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Summary. In this paper we introduce some new definitions for sequences
of operations and extract general theorems about properties of iterative algori-
thms encoded in nominative data language [20] in the Mizar system [3], [1] in
order to simplify the process of proving algorithms in the future.

This paper continues verification of algorithms [10], [13], [12], [I4] written in
terms of simple-named complex-valued nominative data [6], [§], [18], [I1], [15],
[16].

The validity of the algorithm is presented in terms of semantic Floyd-Hoare
triples over such data [9]. Proofs of the correctness are based on an inference
system for an extended Floyd-Hoare logic [2], [4] with partial pre- and post-
conditions [17], [19], [7], [5].
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1. COMPOSITION RULES FOR PROGRAMS

Let D be a non empty set. One can verify that there exists a finite sequence
which is non empty and D-valued.

Let n be a natural number. One can verify that there exists a finite sequence
which is D-valued and n-element.

f10 denote binominative functions of D, p1, p2, p3, P4, Ps5, D6, P7, P8, P9, P10, P11
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denote partial predicates of D, q1, q2, g3, 94, G5, 96, 97, q8, g9, q1o denote total
partial predicates of D, n, m, N denote natural numbers, fp denotes a (DD}
valued finite sequence, fp denotes a (D— Boolean }valued finite sequence, V', A
denote sets.

From now on val denotes a function, loc denotes a V-valued function, d;
denotes a non-atomic nominative data of V' and A, p denotes a partial predicate
over simple-named complex-valued nominative data of V and A, d, v denote
objects, zo denotes a non zero natural number, inp, pos denote finite sequences,
and prg denotes a non empty, (FPrg(NDgc(V, A)))valued finite sequence.

Let us consider D, f1, f2, f3, f1, f5, f¢, and f7. The functor PP-composition
(f1, f2, f3, fa, [5, f6, f7) yielding a binominative function of D is defined by the
term

(Def 1) PP-COHlpOSitiOD(fl, f27 f37 f4a f57 fG) b f7-
Now we state the proposition:

(1) UNCONDITIONAL COMPOSITION RULE FOR 7 PROGRAMS:
Suppose (p1, f1,p2) is an SFHT of D and (pa, f2, ps) is an SFHT of D and
(p3, f3,p4) is an SFHT of D and (p4, f4,ps) is an SFHT of D and (ps,
f5,p6) is an SFHT of D and (pg, fs,p7) is an SFHT of D and (p7, f7,ps)
is an SFHT of D and (~ pa, fa,p3) is an SFHT of D and (~ ps, f3,p4)
is an SFHT of D and (~ py, f1,p5) is an SFHT of D and (~ ps, f5,p6)
is an SFHT of D and (~ pg, f6,p7) is an SFHT of D and (~ p7, f7,ps)
is an SFHT of D. Then (p1, PP-composition(fi1, f2, f3, f1, f5, f6, f7), pg) is
an SFHT of D.
Let us consider D, f1, fa, f3, f1, f5, f6, f7, and fs. The functor PP-composit-
ion(f1, fa, f3, fa, f5, f6, f7, fs) yielding a binominative function of D is defined
by the term

(Def. 2) PP-composition(fi, f2, f3, fa, f5, f6, f7) ® fs.
Now we state the proposition:

(2) UNCONDITIONAL COMPOSITION RULE FOR 8 PROGRAMS:

Suppose (p1, f1,p2) is an SFHT of D and (pe, f2,p3) is an SFHT of D and
(p3, f3,p4) is an SFHT of D and (p4, f4,ps) is an SFHT of D and (ps,
f5,p6) is an SFHT of D and (ps, fs,p7) is an SFHT of D and (p7, f7,ps)
is an SFHT of D and (ps, fs,p9) is an SFHT of D and (~ po, fo,p3) is
an SFHT of D and (~ ps, f3,p4) is an SFHT of D and (~ p4, f4,p5) is
an SFHT of D and (~ ps, f5,p6) is an SFHT of D and (~ pg, fe,p7) is
an SFHT of D and (~ pr, f7,ps) is an SFHT of D and (~ ps, fs,p9) is
an SFHT of D. Then (p;, PP-composition( f1, fo, f3, f1, f5, f6, f7, [s), po) is
an SFHT of D. The theorem is a consequence of (1).

