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Derivation of Commutative Rings and
the Leibniz Formula for Power of Derivation

Yasushige Watase
Suginami-ku Matsunoki
3-21-6 Tokyo, Japan

Summary. In this article we formalize in Mizar [1], [2] a derivation of
commutative rings, its definition and some properties. The details are to be
referred to [5], [7]. A derivation of a ring, say D, is defined generally as a map
from a commutative ring A to A-ModuleM with specific conditions. However we
start with simpler case, namely domD = rngD. This allows to define a derivation
in other rings such as a polynomial ring.

A derivation is a map D : A −→ A satisfying the following conditions:

(i) D(x+ y) = Dx+Dy,

(ii) D(xy) = xDy + yDx, ∀x, y ∈ A.

Typical properties are formalized such as:

D(
n∑
i=1

xi) =
n∑
i=1

Dxi

and

D(
n∏
i=1

xi) =
n∑
i=1

x1x2 · · ·Dxi · · ·xn (∀xi ∈ A).

We also formalized the Leibniz Formula for power of derivation D :

Dn(xy) =
n∑
i=0

(
n

i

)
DixDn−iy.

Lastly applying the definition to the polynomial ring of A and a derivation of
polynomial ring was formalized. We mentioned a justification about compati-
bility of the derivation in this article to the same object that has treated as
differentiations of polynomial functions [3].
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1. Preliminaries

From now on L denotes an Abelian, left zeroed, add-associative, associative,
right zeroed, right complementable, distributive, non empty double loop struc-
ture, a, b, c denote elements of L, R denotes a non degenerated commutative
ring, and n, m, i, j, k denote natural numbers.

Now we state the propositions:

(1) n · a+ n · b = n · (a+ b).
Proof: Define P[natural number] ≡ $1 · a+ $1 · b = $1 · (a+ b). For every
natural number n such that P[n] holds P[n+1]. For every natural number
n, P[n]. �

(2) (n · a) · b = a · (n · b).
Proof: Define P[natural number] ≡ ($1·a)·b = a·($1·b). For every natural
number n such that P[n] holds P[n+1]. For every natural number n, P[n].
�

(3) n · (0L) = 0L.
Proof: Define P[natural number] ≡ $1 · (0L) = 0L. For every natural
number n such that P[n] holds P[n + 1]. For every natural number n,
P[n]. �

(4) 0L · n = 0L.
Proof: Define P[natural number] ≡ 0L · $1 = 0L. For every natural num-
ber n such that P[n] holds P[n + 1]. For every natural number n, P[n].
�

2. Definition of Derivation of Rings and its Properties

From now on D denotes a function from R into R and x, y, z denote elements
of R.

Definition of derivation of rings.
Let us consider R. Let ∆ be a function from R into R. We say that ∆ is

derivation if and only if

(Def. 1) for every elements x, y of R, ∆(x + y) = ∆(x) + ∆(y) and ∆(x · y) =
x ·∆(y) + y ·∆(x).

Observe that every function from R into R which is derivation is also additive
and there exists a function from R into R which is derivation.

A derivation of R is derivation function from R into R. The functor DerR
yielding a subset of (ΩR)ΩR is defined by the term

(Def. 2) {f , where f is a function from R into R : f is derivation}.
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Let us observe that DerR is non empty.
From now on D denotes a derivation of R.
Now we state the propositions:

(5) (i) D(1R) = 0R, and

(ii) D(0R) = 0R.

(6) D(n · x) = n ·D(x).
Proof: Define P[natural number] ≡D($1·x) = $1·D(x). For every natural
number n such that P[n] holds P[n+1]. For every natural number n, P[n].
�

(7) D(xm+1) = (m+ 1) · (xm ·D(x)).
Proof: Define P[natural number] ≡ D(x$1+1) = ($1 +1) ·(x$1 ·D(x)). For
every natural number n such that P[n] holds P[n+ 1]. For every natural
number n, P[n]. �

(8) (i) Dn+1 = D · (Dn), and

(ii) domD = the carrier of R, and

(iii) dom(Dn) = the carrier of R, and

(iv) Dn is a (the carrier of R)-valued function.

