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Summary. The main aim of this article is to introduce formally two gene-
ralizations of lattices, namely weakly associative lattices and near lattices, which
can be obtained from the former by certain weakening of the usual well-known
axioms. We show selected propositions devoted to weakly associative lattices and
near lattices from Chapter 6 of [15], dealing also with alternative versions of clas-
sical axiomatizations. Some of the results were proven in the Mizar [1], [2] system
with the help of Prover9 [14] proof assistant.
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0. INTRODUCTION

Lattice theory is widely represented in the Mizar Mathematical Library,
with Zukowski’s first article [18], following Birkhoff [3] and Gritzer [11], [12]. In
parallel, the theory of partially ordered sets was developed [4] treated generally
as relational structures, even if informally the notions are quite similar [9], [7].
The review of the mechanization of lattice theory in Mizar, with the example
of the solution of the Robbins problem, is contained in [6].

Our work can be seen as a step towards a Mizar support for [15] or [16],
where original proof objects by OTTER/Prover9 were used. Some preliminary
works in this direction were already done in [8] by present authors. We use
the interface ott2miz [17] which allows for the automated translation of proofs;
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these automatically generated proofs are usually quite lengthy, even after native
enhancements done by internal Mizar software for library revisions.

Weakly associative lattices were studied in [5]. In the present development,
we deal with the parts of Chap. 6 “Lattice-like algebras” of [15], pp. 111-135,
devoted to this class of lattices. In this sense, we continue the work started by
Kulesza and Grabowski in [13], devoted to the formalization of quasi-lattices.

The class of weakly associative lattices (or WA-lattices, WAL) can be cha-
racterized from the standard set of axioms for lattices (with idempotence for
the join and meet operations included), where the ordinary associative laws are
replaced by the so-called part-preservation laws. The characteristic axiom is ho-
wever W3 (or, dual W3’ — compare Def. 1 and Def. 2). Section 2 contains also
equivalent formulation of these axioms, using ordering relation on lattices. The
earlier seems to be a bit more feasible taking into account the role of equality
in the Mizar system [10] and the design of Prover9.

In Section 3 we show how described binary lattice operations can be as-
sociated with the corresponding ordering relation. Obviously, the associativity
can only be shown under some conditions for elements (see theorems (15) and
(16)). If we assume distributivity, the relation is transitive, as in usual lattices.
Section 4 contains the proof that adding the distributivity condition to the set
of usual WAL axioms, the associativity can be proven.

Then we deal with another generalization of lattices, i.e. near lattices (ab-
sorption law is weakened). Def. 6 and Def. 7 provide standard examples of these
structures which are not necessarily lattices (see Def. 10 for the definition of the
structure). The lattice operations are given by

o o= o C
o~ olo
N O
o = o d
N O OO

1
0
1
1

[N
N = NN

Associativity laws do not hold here, so this is not a lattice.

The rest of the article is devoted to alternative axiomatizations of WAL.
WAL-3 — equivalent set of axioms describing WAL is expressed in the form of
five separate attributes to make Mizar registrations mechanism working (see
Def. 11-Def. 15). It is shown that these adjectives imply the standard attributes
for lattices.

In Section 8 WAL-4 is defined (the short sigle axiom system for WAL). We
conclude with the proof if WAL-4 holds, then lattice operations are idempotent.

Some of the proofs were produced by means of Prover9, so they are de-
finitely lengthy. The enhancement of the lemmas, including their shortening,
reorganization and clustering, can be interesting and useful future work.
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1. PRELIMINARIES

From now on L denotes a non empty lattice structure and vigg, v102, v2, v1,
Vg, V3, V101 denote elements of L.
Let us consider vy, vy, and v9. Now we state the propositions:

(1) Suppose for every vy, voMvy = vy and for every vy and vg, voMvy = v1Mvy
and for every vg, vg U vg = vg and for every v; and vy, vo U vy = v1 U vy
and for every vy, v1, and vy, ((vo L v1) M (vaUwy)) Mo = v; and for every
vg, v1, and vg, ((vo Mwv1) U (ve Mwy)) U vy = vy and for every vy, ve, and
vo, vo M (v1 U (v Uwvz)) = vg. Then (vg Mwy) Mg = v M (v1 Mwg).