Let us consider D, f1, fo, f3, f4, f5, fe, f7, fs, and fy. The functor PP-composi-
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tion(f1, f2, f3, fa4, f5, f6, f7, [s, fo) yielding a binominative function of D is defi-
ned by the term

(Def. 3) PP-composition(f1, fa, f3, f1, f5, fe, f7, fs) @ fo.
Now we state the proposition:

(3) UNCONDITIONAL COMPOSITION RULE FOR 9 PROGRAMS:
Suppose (p1, f1,p2) is an SFHT of D and (pe, f2,p3) is an SFHT of D
and (ps, f3,p4) is an SFHT of D and (py4, f4,p5) is an SFHT of D and
(ps, f5,p6) is an SFHT of D and (ps, fs,p7) is an SFHT of D and (pr, f7,
pg) is an SFHT of D and (pg, fs,p9) is an SFHT of D and (pg, f9,p10)
is an SFHT of D and (~ pa, fo,p3) is an SFHT of D and (~ ps, f3,p4)
is an SFHT of D and (~ p4, f4,p5) is an SFHT of D and (~ ps, f5,p6)
is an SFHT of D and (~ ps, f6,p7) is an SFHT of D and (~ p7, f7,ps)
is an SFHT of D and (~ pg, fs,p9) is an SFHT of D and (~ pg, f9, p10)
is an SFHT of D. Then (p;, PP-composition(fi, fo, f3, fa, f5, fe, f7, fs, fo),
pi1o) is an SFHT of D. The theorem is a consequence of (2).

Let us consider D) flv f27 f37 f4a f57 f65 f7) f87 f9) and f10~ The functor
PP-composition(f1, fa, f3, f1, f5, fe, f1, fs, fo, f10) yielding a binominative func-
tion of D is defined by the term

(Def. 4) PP-composition(f1, f2, f3, f1, f5, fe, f7. [, fo) ® f10-

Now we state the propositions:

(4) UNCONDITIONAL COMPOSITION RULE FOR 10 PROGRAMS:
Suppose (p1, f1,p2) is an SFHT of D and (pa, f2, ps) is an SFHT of D and
(p3, f3,p4) is an SFHT of D and (p4, f4,ps5) is an SFHT of D and (ps, f5,
pe) is an SFHT of D and (pg, f, p7) is an SFHT of D and (p7, f7,ps) is
an SFHT of D and (ps, fs, p9) is an SFHT of D and (pg, fo, p10) is an SFHT
of D and (p1o, f10,p11) is an SFHT of D and (~ pa, f2,ps3) is an SFHT of
D and (~ ps, f3,p4) is an SFHT of D and (~ p4, fs,ps5) is an SFHT of
D and (~ ps, f5,p6) is an SFHT of D and (~ psg, f6,p7) is an SFHT of
D and (~ pz, f7,ps) is an SFHT of D and (~ psg, fs,pg) is an SFHT of
D and <N pg,fg,p10> is an SFHT of D and <N plO’f107p11> is an SFHT
of D. Then (p1, PP-composition(f1, fo, f3, fa, f5, f6, f7, fs, fo, f10),p11) is
an SFHT of D. The theorem is a consequence of (3).

(5) Suppose (p1, f1,q1) is an SFHT of D and (g1, f2, p2) is an SFHT of D.
Then (p1, f1 ® fa,p2) is an SFHT of D.

(6) Suppose (p1, f1,q1) is an SFHT of D and (qi, f2,¢2) is an SFHT of D
and (qo, f3,p2) is an SFHT of D. Then (p1, PP-composition(f1, f2, f3), p2)
is an SFHT of D. The theorem is a consequence of (5).