(9) (Dn+1)(x) = D((Dn)(x)). The theorem is a consequence of (8).

(10) If z · y = 1R, then y2 ·D(x · z) = y ·D(x)− x ·D(y).

In the sequel s denotes a finite sequence of elements of the carrier of R and
h denotes a function from R into R.

Let us consider R, s, and h. One can check that the functor h·s yields a finite
sequence of elements of the carrier of R. Now we state the proposition:

(11) If h is additive, then h(
∑
s) =

∑
(h · s).

Proof: Define P[natural number] ≡ for every h and s such that len s = $1

and h is additive holds h(
∑
s) =

∑
(h·s). P[0] by [4, (6)]. For every natural

number n such that P[n] holds P[n+1]. For every natural number n, P[n].
�

(12) Formula (f1 + f2 + · · ·+ fn)′ = f ′1 + f ′2 + · · ·+ f ′n:
D(
∑
s) =

∑
(D · s).

Let us consider R, D, and s. The functor DProd(D, s) yielding a finite
sequence of elements of the carrier of R is defined by

(Def. 3) len it = len s and for every i such that i ∈ dom it holds it(i) =∏
Replace(s, i,D(s/i)).

Now we state the propositions:

(13) If len s = 1, then
∑

DProd(D, s) = D(
∏
s).
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(14) Let us consider a finite sequence t of elements of the carrier of R. If
len t  1, then

∑
DProd(D, t) = D(

∏
t).

Proof: Define P[non zero natural number] ≡ for every s such that len s =
$1 holds

∑
DProd(D, s) = D(

∏
s). P[1]. For every non zero natural num-

ber k such that P[k] holds P[k + 1]. For every non zero natural number
k, P[k]. �

3. Proof of the Leibniz Formula for Power of Derivations

The Leibniz formula for power of a derivation of a commutative ring.
Let us consider R, D, and n. Let x, y be elements of R. The functor

LBZ(D,n, x, y) yielding a finite sequence of elements of the carrier of R is defined
by

(Def. 4) len it = n + 1 and for every i such that i ∈ dom it holds it(i) =
( n
i−′1

)
·

(Dn+1−′i)(x) · (Di−′1)(y).

Now we state the propositions:

(15) LBZ(D, 0, x, y) = 〈x · y〉.
(16) LBZ(D, 1, x, y) = 〈y ·D(x), x ·D(y)〉.

Let us consider R, D, and m. Let x, y be elements of R. The functor
LBZ0(D,m, x, y) yielding a finite sequence of elements of the carrier of R is
defined by

(Def. 5) len it = m and for every i such that i ∈ dom it holds it(i) = (
( m
i−′1

)
+(m

i

)
) · (Dm+1−′i)(x) · (Di)(y).

The functor LBZ1(D,m, x, y) yielding a finite sequence of elements of the car-
rier of R is defined by

(Def. 6) len it = m and for every i such that i ∈ dom it holds it(i) =
( m
i−′1

)
·

(Dm+1−′i)(x) · (Di)(y).

The functor LBZ2(D,m, x, y) yielding a finite sequence of elements of the car-
rier of R is defined by

(Def. 7) len it = m and for every i such that i ∈ dom it holds it(i) =
(m
i

)
·

(Dm+1−′i)(x) · (Di)(y).

Now we state the propositions:

(17) D(
∑

LBZ0(D,n, x, y)) =
∑
D · (LBZ0(D,n, x, y)).

(18) LBZ0(D,m, x, y) = LBZ1(D,m, x, y) + LBZ2(D,m, x, y).
Proof: Set p = LBZ1(D,m, x, y). Set q = LBZ2(D,m, x, y). Set r =
LBZ0(D,m, x, y). For every k such that 1 ¬ k ¬ len(p + q) holds (p +
q)(k) = r(k). �
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(19)
∑

LBZ0(D,n, x, y) =
∑

LBZ1(D,n, x, y)+
∑

LBZ2(D,n, x, y). The the-
orem is a consequence of (18).