(2) Suppose for every vy, voMvg = vy and for every vy and v, voMvy = v1Mvy
and for every vg, vg U vy = vg and for every vy and vy, vo Uvy = v1 Uy
and for every vq, vy, and vy, ((vg L v1) M (ve Uwy))Mwvp = v1 and for every
vg, v1, and vg, ((voMwv1) U (ve Mwy)) Uwvy = vy and for every vq, ve, and
vo, vo M (v1 U (v Uwvg)) = vg. Then (vp Uwy) Uwvg = v U (v1 Uwvg).

Let us consider v; and v9. Now we state the propositions:

(3) Suppose for every vy, vgU vy = vy and for every vy, ve, and vy, vo M (vy U
(vo Uvg)) = vg. Then vy M (v1 Uwg) = vy.

(4) Suppose for every vy and v, vglvy = v1Mvg and for every vy, voUvy = vg
and for every vy and vy, vg Uwvy = vy Uwvg and for every vs, vy, and vy,
((vo Mw1) U (vaMwy)) Loy =wv1. Then vy U (vy Mug) = vy.

2. DEFINITION OF ATTRIBUTES

Let L be a non empty lattice structure. We say that L is satisfying W3 if
and only if

(Def. 1) for every elements ve, v1, vg of L, ((voUwvy) M (ve Uwy)) Moy = vy.
We say that L is satisfying W3’ if and only if
(Def. 2) for every elements va, vy, vg of L, ((voMwv1) U (v Mwy)) Loy = vy.

Let L be a meet-absorbing, join-absorbing, meet-commutative, non empty
lattice structure. Let us note that L is satisfying W3 if and only if the condition
(Def. 3) is satisfied.

(Def. 3) for every elements vy, vy, vg of L, v1 T (vo U vy) M (ve U wvy).

Let us consider L. Observe that L is satisfying W3’ if and only if the condi-
tion (Def. 4) is satisfied.

(Def. 4) for every vy, vy, and vg, (vo Mwv1) U (ve Mwy) E vy.
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Let us note that every non empty lattice structure which is meet-commutative,
join-idempotent, join-commutative, and satisfying W3’ is also quasi-meet-absorbi-
ng and every non empty lattice structure which is meet-commutative, meet-
idempotent, join-commutative, and satisfying W3 is also join-absorbing and
every non empty lattice structure which is trivial is also satisfying W3’ and the-
re exists a non empty lattice structure which is satisfying W3, satisfying W3’,
join-idempotent, meet-idempotent, join-commutative, and meet-commutative.

A weakly associative lattice is a join-idempotent, meet-idempotent, join-
commutative, meet-commutative, satisfying W3, satisfying W3’, non empty
lattice structure.

A WA-lattice is a weakly associative lattice. Note that every join-associative,
meet-absorbing lattice is satisfying W3’.

Let L be a non empty lattice structure. We say that L is satisfying WA if
and only if

(Def. 5) for every elements x, y, z of L, x M (y LU (z U 2)) = x.

3. ON THE ORDERING RELATION GENERATED BY WEAKLY ASSOCIATED
LATTICES

Let us note that every non empty lattice structure which is quasi-meet-
absorbing, meet-commutative, and join-commutative is also meet-absorbing and
every WA-lattice is meet-absorbing.

From now on L denotes a WA-lattice and z, y, z, u denote elements of L.

Now we state the propositions:

x Uy =y if and only if x C y.
zMy =z if and only if z C y.

x C x.

)
)
)
8) IfxCyandyLC x, then 2 =y.
) zCaxUy.
) zMNyLC .

) fzCzand yC z, then x Uy C 2.

) There exists z such that

(i)  C z, and

(ii) y C 2z, and
(iii) for every w such that x C u and y C wu holds z C w.

The theorem is a consequence of (11) and (9).
(13) IfzCxzand zC y, then zC xMy.
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(14) There exists z such that
(i) 2z C z, and
(ii) z Cy, and
(iii) for every w such that v C z and u C y holds u C z.

