consequence of (36).

6. SOME MORE PRELIMINARIES

Let R be a ring, S1, Sz be ring extensions of R, and h be a relation between
the carrier of S7 and the carrier of So. We say that h is R-isomorphism if and
only if

(Def. 8) there exists a function g from S into Sy such that ¢ = h and ¢ is
R-isomorphism.
Now we state the propositions:
(46) Let us consider a field F, an extension E of F', and an F-algebraic element
a of E. Then
(1) Opadj(F{a}) = ExtEval(0.F,a), and
(ii) lFAdj(F,{a}) = ExtEval(1.F,a).
(47) Let us consider a field F', an extension E of F'; an Fralgebraic element a
of E, elements x, y of FAdj(F, {a}), and polynomials p, ¢ over F. Suppose
x = ExtEval(p, a) and y = ExtEval(q,a). Then
(i) z+y = ExtEval(p + ¢,a), and
(ii) x -y = ExtEval(p * ¢, a).
(48) Let us consider a field F', an extension E of F', an Fralgebraic element a
of E, and an element = of F. Then x = ExtEval(z|F, a).

Let us consider a field F', an extension F of F, and an element a of E. Now
we state the propositions:

(49) HomExtEval(a, F) is a function from PolyRing(F") into RAdj(F, {a}).
(50) HomExtEval(a, F') is a function from PolyRing(F') into FAdj(F, {a}).
The theorem is a consequence of (49).

(51) Let us consider a field Fy, an Fj-isomorphic, Fj-homomorphic field Fj,
an isomorphism h between F; and F5, an extension Ej of Fj, an exten-
sion Es of F5, an Fralgebraic element a of Fq, an Foyalgebraic element b
of Es, and an irreducible element p of the carrier of PolyRing(F}). Sup-
pose ExtEval(p,a) = 0g, and ExtEval((PolyHom(h))(p),b) = 0g,. Then
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(PolyHom(h))(MinPoly(a, F1)) = MinPoly(b, F5). The theorem is a con-
sequence of (15) and (16).

(52) Let us consider a field F;, an Fj-isomorphic, Fj-homomorphic field Fj,
an isomorphism h between F; and F3, an extension E7 of I}, an extension
FEs of Fy, an Fi-algebraic element a of Fq, and an Fyalgebraic element
b of Ey. Suppose ExtEval((PolyHom(h))(MinPoly(a, F1)),b) = 0g,. Then
(PolyHom(h))(MinPoly(a, F1)) = MinPoly(b, F5). The theorem is a con-
sequence of (15) and (16).

(53) Let us consider a field F;, a non constant element p; of the carrier
of PolyRing(F}), an extension Fy of Fj, a non constant element ps of
the carrier of PolyRing(F»), and a splitting field E of p;. Suppose p2 = p1
and E is Fy-extending. Then E is a splitting field of po.

7. UNIQUENESS OF SPLITTING FIELDS

Let F be a field, E¥ be an extension of F, and a, b be Fralgebraic elements
of E. The functor ®(a, b) yielding a relation between the carrier of FAdj(F, {a})
and the carrier of FAdj(F, {b}) is defined by the term

(Def. 9) the set of all { ExtEval(p,a), ExtEval(p, b)) where p is a polynomial over
F.

Note that ®(a,b) is quasi-total. Now we state the proposition:

(54) Let us consider a field F', an extension E of F', and F-algebraic elements
a, b of E. Then ®(a,b) is F-isomorphism if and only if MinPoly(a, F') =
MinPoly (b, F'). The theorem is a consequence of (46), (47), and (48).

Let Fi be a field, F5 be an Fy-isomorphic, Fi-homomorphic field, A be an iso-
morphism between F; and F>, E7 be an extension of Fj, Fo be an extension
of Fy, a be an element of E1, b be an element of E», and p be an irreducible
element of the carrier of PolyRing(F}).

Assume ExtEval(p,a) = 0p, and ExtEval((PolyHom(%))(p),b) = Og,.
The functor ¥(a, b, h, p) yielding a function from FAdj(F1, {a}) into FAdj(F3, {b})
is defined by

(Def. 10) for every element r of the carrier of PolyRing(F1), it(ExtEval(r,a)) =
ExtEval((PolyHom(h))(r),b).
Now we state the propositions:

(55) Let us consider a field Fj, an Fj-isomorphic, Fj-homomorphic field Fj,

an isomorphism h between F; and F3, an extension E7 of F}, an extension

FEs of Fy, an element a of Fq, an element b of E5, and an irreducible
element p of the carrier of PolyRing(F}). Suppose ExtEval(p,a) = 0,
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and ExtEval((PolyHom(h))(p),b) = 0g,. Then ¥(a, b, h,p) is h-extending
and isomorphism.

PROOF: Set f = U(a,b, h,p). Set F3 = FAdj(F},{a}). Set F5 =

FAdj(F, {b}). f(1r,) = 1p; by [6, (36)], [5, (14)], [7, (14)], (13). [ is onto
by [6, (56), (45)]. O

(56) Let us consider a field F', an extension E of F, an irreducible element p

of the carrier of PolyRing(F'), and elements a, b of E. Suppose a is a root
of pin E and b is a root of p in E. Then FAdj(F,{a}) and FAdj(F, {b})
are isomorphic. The theorem is a consequence of (55).

(57) Let us consider a field F;, an Fj-homomorphic, Fj-isomorphic field Fj,

an isomorphism h between F; and F5, a non constant element p of the car-
rier of PolyRing(F}), a splitting field Ey of p, and a splitting field Es of
(PolyHom(h))(p). Then there exists a function f from Fj into E such
that f is h-extending and isomorphism.

PROOF: Define P[natural number| = for every field Fy for every Fi-
homomorphic, Fi-isomorphic field F> for every isomorphism h between Fj
and F; for every non constant element p of the carrier of PolyRing(F}) for
every splitting field E of p for every splitting field Fs of (PolyHom(h))(p)
such that (Roots(E1,p)) \ (the carrier of F1) = $; there exists a function
f from E7 into F such that f is h-extending and isomorphism.

For every natural number k, P[k]. Consider n being a natural number
such that (Roots(E1,p)) \ @ = n, where « is the carrier of Fy. O

(58) Let us consider a field F, a non constant element p of the carrier of

(1]

2]

PolyRing(F'), and splitting fields Ey, F5 of p. Then E; and FE, are isomor-
phic over F.
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