(20) D·(LBZ0(D,n, x, y)) = (LBZ2(D,n+1, x, y))�n+1+(LBZ1(D,n+1, x, y))�1.
Proof: Set p = LBZ2(D,n+1, x, y). Set q = LBZ1(D,n+1, x, y). Set r =
LBZ0(D,n, x, y). Reconsider p1 = p�n+1 as a finite sequence of elements
of the carrier of R. Reconsider q1 = q�1 as a finite sequence of elements of
the carrier of R. For every i such that 1 ¬ i ¬ lenD · r holds (D · r)(i) =
(p1 + q1)(i). �

(21)
∑
D · (LBZ0(D,n, x, y)) = −(LBZ1(D,n+ 1, x, y))/1 +

∑
LBZ0(D,n+

1, x, y)− (LBZ2(D,n+ 1, x, y))/n+1. The theorem is a consequence of (20)
and (19).

(22) LBZ(D,n+1, x, y) = (〈(Dn+1)(x)·y〉aLBZ0(D,n, x, y))a〈x·(Dn+1)(y)〉.
Proof: Set p = LBZ(D,n + 1, x, y). Set q = LBZ0(D,n, x, y). Set r =
(〈(Dn+1)(x) · y〉a q)a 〈x · (Dn+1)(y)〉. For every k such that 1 ¬ k ¬ len p
holds p(k) = r(k). �

(23)
∑

((〈(Dn+1)(x) · y〉 a LBZ0(D,n, x, y)) a 〈x · (Dn+1)(y)〉) = (Dn+1)(x) ·
y +

∑
LBZ0(D,n, x, y) + x · (Dn+1)(y).

(24) D(
∑

LBZ(D,n+1, x, y)) =
∑

LBZ(D,n+2, x, y). The theorem is a con-
sequence of (9), (21), (11), (22), and (23).

(25) The Leibniz formula for power of derivation:
(Dn)(x · y) =

∑
LBZ(D,n, x, y). The theorem is a consequence of (16),

(9), (24), and (15).

4. Example of Derivation of Polynomial Ring over a Commutative
Ring

Let us consider R. Let f be a function from PolyRing(R) into PolyRing(R)
and p be an element of the carrier of PolyRing(R). Observe that the functor f(p)
yields an element of the carrier of PolyRing(R). Let R be a ring. The functor
Der1(R) yielding a function from PolyRing(R) into PolyRing(R) is defined by

(Def. 8) for every element f of the carrier of PolyRing(R) and for every natural
number i, it(f)(i) = (i+ 1) · f(i+ 1).

Let us consider R. One can verify that Der1(R) is additive.
In the sequel R denotes an integral domain and f , g denote elements of

the carrier of PolyRing(R).
Now we state the proposition:

(26) Let us consider an element f of the carrier of PolyRing(R), and a polyno-
mial f1 over R. Suppose f = f1 and f1 is constant. Then (Der1(R))(f) =
0.R.
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Proof: For every element i of N, (Der1(R))(f)(i) = (0.R)(i). �

In the sequel a denotes an element of R. Now we state the propositions:

(27) Let us consider a natural number i, and an element p of the carrier of
PolyRing(R). Then ((a�R) ∗ p)(i) = a · p(i).