The theorem is a consequence of (13) and (10).
(15) IfxCzand yC z, then (xUy)Uz=2U(yL z2).
(16) If zCzand z Cy, then (zMNy)MNz=2MN(yMz).
(17) If L is distributive and z C y C z, then z C z.

4. DISTRIBUTIVITY IMPLIES ASSOCIATIVITY

From now on L denotes a non empty lattice structure and vg, v1, vo denote
elements of L.
Now we state the proposition:

(18) Suppose for every vy, voMvy = vy and for every vy and vy, voMvy = v1Mug
and for every vg, vg Ll vg = vg and for every v; and vy, vo U vy = v1 U vy
and for every wve, v, and wvg, ((vo Uwvi) M (v2 Uwy)) Movp = vp and for
every vg, vy, and vg, ((vo Mwv1) U (v2 Mwp)) Uwv; = v and for every v
and vg, vo M (vo LU v1) = vo and for every v, va, and vy, vo LI (v1 Mwve) =
(U() L Ul) M (’UQ L Uz). (U() L Ul) vy = v U (Ul (] 1}2).

Observe that every WA-lattice which is distributive’ is also join-associative.

5. NEAR LATTICES

Let z, y be elements of {0, 1,2}. The functors: 2 Myz y and x Lnz y yielding
elements of {0, 1,2} are defined by terms

(Def. 6) 2,' 1fx:O.andy:2orx:2andy:(),
min(z,y), otherwise,

0, ifr=0and y=2orx=2andy=0,

max(x,y), otherwise,

(Def. 7) {

respectively. The functors: Lixz and Myz yielding binary operations on {0, 1,2}
are defined by conditions

(Def. 8) for every elements z, y of {0,1,2}, Unr(x,y) = z UnL ¥,
(Def. 9) for every elements x, y of {0, 1,2}, Nxz(z,y) = z NN v,

respectively.
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6. EXAMPLES OF NEAR LATTICES

The functor ExNearLattice yielding a non empty lattice structure is defined

by the term
(Def. 10) <{O, 1, 2}, UNL, |_|NL>.

One can check that ExNearLattice is non join-associative and non meet-
associative and every non empty lattice structure which is trivial is also meet-
idempotent, join-commutative, quasi-meet-absorbing, and join-absorbing.

A near lattice is a join-idempotent, meet-idempotent, join-commutative,
meet-commutative, quasi-meet-absorbing, join-absorbing, non empty lattice
structure.

One can check that ExNearLattice is join-commutative, meet-commutative,
join-idempotent, meet-idempotent, join-absorbing, and meet-absorbing and eve-
ry join-commutative, meet-commutative, non empty lattice structure which is
meet-absorbing is also quasi-meet-absorbing and every join-commutative, meet-
commutative, non empty lattice structure which is quasi-meet-absorbing is also
meet-absorbing.

Now we state the proposition:

(19) (i) ExNearLattice is a near lattice, and

(ii) ExNearLattice is not a lattice.

7. ALTERNATIVE AXIOMS FOR WAL

From now on L denotes a non empty lattice structure and vyi91, vi9g, V2, v1,
Vg, V102, V103, v3 denote elements of L.
Now we state the proposition:

(20) Suppose for every vy and v, (vo Mwv1) L (vo M (v LU v1)) = vy and for
every vg and vy, (vp Mwp) U (v1 M (vp U vg)) = vo and for every v and vy,
(voMv1)U (v M(voUwy)) = vy and for every ve, v1, and vy, ((voUwvy)M(veU
vo)) Mvo = vo and for every vg, v1, and vg, ((voMvy) U (ve Mwvg)) Uvg = vg.
Vg Uvg = vg.

Let us consider vy and v;. Now we state the propositions:

(21) Suppose for every vy and wvg, (vo Mw1) U (vo M (vg Uv1)) = vg and for
every vg and vy, (vp Mwp) U (v M (vg U wvg)) = vo and for every v and vy,
(voMv1)U (v M (voUwy)) = vy and for every ve, v1, and vy, ((voUwvy)M(veU
vg)) Mvo = vo and for every vg, v1, and vg, ((voMvy) U (ve Mwvg)) Uvg = vg.
Then vg Mv; = v1 Mwg. The theorem is a consequence of (24).
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(22) Suppose for every vy and v, (vo Mwv1) U (vg M (v Uwv1)) = vy and for
every vg and vy, (voMwvp) L (v1 M (vg Uwg)) = vo and for every v; and vy,
(voMwr) U (v1 M(vpUw1)) = vy and for every v, v1, and vo, ((voUwvy) M (ve U
v0)) Mg = vo and for every vg, vy, and vy, ((voMv1) L (vaMvg)) Uvg = vp.
Then v Ll v; = v Uvg. The theorem is a consequence of (24) and (21).