(7) Suppose (p1, f1,q1) is an SFHT of D and (¢, f2,¢2) is an SFHT of D
and (g, f3,¢q3) is an SFHT of D and (g3, f4,p2) is an SFHT of D. Then
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(p1, PP-composition(fi, f2, f3, f1),p2) is an SFHT of D. The theorem is
a consequence of (6).

(8) Suppose (p1, fi,q1) is an SFHT of D and (¢, f2,¢2) is an SFHT of D
and (qo, f3,¢3) is an SFHT of D and (g3, f4,q4) is an SFHT of D and (g4,
f5,p2) is an SFHT of D. Then (p;, PP-composition(f1, fa, f3, fa, f5), p2) is
an SFHT of D. The theorem is a consequence of (7).

(9) Suppose (p1, f1,q1) is an SFHT of D and (qi, f2,¢2) is an SFHT of D
and (g2, f3,q3) is an SFHT of D and (g3, f1,q4) is an SFHT of D and
(qa, f5,q5) is an SFHT of D and (gs, fs,p2) is an SFHT of D. Then (py,
PP-composition(f1, f2, f3, fa, f5, f6), p2) is an SFHT of D. The theorem is
a consequence of (8).

(10) Suppose (p1, f1,q1) is an SFHT of D and (qi, f2,¢2) is an SFHT of D
and (qa, f3,q3) is an SFHT of D and (g3, f4,q4) is an SFHT of D and (g4,
f5,q5) is an SFHT of D and (gs, fs,qs) is an SFHT of D and (g, f7,p2)
is an SFHT of D. Then (p;, PP-composition(f1, fa, f3, f1, f5, f6, [7), p2) is
an SFHT of D. The theorem is a consequence of (9).

(11) Suppose (p1, f1,q1) is an SFHT of D and (qi, f2,¢2) is an SFHT of D
and (qa, f3,q3) is an SFHT of D and (gs, f1,q4) is an SFHT of D and
(q4, f5,q5) is an SFHT of D and (gs, f6,q¢) is an SFHT of D and (gs,
fr,q7) is an SFHT of D and (g7, fs,p2) is an SFHT of D. Then (pi,
PP-composition(fi, fo, f3, fa, f5, f6, f7, f3), p2) is an SFHT of D. The the-
orem is a consequence of (10).

(12) Suppose (p1, f1,q1) is an SFHT of D and (qi, f2,¢2) is an SFHT of D
and (qa, f3,q3) is an SFHT of D and (gs, f1,q4) is an SFHT of D and
(q4, f5,q5) is an SFHT of D and (gs, f6,q¢) is an SFHT of D and (gs,
fr,q7) is an SFHT of D and (g7, fs,qs) is an SFHT of D and (gs, fo9,p2)
is an SFHT of D. Then (p;, PP-composition(fi, fo, f3, fa, f5, f6, f7, fs, fo),
p2) is an SFHT of D. The theorem is a consequence of (11).

(13) Suppose (p1, f1,q1) is an SFHT of D and (q1, f2,q2) is an SFHT of
D and (g9, f3,q3) is an SFHT of D and (gs, f1,q4) is an SFHT of D
and (q4, f5,95) is an SFHT of D and (gs, fs,q6) is an SFHT of D and
(g6, fr,q7) is an SFHT of D and (g7, fs,qs) is an SFHT of D and (gs,
fo,q9) is an SFHT of D and (qo, f10,p2) is an SFHT of D. Then (pi,

PP-composition(f1, fa, f3, f1, f5, fe, f1, fs, fo, f10),p2) is an SFHT of D.
The theorem is a consequence of (12).

Let us consider D and fp. Assume 0 < len fp. The functor PP-composition-
Seq(fp) yielding a finite sequence of elements of DD is defined by

(Def. 5) lenit = len fp and it(1) = fp(1) and for every natural number n such
that 1 < n <len fp holds it(n + 1) = it(n) e fp(n + 1).
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The functor PP-composition(fp) yielding a binominative function of D is
defined by the term

(Def. 6) (PP-compositionSeq(fp))(len PP-compositionSeq(fp)).
Let us consider fp. We say that fp and fp are composable if and only if

(Def. 7) 1 <len fp and len fg = len fp + 1 and for every n such that 1 < n <
len fp holds (fg(n), fp(n), fe(n + 1)) is an SFHT of D and for every n
such that 2 < n <len fp holds (~ fg(n), fp(n), fe(n+1)) is an SFHT of
D.