(28) Let us consider elements f , g of the carrier of PolyRing(R), and an ele-
ment a ofR. Suppose f = a�R. Then (Der1(R))(f ·g) = (a�R)∗(Der1(R))(g).
Proof: For every natural number n, (Der1(R))(f · g)(n) = ((a�R) ∗
(Der1(R))(g))(n). �

Let us consider an element f of the carrier of PolyRing(R) and an element
a of R. Now we state the propositions:

(29) If f = anpoly(a, 0), then (Der1(R))(f) = 0.R.
Proof: For every element n of N, (Der1(R))(f)(n) = (0.R)(n). �

(30) If f = anpoly(a, 1), then (Der1(R))(f) = anpoly(a, 0).
Proof: For every element n of N, (Der1(R))(f)(n) = (anpoly(a, 0))(n).
�

(31) Let us consider polynomials p, q over R. Suppose p = anpoly(1R, 1). Let
us consider an element i of N. Then

(i) (p ∗ q)(i+ 1) = q(i), and

(ii) (p ∗ q)(0) = 0R.

Proof: For every element i of N, (p ∗ q)(i+ 1) = q(i). Consider F1 being
a finite sequence of elements of the carrier of R such that lenF1 = 0 + 1
and (p ∗ q)(0) =

∑
F1 and for every element k of N such that k ∈ domF1

holds F1(k) = p(k −′ 1) · q(0 + 1−′ k). �

(32) Let us consider elements f , g of the carrier of PolyRing(R). Suppose f =
anpoly(1R, 1). Then (Der1(R))(f ·g) = (Der1(R))(f) ·g+f · (Der1(R))(g).
Proof: Reconsider d1 = (Der1(R))(f), d2 = (Der1(R))(g) as a polyno-
mial over R. Reconsider f1 = f , g1 = g as a polynomial over R. For every
element i of N, (Der1(R))(f · g)(i) = (d1 ∗ g1 + f1 ∗ d2)(i). �

(33) Let us consider constant elements f , g of the carrier of PolyRing(R).
Then (Der1(R))(f · g) = (Der1(R))(f) · g+ f · (Der1(R))(g). The theorem
is a consequence of (29).

(34) Let us consider elements f , g of the carrier of PolyRing(R). Suppose f
is constant. Then (Der1(R))(f · g) = (Der1(R))(f) · g + f · (Der1(R))(g).
The theorem is a consequence of (29) and (28).

(35) Let us consider elements x, y of the carrier of PolyRing(R). Suppose x is
not constant. Then (Der1(R))(x · y) = (Der1(R))(x) · y+x · (Der1(R))(y).
Proof: Define P[natural number] ≡ for every elements f , g of the carrier
of PolyRing(R) for every elements f0, g0 of the carrier of PolyRing(R) such
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that f0 = f and g0 = g and deg f0 − 1 = $1 holds (Der1(R))(f0 · g0) =
(Der1(R))(f0) · g0 + f0 · (Der1(R))(g0). For every natural number k such
that for every natural number n such that n < k holds P[n] holds P[k] by
[8, (4)]. For every natural number n, P[n]. �

(36) (Der1(R))(f · g) = (Der1(R))(f) · g + f · (Der1(R))(g). The theorem is
a consequence of (35) and (34).

Let us consider R. Let us observe that Der1(R) is derivation.
Now we state the propositions:

(37) Let us consider an element x of PolyRing(R), and a polynomial f over
R. If x = f , then for every natural number n, xn = fn.
Proof: Define P[natural number] ≡ x$1 = f$1 . For every natural number
n such that P[n] holds P[n+ 1] by [6, (19)]. For every natural number n,
P[n]. �

(38) Let us consider an element x of PolyRing(R). Suppose x = anpoly(1R, 1).
Then there exists an element y of PolyRing(R) such that

(i) y = anpoly(1R, n), and

(ii) (Der1(R))(xn+1) = (n+ 1) · y.

The theorem is a consequence of (30), (37), and (7).

From now on p denotes a polynomial over RF.
Let us consider p. The functor p′ yielding a sequence of RF is defined by

(Def. 9) for every natural number n, it(n) = p(n+ 1) · (n+ 1).

Now we state the proposition:

(39) Let us consider an element p0 of PolyRing(RF), and a polynomial p over
RF. If p0 = p, then p′ = (Der1(RF))(p0).
Proof: For every n, (p′)(n) = (Der1(RF))(p0)(n). �
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