Let L be a non empty lattice structure. We say that L is satisfying WAL-3;
if and only if

(Def. 11) for every elements vy, vy of L, (vg Mwvy) U (vg M (vg Uwy)) = vp.
We say that L is satisfying WAL-35 if and only if

(Def. 12) for every elements vg, v1 of L, (vg Mvp) U (v1 M (vo Uwpg)) = vp.
We say that L is satisfying WAL-33 if and only if

(Def. 13) for every elements vy, vg of L, (vo Mvy) U (v1 M (vo Uwvy)) = vy.
We say that L is satisfying WAL-34 if and only if

(Def. 14) for every elements vy, vy, vg of L, ((vo LU v1) M (ve Uwvg)) Mug = vp.
We say that L is satisfying WAL-35 if and only if

(Def. 15) for every elements va, v1, vo of L, ((vo Mwvy) U (ve Mwp)) U vy = vp.

Let us note that every non empty lattice structure which is trivial is also
satisfying WAL-31, satisfying WAL-34, satisfying WAL-33, satisfying WAL-34,
and satisfying WAL-35; and every non empty lattice structure which is satisfying
WAL-31, satisfying WAL-3, satisfying WAL-33, satisfying WAL-3,4, and satis-
fying WAL-35 is also join-idempotent, meet-idempotent, join-commutative, and
meet-commutative.

8. SHORT SINGLE AXIOM FOR WAL

Let L be a non empty lattice structure. We say that L is satisfying WAL-4
if and only if
(Def. 16) for every elements va, vg, vs, v4, v3, v1 of L, (((voMwvy) L (v1 M(voUwvy)))M
v2) U (((vo M (((v1 Mwz) U (vg Mo1)) Uog)) U (((v1 1 (((v1 Uwg) M (vg Uoq)) M
v1)) U (vs M (v U (((v1 W) M (vg Uog)) Mor)))) M (ve U (((v1 Mos) U (vg M
v1)) Uv1)))) M (((vo M) U (v T (v Uey))) Uwz)) = vr.
From now on L denotes a non empty lattice structure and wvigs, v107, V106,
V101, V10, V9, U8, U7, Ug, V105, V1025 V1005 V104, V103, Us, V4, U3, V2, U1, Uo denote
elements of L.
Let us consider vg. Now we state the propositions:

(23) Suppose for every va, vg, Vs, v4, v3, and vy, (((voMwvy)U (v1 M (voUw1)))M
v2) U (((vo M (((v1 Mws) U (vg M) Uor)) U (((v1 D (((v1 Uwg) M (vg Uog)) M
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v1)) U (v M (v U (((v1 Wos) M (vg Uop)) Mo1)))) M (vo U (((vr Mwz) L (vg M
v1))Uv1)))) M (((vo M) U (v M (v Uwr))) Uwe)) = v1. Then vg Mvg = vp.

(24) Suppose for every vo, vg, Vs, v4, v3, and vy, (((voMwvy)U (v1 M (voUw1)))M

v2) U (((vo M (((v1 Mws) U (vg M) Uog)) U (((v1 7 (((v1 Uwg) M (vg Uop)) M
v1)) U (vs M (v U (((v1 Wos) M (vg Uop)) Mo1)))) M (vo U (((vr Mwg) L (vg M
1)1)) le)))) M (((UO |_|'U1) L ('Ul I (1)0 |_J'l}1)> Ll Ug)) = v1. Then vg vy = vy.
The theorem is a consequence of (23).

One can check that every non empty lattice structure which is trivial is

also satisfying WAL-4 and every non empty lattice structure which is satisfying
WAL-4 is also join-idempotent and meet-idempotent.

(8]

(10]

(11]
(12]
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