Now we state the proposition:

(14) COMPOSITION RULE FOR SEQUENCES OF PROGRAMS:
Suppose fp and fp are composable. Then (fp(1), PP-composition(fp),
fe(len fp)) is an SFHT of D.
PROOF: Set G = PP-compositionSeq(fp). Define P[natural number| = if
1 < 81 < len fp, then (fp(1),G($1), fB($1 + 1)) is an SFHT of D. For
every natural number k such that P[k] holds P[k + 1]. For every natural
number k, P[k]. O

2. VALUES AND LOCATIONS VALIDATION

Let us consider V' and A. Let val be a finite sequence. The functor =
(V, A,val) yielding a finite sequence of elements of NDgc(V, A)— NDgc(V, A) is
defined by

(Def. 8) lenit = lenwval and for every natural number n such that 1 < n < len it
holds it(n) = val(n) =,.

Let us consider loc. Assume lenval > 0. Let p be a partial predicate over
simple-named complex-valued nominative data of V' and A. The functor ScPsuper-
posSeq(loc, val, p) yielding a finite sequence of elements of NDgc(V, A)— Boolean
is defined by

(Def. 9) lenit = lenval and it(1) = Sp(p,val(lenval) =q4,l0¢/ ey pa) and for
every natural number n such that 1 < n < lenit holds it(n + 1) =
Sp(it(n), val(lenval — n) =4,10¢ ) 1en vai—n)-

Now we state the proposition:

(15) Let us consider a non zero natural number 2o, and a zs-element finite
sequence val. Suppose loc, val and z9 are correct w.r.t. d; and 1 < n <
len LocalOverlapSeq(A, loc, val, dy, z2) and 1 < m < len LocalOverlapSeq
(A, loc,val,dy, z2). Then (LocalOverlapSeq(A, loc, val,dy, z2))(n) € dom
(val(m) =,).
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Let us consider V', A, inp, and d. Let val be a finite sequence. We say that
inp is a valid input of V', A, val and d if and only if

(Def. 10) there exists a non-atomic nominative data d; of V and A such that
d = dy and val is valid w.r.t. d; and for every natural number n such that
1 < n < leninp holds d;(val(n)) = inp(n).
The functor Vallnp(V, A, val,inp) yielding a partial predicate over simple-
named complex-valued nominative data of V and A is defined by

(Def. 11) dom it = NDgc(V, A) and for every object d such that d € dom it holds
if inp is a valid input of V', A, val and d, then it(d) = true and if inp is
not a valid input of V', A, val and d, then it(d) = false.

Observe that Vallnp(V, A, val,inp) is total.
Let us consider d. Let Z, res be finite sequences. We say that res is a valid
output of V., A, Z and d if and only if

(Def. 12) there exists a non-atomic nominative data d; of V' and A such that
d = dj and Z is valid w.r.t. d; and for every natural number n such that

1 <n<lenZ holds dy(Z(n)) = res(n).
Let Z, res be objects. The functor ValOut(V, A, Z, res) yielding a partial

predicate over simple-named complex-valued nominative data of V and A is
defined by

(Def. 13) dom it = {d, where d is a nominative data with simple names from V
and complex values from A : d € dom(Z =,)} and for every object d such
that d € dom it holds if (res) is a valid output of V', A, (Z) and d, then
it(d) = true and if (res) is not a valid output of V., A, (Z) and d, then
it(d) = false.

Now we state the propositions:

(16) Let us consider a z-element finite sequence val. Suppose loc, val and zy
are correct w.r.t. d; and d = (LocalOverlapSeq(A, loc,val,dy, z2))(z2 — 1)

(lOC/ len val)

and 2 < n+1 < 2z and dV, (val(lenwval) =4)(d) € domp. Then

(LocalOverlapSeq(A, loc, val, dy, z2))(z2—n—1) Ef"c/ ton vai—n) (val(lenwval —
n) =4)((LocalOverlapSeq(A, loc,val,dy, z2))(z2—n—1)) € dom((ScPsuper
posSeq(loc,val,p))(n)).

PROOF: Set S = ScPsuperposSeq(loc, val, p). Set L = LocalOverlapSeq(A,

(ZOC/ lenval—$q )

loc,val,dy, z3). Define F(natural number) = L(zo — $1 — 1)V,
(val(lenval — $1) =4)(L(22 — $1 — 1)). Define P[natural number| = if
2 < $1+1 < 29, then F($1) € dom(S($1)). For every natural number k
such that P[k] holds P[k + 1]. For every natural number k, P[k]. O

(17) Let us consider a z-element finite sequence val. Suppose loc, val and zy
are correct w.r.t. di and d = (LocalOverlapSeq(A, loc,val,dy, z9))(z2 —
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1) and dV(lOC/le“”“l)(val(lenval) =4)(d) € domp. Let us consider na-
tural numbers m, n. Suppose 1 < m < 2z3 and 1 < n < z3. Then
((ScPsuperposSeq(loc, val, p))(m))((LocalOverlapSeq(A, loc, val, di, z2))
(z2 —m)) = (ScPsuperposSeq(loc, val, p))(n)((LocalOverlapSeq(A, loc,
val,dy, 22))(z2 — n)).

PROOF: Set S = ScPsuperposSeq(loc, val, p). Set L = LocalOverlapSeq(A,
loc,val,dy, z2). Define Plnatural number] = if 1 < $; < 29, then (S(m))(L
(z2—m)) = S($1)(L(22 — $1)). For every natural number k such that P[k]
holds P[k + 1]. For every natural number k, P[k]. O

(18) Let us consider a zs-element finite sequence wval, objects dy4, ds, and
a natural number Nj. Suppose N1 = 29 — 2. Suppose loc, val and z9 are
correct w.r.t. dq and dq = (LocalOverlapSeq(A, loc,val,dy, z2))(z2—1) and

dy V(loc/ le"”“l)(val(len val) =4)(ds) € domp and ds = (LocalOverlapSeq(A,
loc,val, dy, zg))(Nl)V(ZOC/N1+1)(val(N1 + 1) =,)((LocalOverlapSeq(A, loc,
val,d1, z2))(N1)) and d5v(loc/1°“al)(val(lenval) =4)(ds) € domp. Then
((ScPsuperposSeq(loc, val, p))(1))((LocalOverlapSeq(A, loc, val, dy, z2)) (22—
1)) = p((LocalOverlapSeq(A, loc, val, dy, 22))(z2)). The theorem is a con-
sequence of (15).

(19) Let us consider a z-element finite sequence val, and a partial predicate
over simple-named complex-valued nominative data p of V' and A. Suppose
3 < z9 and loc, val and zy are correct w.r.t. di and (LocalOverlapSeq(A, loc,
val,dy, z2))(z2 — 1)V, oy ler”“”)(val(len val) =4)((LocalOverlapSeq(A4, loc,
val,dy, 22))(22—1)) € domp and dlv,(lloc/l)(val(l) =4)(d1) € dom((ScPsu-
perposSeq(loc,val,p))(z2—1)). Then ((ScPsuperposSeq(loc, val, p))(len Sc-
PsuperposSeq(loc, val, p)))(d1) = (Sp((ScPsuperposSeq(loc,val,p))(z2 —
2),val(2) =q,locsy))((LocalOverlapSeq(4, loc,val, dy, 22))(1)). The the-
orem is a consequence of (16) and (17).

3. SEQUENCES OF LoCcAL OVERLAPPINGS

Let us consider V', A, loc, di, and pos. Let prg be a (FPrg(NDgc(V, A)))
valued finite sequence. Assume lenprg > 0. The functor PrgLocOverlapSeq(A,

loc,dy, prg, pos) yielding a finite sequence of elements of NDgc(V, A) is defined
by

(Def. 14) len it = lenprg and (1) = dlvgloc/p"s(l))prg(l)(dl) and for every natural
number n such that: l
1 <n <lenit holds it(n + 1) = it(n )V( OC/”"S("H))pTg(n + 1) (it(n)).

Let us consider prg. Note that PrgLocOverlapSeq(A, loc, d1, prg, pos) is (V,A)-
nonatomicND yielding.
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Let us consider n. One can verify that (PrgLocOverlapSeq(A, loc, dy, prg, pos))
(n) is function-like and relation-like.
We say that prg is domain closed w.r.t. loc, di and pos if and only if

(Def. 15) for every natural number n such that 1 < n < len prg holds
(PrgLocOverlapSeq(A4, loc, dy, prg, pos))(n) € dom(prg(n + 1)).
Now we state the proposition:
(20) Suppose 1 < n < lenprg and (PrgLocOverlapSeq(A, loc, d1, prg, pos))(m)
€ dom(prg(n)). Then prg(n)((PrgLocOverlapSeq(A4, loc, di, prg, pos))(m))
is a nominative data with simple names from V and complex values from

A.
Let us consider a natural number n. Now we state the propositions:

(21) Suppose V is not empty and V' is without nonatomic nominative data
w.r.t. A. Then suppose 1 < n < len prg and (PrgLocOverlapSeq(A4, loc, dy,
prg,pos))(n) € dom(prg(n+1)). Then dom((PrgLocOverlapSeq(A4, loc, dy,
prg,pos))(n+1)) = {loc¢ pos(n+1) tUdom((PrgLocOverlapSeq(A, loc, d1, prg,
pos))(n)). The theorem is a consequence of (20).

(22) Suppose V is not empty and V' is without nonatomic nominative data
w.r.t. A. Then suppose 1 < n < len prg and (PrgLocOverlapSeq(A, loc, dq,
prg,pos))(n) € dom(prg(n+1)). Then dom((PrgLocOverlapSeq(A, loc, d1,
prg,pos))(n)) C dom((PrgLocOverlapSeq(A, loc, dy, prg, pos))(n+1)). The
theorem is a consequence of (21).

(23) Suppose V is not empty and V' is without nonatomic nominative data
w.r.t. A and dom(PrgLocOverlapSeq(A, loc, dy, prg, pos)) C dom prg and
dy € dom(prg(1)) and prg is domain closed w.r.t. loc, d; and pos. Then if
1 < n < lenprg, then domd; C dom((PrgLocOverlapSeq(A, loc,d1, prg,
pos)) ().

PROOF: Set F' = PrgLocOverlapSeq(A, loc, dy, prg, pos). Define P[natural
number] = if 1 < $; < lenprg, then domd; C dom(F'($1)). For every
natural number k such that P[k] holds P[k+ 1]. For every natural number
k, Plk]. O

Let us consider natural numbers m, n. Now we state the propositions:

(24) Suppose V is not empty and V' is without nonatomic nominative data
w.r.t. A and prg is domain closed w.r.t. loc, d; and pos. Then suppose 1 <
n < m < len prg. Then dom((PrgLocOverlapSeq(A, loc, d1, prg, pos))(n)) C
dom((PrgLocOverlapSeq(A, loc, d1, prg, pos))(m)). The theorem is a con-
sequence of (22).

(25) Suppose V is not empty and V' is without nonatomic nominative data
w.r.t. A and dom(PrgLocOverlapSeq(A, loc, dy, prg, pos)) C dom prg and
dy € dom(prg(1)) and prg is domain closed w.r.t. loc, d; and pos. Then if
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1 <n <m < lenprg, then locp,s(n) € dom((PrglocOverlapSeq(A, loc, dy,
prg,pos))(m)). The theorem is a consequence of (24).
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